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Introduction 



A regular, two-dimensional complex number x + iy can be represented geometrically by 
the modulus p = (x^ + y'^Y^'^ and by the polar angle 9 = arctan(?//a;). The modulus 
p is multiplicative and the polar angle 6 is additive upon the multiplication of ordinary 
complex numbers. 

The quaternions of Hamilton are a system of hypercomplex numbers defined in four 
dimensions, the multiplication being a noncommutative operation, |^ and many other 
hypercomplex systems are possible, but these interesting hypercomplex systems do 

not have all the required properties of regular, two-dimensional complex numbers which 
rendered possible the development of the theory of functions of a complex variable. 

Two distinct systems of hypercomplex numbers in n dimensions will be described in 
this work, for which the multiplication is associative and commutative, and which are rich 
enough in properties such that exponential and trigonometric forms exist and the concepts 
of analytic n-complex function, contour integration and residue can be defined. The n- 
complex numbers described in this work have the form u = xo+hiXi+- ■ ■+hn-iXn-i, where 
hi,...,hn-i are the hypercomplex bases and the variables xo,...,Xn-i are real numbers, 
unless otherwise stated. If the n-complex number u is represented by the point A of 
coordinates Xo,Xi, the position of the point A can be described with the aid of 

the modulus d = (xq + xl + ■ ■ ■ + x'^_^Y^'^ and of n — 1 angular variables. 

The first type of hypercomplex numbers described in this work is characterized by 
the presence, in an even number of dimensions n > 4 , of two polar axes, and by the 
presence, in an odd number of dimensions, of one polar axis. Therefore, these numbers 
will be called polar hypercomplex numbers in n dimensions. One polar axis is the normal 
through the origin O to the hyperplane f+ = 0, where v+ = xq + xi + ■ ■ ■ + Xn-i- In an 
even number n of dimensions, the second polar axis is the normal through the origin O to 
the hyperplane f _ = 0, where t>_ = xq — Xi + ■ — h x„_2 — Xn-i- Thus, in addition to the 
distance d, the position of the point A can be specified, in an even number of dimensions, 
by 2 polar angles 6^,6_, hj n/2 — 2 planar angles ipk, and by n/2 — 1 azimuthal angles 
(pk- In an odd number of dimensions, the position of the point A is specified by d, by 1 
polar angle by (n — 3)/2 planar angles ipk-i, and by (n — l)/2 azimuthal angles (pk- 
The multiplication rules for the polar hypercomplex bases hi, /i„_i are hjh^ = hj^k if 
0<j + k<n~l, and hjhi^ = hj^f^_n if n < j + k < 2n ~ 2, where = 1. 

The other type of hypercomplex numbers described in this work exists as a distinct 
entity only when the number of dimensions n of the space is even. The position of the 
point A is specified, in addition to the distance d, hj n/2 — 1 planar angles ipk and by 
n/2 azimuthal angles 0^. These numbers will be called planar hypercomplex numbers. 
The multiplication rules for the planar hypercomplex bases hi, hn-i are hjhk = hj^k if 
< j + k < n — 1, and hjhk = —hj+k-n if n < j + k < 2n — 2, where h^ = 1. For n = 2, the 
planar hypercomplex numbers become the usual 2-dimensional complex numbers x + iy. 

The development of analytic functions of hypercomplex variables was rendered possible 
by the existence of an exponential form of the n-complex numbers. The azimuthal angles 
(pk, which are cyclic variables, appear in these forms at the exponent, and lead to the 
concept of n-dimensional hypercomplex residue. Expressions are given for the elementary 
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functions of n-complex variable. In particular, the exponential function of an n-complex 
number is expanded in terms of functions called in this work n-dimensional cosexponential 

functions of the polar and respectively planar type. The polar cosexponential functions 
are a generalization to n dimensions of the hyperbolic functions coshi/,sinhi/, and the 
planar cosexponential functions are a generalization to n dimensions of the trigonomet- 
ric functions cos y, sin y. Addition theorems and other relations are obtained for the 
n-dimensional cosexponential functions. 

Many of the properties of 2-dimensional complex functions can be extended to hy- 
percomplcx numbers in n dimensions. Thus, the functions f{u) of an n-complex variable 
which are defined by power series have derivatives independent of the direction of ap- 
proach to the point under consideration. If the n-complex function f{u) of the n-complex 
variable u is written in terms of the real functions Pfc(xo, a^n-i); A; = 0, n — 1, then 
relations of equality exist between the partial derivatives of the functions Pk- The inte- 
gral f{u)du of an n-complex function between two points A,B is independent of the 
path connecting A,B, in regions where / is regular. If f{u) is an analytic n-complex 
function, then fp f{u)du/ {u — Uq) is expressed in this work in terms of the n-dimensional 
hypercomplex residue f{uo). 

In the case of polar complex numbers, a polynomial can be written as a product of 
linear or quadratic factors, although several factorization are in general possible. In the 
case of planar hypercomplex numbers, a polynomial can always be written as a product 
of linear factors, although, again, several factorization are in general possible. 

The work presents a detailed analysis of the hypercomplex numbers in 2, 3 and 4 
dimensions, then presents the properties of hypercomplex numbers in 5 and 6 dimensions, 
and it continues with a detailed analysis of polar and planar hypercomplex numbers in n 
dimensions. The essence of this work is the interplay between the algebraic, the geometric 
and the analytic facets of the relations. 
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Chapter 1 



Hyperbolic Complex Numbers in 
Two Dimensions 

A system of hypercomplex numbers in 2 dimensions is described in this chapter, for which 
the multiphcation is associative and commutative, and for which an exponential form and 
the concepts of analytic twocomplex function and contour integration can be defined. 
The twocomplex numbers introduced in this chapter have the form u = x + 6y, the 
variables x, y being real numbers. The multiplication rules for the complex units 1, 6 are 
1 • 5 — SjS"^ — 1. In a geometric representation, the twocomplex number u is represented 
by the point A of coordinates {x, y). The product of two twocomplex numbers is equal to 
zero if both numbers are equal to zero, or if one of the twocomplex numbers lies on the 
line X = y and the other on the line x = —y. 

The exponential form of a twocomplex number, defined for x + y > 0,x — y > 0, is 
u = pexp((5A/2), where the amplitude is p = {x"^ —y'^Y^'^ and the argument is A = In tan 6*, 
tan^ — {x + y)/{x — y), < 9 < 7r/2. The trigonometric form of a twocomplex number 
is u — d\J sin 2Q exp{(l/2)5 In tan ^}, where rf^ = a;^ + y^ . The amplitude p is equal to 
zero on the lines x = ±y. The division l/{x -\- 5y)is possible provided that p ^ 0. If 
Ui = Xi -\- 6yi,U2 = X2 + Sy2 arc twocomplex numbers of amplitudes and arguments 
pi, Ai and respectively P2, A2, then the amplitude and the argument p, A of the product 
twocomplex number U1U2 = ^1X2 + yiy2 + S{xiy2 + yiX2) are p = P1P2, A = Ai + A2. 
Thus, the amplitude p is a multiplicative quantity and the argument A is an additive 
quantity upon the multiplication of twocomplex numbers, which reminds the properties 
of ordinary, two-dimensional complex numbers. 

Expressions are given for the elementary functions of twocomplex variable. Moreover, 
it is shown that the region of convergence of series of powers of twocomplex variables is 
a rectangle having the sides parallel to the bisectors x — ±y . 

A function f{u) of the twocomplex variable u = x + Sy can be defined by a correspond- 
ing power series. It will be shown that the function / has a derivative limu_>ug[/(-u) — 
/(mo)]/(m — Uq) independent of the direction of approach of u to Uq. If the twocom- 
plex function f{u) of the twocomplex variable u is written in terms of the real functions 
P{x, y), Q{x, y) of real variables x,y ets f{u) — P{x, y) -\- 5Q{x, y), then relations of equal- 
ity exist between partial derivatives of the functions P, Q, and the functions P, Q are 
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solutions of the two-dimensional wave equation. 

It will also be shown that the integral f(u)du of a twocomplex function between 
two points A, B is independent of the path connecting the points A, B. 

A polynomial + aiu^^^ + ■ • • + dn-iu + a™ can be written as a product of linear or 
quadratic factors, although the factorization may not be unique. 

The twocomplex numbers described in this chapter are a particular case for n = 2 of 
the polar complex numbers in n dimensions discussed in Sec. 6.1. 



1.1 Operations with hyperbolic twocomplex numbers 

A hyperbolic complex number in two dimensions is determined by its two components 
{x, y). The sum of the hyperbolic twocomplex numbers (x, y) and (a:', y') is the hyperbolic 
twocomplex number {x + x' ,y + y'). The product of the hyperbolic twocomplex numbers 
{x,y) and {x',y') is defined in this chapter to be the hyperbolic twocomplex number 
{xx' + yy',xy' + yx'). 

Twocomplex numbers and their operations can be represented by writing the twocom- 
plex number {x, y) &s u = x + Sy, where 5 is a basis for which the multiplication rules 
are 

l.S^S,S^^l. (1.1) 

Two twocomplex numbers u — x + 5y,u' — x' + 5y' are equal, u — u', if and only if 
X — x',y — y'. li u = X + Sy, u' = x' + Sy' are twocomplex numbers, the sum u + u' and 
the product uu' defined above can be obtained by applying the usual algebraic rules to 
the sum (x -|- Sy) + {x' + Sy') and to the product {x + Sy){x' + Sy'), and grouping of the 
resulting terms, 

u + u' ^ x + x' + S{y + y'), (1.2) 



uu' — xx' + yy' + S{xy' + yx') (1-3) 

If u, u', u" are twocomplex numbers, the multiplication is associative 

{uu')u" = u{u'u") (1.4) 

and commutative 

uu' — u'u, (1.5) 

as can be checked through direct calculation. The twocomplex zero is -|- 5 • 0, denoted 
simply 0, and the twocomplex unity is 1 -|- 5 • 0, denoted simply 1. 

The inverse of the twocomplex number u — x+Sy is a twocomplex number u' — x'+Sy' 
having the property that 

uu' = 1. (1.6) 
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Written on components, the condition, Eq. (|1.6|) , is 

xx' + yy' = l, 
yx' + xy' = 0. 



The system (|1.7|) has the solution 



y' = --. (1.9) 

V 

provided that 7^ 0, where 

z/ = x2-?/^ (1.10) 
The quantity v can be written as 

V = f+f-, (1-11) 

where 

v+ = X + y, = X — y. (1-12) 

The variables will be called canonical hyperbolic twocomplex variables. Then a 

twocomplex number u = x + 6y has an inverse, unless 

v+ = 0, or = 0. (1.13) 

For arbitrary values of the variables x, y, the quantity u can be positive or negative. 
li u > 0, the quantity 

P = 1.1/2^ > 0, (1.14) 

will be called amplitude of the twocomplex number x + 6y. The normals of the lines in 
Eq. (|1.13| ) are orthogonal to each other. Because of conditions ( |1.13|) these lines will be 



also called the nodal lines. It can be shown that if uu' = then either u = 0, or u' = 0, 
or one of the twocomplex numbers u, u' is of the form x + 5x and the other is of the form 
X — 6x. 

1.2 Geometric representation of hyperbolic twocom- 
plex numbers 

The twocomplex number x + 6y can be represented by the point A of coordinates {x,y). 
If O is the origin of the two-dimensional space x, y, the distance from A to the origin O 
can be taken as 

d^ = x^ + y'^. (1.15) 
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The distance d will be called modulus of the twocomplex number x + 5y. 
Since 

{x + yf + {x-yf = 2S, (1.16) 
X + y and x — y can be written as 

X + y = \/2dsm6, X — y = V2dcos6, (1-17) 
so that 

X = dsm{9 + 7r/4), y = -dcos{e + 7r/4). (1.18) 
li u = X + 6y,ui = xi + 6yi, U2 = X2 + Sy2, and u = M1M2, and if 

Vj+ = Xj+yj, fj_ = Xj—yj, 2d'^ = t>|_^+t>|_, Xj+yj = V2djsm6j, Xj—yj = djV^cosOj, (1.19) 
for j = 1,2, it can be shown that 

f+ = fi+t'2+, f_=fi_f2-, tan6' = tan6'i tan6'2. (1.20) 
The relations ( |1.20|) are a consequence of the identities 

{xiX2 + ym) + {xm + yiX2) = (xi + yi){x2 + t/2), (1-21) 

{xiX2 + vm) - (2:12/2 + yiX2) = (xi - yi){x2 - 2/2). (1-22) 
A consequence of Eqs. ( |1.20|) is that if u = U1U2, then 

1/ = Z/1Z/2, (1.23) 

where 

= ^i+^i-. (1-24) 
for j = 1,2. If > 0, i^i > 0, z/2 > 0, then 

P = pip2, (1-25) 

where 

Pj = (1.26) 

for j = 1, 2. 

The twocomplex numbers 



1 + 5 1 -(5 

are orthogonal. 



:i.27) 



e+e^ = 0, (1.28) 
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and have also the property that 

e+ = e+, = e_. (1.29) 

The ensemble e+,e_ will be called the canonical hyperbolic twocomplex base. The 
twocomplex number u = x + 6y can be written as 

X + 6y = {x + y)e+ + {x — y)e_, (1.30) 

or, by using Eq. (|1.12|) , 

■u = f+e+ + f _e_, (1-31) 

which will be called the canonical form of the hyperbolic twocomplex number. Thus, if 
Uj = fj+e+ + fj-e_, j = 1,2, and u = U1U2, then the multiplication of the hyperbohc 
twocomplex numbers is expressed by the relations ( [1.201 ). 

The relation ( |1.23|) for the product of twocomplex numbers can be demonstrated also 



by using a representation of the multiplication of the twocomplex numbers by matrices, 
in which the twocomplex number u = x + 6y is represented by the matrix 



X y 
y X 



;i.32) 



The product u = x + 6y of the twocomplex numbers Ui = Xi + Syi, U2 = X2 + Sy2, can be 
represented by the matrix multiplication 



X y \ ^ I ^1 yi \ I X2 y2 
y X 1 \ yi xi ) \ y2 X2 



;i.33) 



It can be checked that 



det(^^j=.. (1.34) 

The identity ( [I.23| ) is then a consequence of the fact the determinant of the product of 
matrices is equal to the product of the determinants of the factor matrices. 

1.3 Exponential and trigonometric forms of a twocom- 
plex number 

The exponential function of the hypercomplex variable u can be defined by the series 

expM= l+n + nV2!+nV3! + ---. (1.35) 

It can be checked by direct multiplication of the series that 

exp(M + u') = exp u ■ exp u' . (1.36) 
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The series for the exponential function and the addition theorem have the same form for 
all systems of hypercomplex numbers discussed in this work. If u = x + 6y, then exp-u 
can be calculated as expu = expx ■ exp{6y). According to Eq. (|1.1| ), 



6^"^ = 1,6^""+^ =6, (1.37) 
where m is a natural number, so that exp{6y) can be written as 

exp{6y) = cosh y + 6 sinh y . (1.38) 
From Eq. ( [L.38| ) it can be inferred that 

(cosh t + 6 sinh t)™ = cosh mt + 6 sinh mt. (1.39) 

The twocomplex numbers u = x + 6y for which v-^=x + y>0, v^=x — y>0 can 
be written in the form 

X + 6y = e'^'+^y'. (1.40) 

The expressions of Xi,yi as functions of x,y can be obtained by developing e^^^ with the 
aid of Eq. ( |1.38| ) and separating the hypercomplex components, 

X = e""^ coshyi, (1-41) 
y = e""^ sinhyi, (1-42) 

It can be shown from Eqs. ( |1.41| )-( p^.42D that 

1 1 f+ 

Xi = - ln(w+w_), yi = - In -t. (1.43) 

The twocomplex number u can thus be written as 

u = pexp{5\), (1.44) 

where the amplitude is p = (x^ — y^)^/^ and the argument is A = (1/2) \n{{x + y) / {x — y)} , 
for x + y > 0,x — y > 0. The expression ( |1.44|) can be written with the aid of the variables 
d,9, Eq. (p7|) , as 

u = pexp ^-51ntan6'^ , (1-45) 

which is the exponential form of the twocomplex number u, where < 6 < n /2. 
The relation between the amplitude p and the distance d is 

p = rfsin^/^2^. (1.46) 

Substituting this form of p in Eq. (|1.45|) yields 

u = d sin^/^ 26 exp In tan 0^ , (1.47) 

which is the trigonometric form of the twocomplex number u. 
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1.4 Elementary functions of a twocomplex variable 



The logarithm ui of the twocomplex number u, ui = In u, can be defined for f+ > 0, f _ > 
as the solution of the equation 



u = e 



for Ml as a function of u. From Eq. (|1.45|) it results that 



In M = In p H — 5 In tan 6 
^ 2 



It can be inferred from Eqs. (|1.49|) and ( |1.20|) that 

ln(uiM2) = Inui + lnM2. 
The explicit form of Eq. ( |1.49| ) is 



;i.48) 



;i.49) 



;i.5o) 



ln(x + 5y) = ^{l + 6) ln{x + y) + ^(1 - 5) ln{x - y), 



;i.51) 



so that the relation ( |1.49|) can be written with the aid of Eq. (|1.27| ) as 

In M = e+ In t>+ + e_ In t>_ . ( 
The power function u"' can be defined for f + > 0, f _ > and real values of n as 



1.52) 



It can be inferred from Eqs. (|1.53|) and ( |1.50| ) that 



2 • 



1.53) 



;i.54) 



Using the expression ( |1.52|) for \nu and the relations ( |1.28|) and ( |1.29| ) it can be shown 
that 



(x + Syr = + S){x + yT + \{l - 5){x ~ yT- 



;i.55) 



For integer n, the relation (|1.55| ) is valid for any x, y. The relation (|1.55|) for = — 1 is 
1 



X + 5y 2 \x + y x — y 



1.56) 



The trigonometric functions cos u and sin u of the hypercomplex variable u are defined 
by the series 



cosM = 1 - nV2! + uV4! + ■ 
sinw = M - u^/3\ + u^/5\ + ■ 



1.57) 
1.58) 
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It can be checked by series multiplication that the usual addition theorems hold for the 
hypercomplex numbers Ui,U2, 



cos(mi + U2) = cos Ml costi2 — siu Mi sinti2, (1.59) 
sin('Ui + U2) = sin Ml cos'U2 + cosmi sinM2- (1.60) 

The series for the trigonometric functions and the addition theorems have the same form 
for all systems of hypercomplex numbers discussed in this work. The cosine and sine 
functions of the hypercomplex variables 6y can be expressed as 

cos 6y = cosy, sin 6y = 6smy. (1-61) 

The cosine and sine functions of a twocomplex number x + 6y can then be expressed in 
terms of elementary functions with the aid of the addition theorems Eqs. ( |1 . 59| ) , ( |1.60| ) 
and of the expressions in Eq. ( |1.61|) . 



The hyperbolic functions cosh u and sinh u of the hypercomplex variable u are defined 
by the series 

coshM = 1 + m72! + mV4! + ---, (1.62) 
sinh u = u + u^Sl + u^bl + ■■■. (1.63) 

It can be checked by series multiplication that the usual addition theorems hold for the 
hypercomplex numbers Mi,M2, 

cosh('Ui + U2) = cosh Ml cosh M2 + sinh Mi sinh M2, (1.64) 

sinh(Mi + U2) = sinh Mi cosh M2 + cosh Mi sinh M2. (1.65) 

The series for the hyperbolic functions and the addition theorems have the same form for 
all systems of hj^ercomplex numbers discussed in this work. The cosh and sinh functions 
of the hypercomplex variable 6y can be expressed as 

cosh 5?/ = coshy, sinh 5?/ = 5 sinh (1.66) 

The hyperbolic cosine and sine functions of a twocomplex number x + 6y can then be 
expressed in terms of elementary functions with the aid of the addition theorems Eqs. 
(|1.64| ), (|1.65|) and of the expressions in Eq. ( |1.66| ). 
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1.5 Twocomplex power series 

A twocomplex series is an infinite sum of tlie form 

ttQ + ai + a2 + ■ ■ ■ + ttn + ■ ■ ■ , (1-67) 

where the coefficients a„ are twocomplex numbers. The convergence of the series ( p..67|) 
can be defined in terms of the convergence of its 2 real components. The convergence 
of a twocomplex series can however be studied using twocomplex variables. The main 
criterion for absolute convergence remains the comparison theorem, but this requires a 
number of inequalities which will be discussed further. 

The modulus of a twocomplex number u = x + 6y can be defined as 

so that according to Eq. (|1.15|) d = \u\. Since |x| < < |^^|, a property of absolute 

convergence established via a comparison theorem based on the modulus of the series 
(|1.67| ) will ensure the absolute convergence of each real component of that series. 

The modulus of the sum U1 + U2 of the twocomplex numbers Ui, U2 fulfils the inequahty 

I I""!! — N2I I < 1^1 + ^2 1 < ImiI + \U2\. (1.69) 

For the product the relation is 



\UiU2\ 



<V2\ui\\u2\, (1.70) 

which replaces the relation of equality extant for regular complex numbers. The equality 

in Eq. ( |1.70|) takes place for xi = yi, X2 = y2 or xi = —yi, X2 = —y2- In particular 

\u^\ < v^|m|1 (1.71) 

The inequality in Eq. ( |1.70|) implies that 

^ 2('"-i)/2|y|™. (1.72) 

From Eqs. ( |r70|) and ( |L7^ ) it resuhs that 



law'"! 



< 2"/2|a||y|'n. (1.73) 

A power series of the twocomplex variable m is a series of the form 

+ aiu + a2U^ + ■ ■ ■ + aiv} + ■ • • . (1-74) 

Since 



1=0 



<Y.2'/^\ai\\u\\ (1.75) 



a sufficient condition for the absolute convergence of this series is that 

hm < 1. (1.76) 

i— >oo a; 
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Thus the series is absolutely convergent for 



\u\ < Co, 



[1.77) 



where 



Co = lim 



\ai\ 



~ \/2|az+i|' 



:i.78) 



The convergence of the series ( |1.74|) can be also studied with the aid of the formula 
(|1.55| ) which, for integer values of /, is valid for any x, y, z, t. If a; = aix + Saiy, and 



Ai+ — aix + aiy, Ai_ — aix — aiy, 
it can be shown with the aid of relations ( |1.28D and ( p..29| ) that 



aie+ = Ai+e+, aiC- = Ai_e-, 
so that the expression of the series ( |1.74| ) becomes 



:i.79) 



:i.8o) 



^ {AiW+e+ + A 



:i.81) 



where the quantities f+, V- have been defined in Eq. ( |1.12D . The sufficient conditions for 
the absolute convergence of the series in Eq. ( |1.81| ) are that 



lim 



IA+1,+I 






Ai+ 





< 1, lim 



\Ai^ 


hi - 


\v-\ 




Ai. 





< 1. 



'1.82) 



Thus the series in Eq. ( [1.81 ) is absolutely convergent for 



\x + y\ < c+, \x — y\ < C- 



:i.83) 



where 



lim 



\A 



i+\ 



Z^oo \A 



lim 



Z^oo I A 



l+l, 



;i.84) 



The relations (|1.83|) show that the region of convergence of the series ( |1.81|) is a rect- 
angle having the sides parallel to the bisectors x = ±y. It can be shown that Cq = 
(l/A/2)min(c, c'), where min(c, c') designates the smallest of the numbers c, c'. Since 
|-up = {v"^ + f^)/2, it can be seen that the circular region of convergence defined in Eqs. 
1.77| ), (|1.78|) is included in the parallelogram defined in Eqs. (|1.83|) and ( |1.84|) . 
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1.6 Analytic functions of twocomplex variables 



The derivative of a function f{u) of the hypercomplex variables u is defined as a function 
/'(m) having the property that 

|/(n)-/(no)-/'M(^i-^^o)| ^0 as \u-uo\^0. (1.85) 

If the difference u — Uq is not parallel to one of the nodal hypersurfaces, the definition in 
Eq. ( p..85|) can also be written as 



/ (mo) = hm . (1.86) 

u^uo U — Uq 

The derivative of the function f{u) = u"^, with m an integer, is f'{u) = mu"^'^, as can 
be seen by developing u"^ = [uq + {u — uq)]"^ as 

«™ = E - UoY, (1.87) 

and using the definition ( p.. 851) . 



If the function f'{u) defined in Eq. ( |1.85D is independent of the direction in space 
along which u is approaching uq, the function f{u) is said to be analytic, analogously 
to the case of functions of regular complex variables. The function u"^, with m an 
integer, of the hypercomplex variable u is analytic, because the difference u"^ — is 
always proportional to u — uq, as can be seen from Eq. (|1.871 ). Then series of integer 
powers of u will also be analytic functions of the hypercomplex variable u, and this result 
holds in fact for any commutative algebra. 

If an analytic function is defined by a series around a certain point, for example u = 0, 

as 



oo 



fiu) = J2aku', (1.88) 

k=0 

an expansion of f{u) around a different point uq, 

oo 

f{u) = J2ck{u-Uo)', (1.89) 

fc=0 



can be obtained by substituting in Eq. ( |1.88|) the expression of u according to Eq. ( |1.871 ). 



Assuming that the series are absolutely convergent so that the order of the terms can be 
modified and ordering the terms in the resulting expression according to the increasing 
powers of M — Mo yields 

= E ^-i^a.Woi^ - uof. (1.90) 
Since the derivative of order at m = mq of the function f{u) , Eq. ( p..88| ), is 

(=0 
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the expansion of f{u) around u = Uq, Eq. (|1.90|) , becomes 



OO -| 

k=0 



:i.92) 



which has the same form as the series expansion of 2-dimensional complex functions. The 
relation (|1.92|) shows that the coefficients in the series expansion, Eq. ( |1.89|) , are 



Ck 



;i,93) 



The rules for obtaining the derivatives and the integrals of the basic functions can 
be obtained from the series of definitions and, as long as these series expansions have 
the same form as the corresponding series for the 2-dimensional complex functions, the 
rules of derivation and integration remain unchanged. The relations (|1.85|) - (|1.93|) have 
the same form for all systems of hypercomplex numbers discussed in this work. 

If the twocomplex function f{u) of the twocomplex variable u is written in terms of 
the real functions P{x, y), Q{x, y) of real variables y as 



f{u) = P{x,y) + 5Q{x,y), 



(1.94) 



then relations of equality exist between partial derivatives of the functions P, Q. These 
relations can be obtained by writing the derivative of the function / as 



lim 



Ax,A?/^o Ax + 5 Ay 



dP ^ dP ^ JdQ^ dQ ^ ^ 
—Ax + —Ay + 6 -^Ax + -^Ay 
ox oy \ox oy J 



(1.95) 



where the difference u — uqih Eq. ( |1.8(j| ) is u — uq = Ax + 6 Ay. The relations between 
the partials derivatives of the functions P, Q are obtained by setting successively in Eq. 
(|1.95| ) Ax 0, Ay = 0; then Ax = 0, Ay 0. The relations are 



dP 

dx 

dQ 

dx 



dQ 
dy ' 

dP 
dy ■ 



:i.96) 
:i.97) 



relations between partial derivativesltwocomplex 

The relations (|1.96|) - (|1.97| ) are analogous to the Riemann relations for the real and 
imaginary components of a complex function. It can be shown from Eqs. ( |1.96| )-( P!.97[ ) 
that the components P, Q are solutions of the equations 



Q2p Q2p 



dx"^ 



dy"^ 



d^Q d^Q 
dx"^ dy^ 



0, 



0, 



:i.98) 



1.99) 



As can be seen from Eqs. ( |1.98| )-( p!.99| ), the components P, Q of an analytic function of 
twocomplex variable are solutions of the wave equation with respect to the variables x, y. 
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1.7 Integrals of twocomplex functions 



The singularities of twocomplex functions arise from terms of the form l/{u — mo)™? with 
m > 0. Functions containing such terms are singular not only at m = Mq, but also at all 
points of the lines passing through uq and which are parallel to the nodal lines. 

The integral of a twocomplex function between two points A, B along a path situated 
in a region free of singularities is independent of path, which means that the integral of 
an analytic function along a loop situated in a region free from singularities is zero, 

j(/(M)c/M = 0. (1.100) 

Using the expression, Eq. (|1.94| ) for f{u) and the fact that du = dx + 6dy, the explicit 
form of the integral in Eq. ( |1.100| ) is 

£ f{u)du = £[{Pdx + Qdy) + 5{Qdx + Pdy)] (1.101) 

If the functions P, Q are regular on the surface S enclosed by the loop F, the integral 
along the loop F can be transformed with the aid of the theorem of Stokes in an integral 
over the surface E of terms of the form dP/dy — dQ/dx and dP/dx — dQ/dy which are 
equal to zero by Eqs. (|1.96| )- (|1.97| ), and this proves Eq. ( |1.100| ). 

The exponential form of the twocomplex numbers, Eq. ( [1.44| ), contains no cyclic 
variable, and therefore the concept of residue is not applicable to the twocomplex numbers 
defined in Eqs. (|1.1| ). 



1.8 Factorization of twocomplex polynomials 



A polynomial of degree m of the twocomplex variable u = x + 5y has the form 



Pmiu) 



+ aiv^ ^ H h am-iu + a^, 



(1.102) 

where the constants are in general twocomplex numbers. If = amx + ^o,my, and with 
the notations of Eqs. ( [L.12|) and (|1.79| ) apphed for 0, 1, ■ ■ ■ , m , the polynomial Pmiu) can 
be written as 



P 

± IT 



+ 



< + Ai+w™-^ + ■ ■ ■ + Am-i,+v+ + Am+ 

V"^ + Ax^V^-^ + ■ ■ ■ + Ara-X^^V- + A^- 



;i.io3) 



Each of the polynomials of degree m with real coefficients in Eq. ( |1.10^j| ) can be written 
as a product of linear or quadratic factors with real coefficients, or as a product of linear 
factors which, if imaginary, appear always in complex conjugate pairs. Using the latter 
form for the simplicity of notations, the polynomial Pm can be written as 



i=\ 1=1 



;i.io4) 
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where the quantities f/+ appear always in complex conjugate pairs, and the same is true 
for the quantities vi_. Due to the properties in Eqs. ( |1.28| ) and ( |1.29| ), the polynomial 



Pm{u) can be written as a product of factors of the form 

m 

Pra{u) = n [K - vi+)e+ + {v^ - vi^)e_] . (1.105) 
1=1 

This relation can be written with the aid of Eqs. ( |1.31| ) as 



Pm{u)=Xl{u-Ul), (1.106) 
1=1 

where 

ui = e+vi+ + e_fz_, (1.107) 



for / = 1, ...,m. The roots f/+ and the roots vi_ defined in Eq. (|1.104|) may be ordered 



arbitrarily, which means that Eq. ( p..l07| ) gives sets of m roots Mi, of the polynomial 

Pm{u), corresponding to the various ways in which the roots vi- are ordered according 
to / in each group. Thus, while the hypercomplex components in Eq. ( |1.104| ) taken 



separately have unique factorizations, the polynomial Pm{u) can be written in many 
different ways as a product of linear factors. 

If P{u) = m2 _ 1^ the de gree is tti — 2, the coefficients of the polynomial are Oi — 
0,02 = —1, the twocomplex components of 02 are a2x = — 1,^25/ = 0, the components 
A2+,A2- are A2+ = —1,A2- = —1. The expression, Eq. ( |1.103| ), of P{u) is P{u) = 
e+(f^ — 1) +e_(t'^ — 1), and the factorization in Eq. ( |1.106| ) is — 1 = (m — ui){u — ^2), 
where Ui = ±e+ ± e_, ^2 = —Ui. The factorizations are thus — 1 = {u + l){u — 1) and 
— 1 = (m + 6){u — 6). It can be checked that {±e^ ± e_)^ = 6+ + e_ = 1. 



1.9 Representation of hyperbolic twocomplex com- 
plex numbers by irreducible matrices 

If the matrix in Eq. (|1.32| ) representing the twocomplex number u is called U, and 

it can be checked that 

TUT-^=(^t^ ° V (1-109) 
y X — y J 

The relations for the variables v+ = x + y,V- = x — y for the multiplication of twocomplex 
numbers have been written in Eq. (|1.20|) . The matrix TUT^^ provides an irreducible 
representation |^ of the twocomplex numbers u = x + 6y, in terms of matrices with real 
coefficients. 
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Chapter 2 



Complex Numbers in Three 
Dimensions 



A system of hypercomplex numbers in three dimensions is described in this chapter, for 
which the multiphcation is associative and commutative, which have exponential and 
trigonometric forms, and for which the concepts of analytic tricomplcx function, contour 
integration and residue can be defined. The tricomplex numbers introduced in this chapter 
have the form u = x + hy + kz, the variables x, y and z being real numbers. The 
multiplication rules for the complex units h, k are h'^ = k, k'^ = h, hk ~ 1. In a geometric 
representation, the tricomplex number u is represented by the point P of coordinates 
{x, y, z). If O is the origin of the x, y, z axes, (t) the trisector line x = y = z of the positive 
octant and IT the plane x + y + z = passing through the origin (O) and perpendicular 
to (t), then the tricomplex number u can be described by the projection s of the segment 
OP along the line (t), by the distance D from P to the line (t), and by the azimuthal 
angle (p of the projection of P on the plane H, measured from an angular origin defined 
by the intersection of the plane determined by the line [t) and the x axis, with the plane 
n. The amplitude p of a tricomplex number is defined as p = {x^ + y^ + z^ — SxyzY^^, 
the polar angle 6 of OP with respect to the trisector line (t) is given by tan^^ = D/s, and 
(P = x"^ + y"^ + z"^ . The amplitude p is equal to zero on the trisector line (t) and on the 
plane 11. The division l/(x + hy + kz)is possible provided that p 7^ 0. The product of 
two tricomplex numbers is equal to zero if both numbers are equal to zero, or if one of 
the tricomplex numbers lies in the 11 plane and the other on the {t) line. 

If Ui = Xi + hyi + kzi,U2 = X2 + hy2 + kz2 are tricomplex numbers of amplitudes and 
angles pi,6'i,0i and respectively P2,02,<p2, then the amplitude and the angles p,6,(f) for 
the product tricomplex number U1U2 = XiX2+yiZ2 + y2Zi + h{ziZ2+Xiy2 + yiX2) + k{yiy2 + 
X1Z2 + Z1X2) are p = pip2,tan^ = tan^i tan ^2/'\/2, = 0i + 02- Thus, the amplitude 
p and (tan^)/\/2 are multiplicative quantities and the angle (j) is an additive quantity 
upon the multiplication of tricomplex numbers, which reminds the properties of ordinary, 
two-dimensional complex numbers. 

For the description of the exponential function of a tricomplex variable, it is useful 
to define the cosexponential functions cx(^) — 1 -\- ^^/3! + ^^/6! • • • , mx(^) = ^ + + 
^^/7! • • • , px(^) = ^^/2 + ^^/5! + ^^/8! • • •, where p and m stand for plus and respectively 
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minus, as a reference to the sign of a phase shift in the expressions of these functions. 
These functions fulfil the relation cx^^ + px^^ + mx^^ — 3cx^ px^ mx^ = 1. 

The exponential form of a tricomplex number isu — p exp (1/3) (/i + k) ln(-\/2/ tan^) 

+(l/3)(/i — and the trigonometric form of the tricomplex number is u — 

{(l/3)(2-/i- A;)sine+ (1/3)(1 + /i + A;)y2 cos ^} cxp {(/i - A;)(/)/\/3}. 

Expressions are given for the elementary functions of tricomplex variable. Moreover, 
it is shown that the region of convergence of series of powers of tricomplex variables are 
cylinders with the axis parallel to the trisector line. A function f{u) of the tricomplex 
variable u — x + hy + kz can be defined by a corresponding power series. It will be shown 
that the function f{u) has a derivative at uq independent of the direction of approach of u 
to Uq. If the tricomplex function f{u) of the tricomplex variable u is written in terms of the 
real functions F{x^ y, z), G{x, y, z), H{x, y, z) of real variables x, y, z as f{u) = F{x, y, z) + 
hG{x, y, z) + kH{x, y, z), then relations of equality exist between partial derivatives of the 
functions F, G, H, and the differences F — G,F — H,G — H are solutions of the equation 
of Laplace. 

It will be shown that the integral ^2 f{u)du of a regular tricomplex function between 
two points A. B is independent of the three-dimensional path connecting the points A, B. 
If f{u) is an analytic tricomplex function, then §^ f{u)du/ {u — Uq) = 27i{h — k)f{uo) if 
the integration loop is threaded by the parallel through uq to the hue (t) . 

A tricomplex polynomial u"^ + aiu"^~^ + • ■ • + ctm-iw + can be written as a product 
of linear or quadratic factors, although the factorization may not be unique. 

The tricomplex numbers described in this chapter are a particular case for n = 3 of 
the polar complex numbers in n dimensions discussed in Sec. 6.1. 



2.1 Operations with tricomplex numbers 

A tricomplex number is determined by its three components {x,y,z). The sum of the 
tricomplex numbers {x, y, z) and {x', y', z') is the tricomplex number {x-\-x',y + y', z + z'). 
The product of the tricomplex numbers {x,y,z) and {x',y',z') is defined in this chapter 
to be the tricomplex number {xx' + yz' + zy', zz' + xy' + yx', yy' + xz' + zx'). 

Tricomplex numbers and their operations can be represented by writing the tricomplex 
number {x, y,z) as u — x + hy + kz, where h and k are bases for which the multiplication 
rules are 

h'^^k, k'^^h, 1-k^k, hk^l. (2.1) 

Two tricomplex numbers u — x + hy + kz, u' — x' + hy' + kz' are equal, u = u' , if and 
only \i X — x' ,y — y', z — z'. li u — x + hy + kz, u' — x' + hy' + kz' are tricomplex 
numbers, the sum u + u' and the product uu' defined above can be obtained by applying 
the usual algebraic rules to the sum {x + hy + kz) + {x' + hy' + kz') and to the product 
{x + hy + kz){x' + hy' + kz'), and grouping of the resulting terms, 

u + u' = X + x' + h{y + y') + k{z + z'), (2.2) 
uu' — xx' + yz' + zy' + h{zz' + xy' + yx') + k{yy' + xz' + zx'). (2.3) 
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If u,u',u" are tricomplex numbers, the multiplication is associative 

{uu')u" = u{u'u") (2.4) 
and commutative 

uu = uu, (2.5) 

as can be checked through direct calculation. The tricomplex zero is + h ■ + k ■ 0, 

denoted simply 0, and the tricomplex unity is 1 + h ■ + k ■ 0, denoted simply 1. 

The inverse of the tricomplex number u = x + hy + kz is a. tricomplex number u' = 
x' + y' + z' having the property that 

uu' = 1. (2.6) 

Written on components, the condition, Eq. (p.6|) , is 

xx' + zy' + yz' = 1, 

yx' + xy' + zz' = 0, (2.7) 
zx' + yy' + xz' = 0. 

The system (p.7|) has the solution 

, x"^ — yz , , 

^ = , ... , i o^... > (2-8) 



x^ + y^ + z^ — 3xyz 



z^ — xy 



^.3 _|_ ^3 _|_ _ "^xyz 



(2.9) 



, y'^ — xz , , 

^ = 3^ L 3 Q ' 2.10 

provided that x^ \ y"^ \ z^ — 3xyz ^ 0. Since 

+ + — "ixyz = (x + y + z)(a;^ \ y^ \ — xy — xz — yz), (2-11) 
a tricomplex number x + hy + kz has an inverse, unless 

X + y + z = (2.12) 

or 

x^ + y"^ + z^ — xy — xz — yz = 0. (2.13) 

The relation in Eq. ( p.l2| ) represents the plane 11 perpendicular to the trisector line 
(t) of the X, y, z axes, and passing through the origin O of the axes. The plane 11, shown 
in Fig. p.l| , intersects the xOy plane along the line 2; = 0, x + y = 0, it intersect the 
yOz plane along the line a; = 0, y + z = 0, and it intersects the xOz plane along the line 
y = Q,x + z = The condition ( p. 131 ) is equivalent to (x — yY + {x — z)^ + {y — zY = 0, 
which for real x, y, z means that x = y = z, which represents the trisector line {t) of the 
axes X, y, z. The trisector line (t) is perpendicular to the plane 11. Because of conditions 
(|2.12|) and ( p.l3|) , the trisector line (t) and the plane 11 will be also called nodal line and 
respectively nodal plane. 

It can be shown that if uu' = then either m = 0, or m' = 0, or one of the tricomplex 
numbers u, u' belongs to the trisector line (t) and the other belongs to the nodal plane 11. 
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n 



Figure 2.1: Nodal plane 11, of equation x + y + z — 0, and trisector line (t), of equation 
X — y — z, both passing through the origin O of the rectangular axes x, y, z. 
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2.2 Geometric representation of tricomplex numbers 



The tricomplex number x + hy + kz can be represented by the point P of coordinates 
(x, y, z). If O is the origin of the axes, then the projection s = OQ of the hne OP on the 
trisector hne x = y = z, which has the unit tangent {l/y/S, l/-\/3, l/\/3), is 



1 

73 



x + y + z). 



(2.14) 



The distance D = PQ from P to the trisector hne x = y = z, calculated as the distance 
from the point (x, y, z) to the point Q of coordinates [{x + y + z) {x + y + z) {x 
y + 2;)/3], is 



-{x^ + y'^ + — xy — xz — yz). 



(2.15) 



The quantities s and D are shown in Fig. |2.2| , where the plane through the point P 
and perpendicular to the trisector line (t) intersects the x axis at point A of coordinates 
(a; + ?/ + 2;, 0, 0), the y axis at point B of coordinates (0, a; + ?/ + 0), and the z axis at 
point C of coordinates (0, 0, x + ?/ + z). The azimuthal angle of the tricomplex number 
X + hy + kz is defined as the angle in the plane 11 of the projection of P on this plane, 
measured from the line of intersection of the plane determined by the line {t) and the x 
axis with the plane 11, < < 2tt. The expression of in terms of x, y, z can be obtained 
in a system of coordinates defined by the unit vectors 



6 



1 



(2,-1,-1); 6 



1 
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(0,1,-1); ^3 



(2.16) 



and having the point O as origin. The relation between the coordinates of P in the 
systems ^1, ^2, ^3 and x, y, z can be written in the form 




1 ]_ 

±- L 

\ ^ ^ ^ 

\ V3 V3 VZ 







] 


■) 







(2.17) 



The components of the vector OP in the system .^1, ^2? ^z can be obtained with the aid of 
Eq. as 



(6, 6, 6) = -y-z), ^(y - z),^{x + y + z) 

The expression of the angle as a function of x, z is then 

2x — y — z 



COS( 



sm I 



2(x2 +1/2 + ^2 



xy 



xz 



yz) 



1/2 ' 



\/3(l/ 



2(x2 + ?/2 _|_ — 



X2; 



y2)V2- 



(2.18) 

(2.19) 
(2.20) 
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It can be seen from Eqs. ( p.l9|) , (|2.20|) that the angle of points on the x axis is = 



the angle of points on the y axis is = 271/3, and the angle of points on the z axis is 
(f) = Att/S. The angle (p is shown in Fig. |2.2| in the plane parallel to 11, passing through P. 
The axis QC,i is parallel to the axis O^i, the axis Q^l is parallel to the axis 0^2, and the 
axis QC,l is parallel to the axis 0.^3, so that, in the plane ABC, the angle is measured 
from the line QA. The angle 6 between the line OP and the trisector line [t) is given by 

tan^ = — , (2.21) 

s 

where < 6 < n. It can be checked that 

= + s^ (2.22) 

where 

d'^ = + + z'^, (2.23) 
so that 

D = dsme, s = dcosO. (2.24) 



The relations ( |2.14| ), ( |2.15| ), ( |2.19| )- (|2?2l] ) can be used to determine the associated 



projection s, the distance D, the polar angle 6 with the trisector line (t) and the angle 
in the 11 plane for the tricomplex number x + hy + kz. It can be shown that if Ui = 
Xi + hyi + kzi, U2 = X2 + hy2 + kz2 are tricomplex numbers of projections, distances and 
angles Si, -Di, 6'i, 0i and respectively S2,D2,02,(p2, then the projection s, distance D and 
the angle 9, for the product tricomplex number U1U2 = X1X2 + yiZ2 + y2Zi + h{ziZ2 + 
xiy2 + yiX2) + k{yiy2 + X1Z2 + Z1X2) are 

/3 1 

s = v^SiS2, D = ]^ -D1D2, tan 6* = — ^ tan 6*1 tan6'2 , = 0i + 02- (2.25) 

The relations ( ^^.25] ) are consequences of the identities 

{xiX2 + yiZ2 + y2Zi) + (21^2 + xiy2 + 2/1X2) + (1/12/2 + xiZ2 + ^1X2) 

= ixi+yi + zi){x2 + y2 + Z2), (2.26) 

{XiX2 + yiZ2 + y2Zlf + (2:12:2 + Xiy2 + 2/1X2)^ + (2/12/2 + X1Z2 + ZiX2f 

-{XlX2 + yiZ2 + y2Zl){ziZ2 + Xiy2 + 2/1X2) - {XlX2 + yiZ2 + 2/22:1) (2/12/2 + X1Z2 + Z1X2) 
-{ZiZ2 + X12/2 + yiX2) + (2/12/2 + X1Z2 + Z1X2) 

= {xl + yf + zf- xiyi - xizi - yiZi){xl + yj + zj - X22/2 - ^22:2 - 2/22:2), (2.27) 

2xi - 2/1 - 2:1 2x2 - 2/2 - ^2 ^y3, ^ 
2 2 ^{yi- zi) — {y2- Z2) 

= ^[2(xiX2 + 2/12:2 + 2:12/2) - (2:12:2 + X12/2 + yiX2) - {ym + Xi2:2 + 2:1X2)], (2.28) 
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Figure 2.2: Tricomplex variables s, d, 6, (f) for the tricomplex number x + hy + kz, repre- 
sented by the point P{x,y,z). The azimuthal angle is shown in in the plane parallel 
to n, passing through P, which intersects the trisector line (t) at Q and the axes of co- 
ordinates x,y,z at the points A,B,C. The orthogonal axes cLcLCs have the origin at 
Q. 
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^3 x2x2-t/2-^2 , ^3, 2xi-yi-zi 

-Y^y^ " ^i) 2 T^'^^ ~ 2 

= —[{ziZ2 + xiy2 + yia;2) - (yil/2 + a;i2;2 + 2;ia;2)]. (2.29) 



The relation (p. 26 ) shows that if u is in the plane 11, such that x + y + z = 0, then 



the product uu' is also in the plane 11 for any u' . The relation ( |2.27| ) shows that if u 



is on the trisector line (t), such that x"^ + y'^ + z"^ — xy — xz — yz = 0, then uu' is also 
on the trisector line (t) for any u'. If u,u' are points in the plane x + y + z = 1, then 
the product uu' is also in that plane, and if u, u' are points of the cylindrical surface 
x"^ + y"^ + z"^ — xy — xz — yz = 1, then uu' is also in that cylindrical surface. This means 
that if u, u' are points on the circle x + y + z = l,x'^ + y'^ + z"^ — xy — xz ~ yz = 1, which 
is perpendicular to the trisector line, is situated at a distance from the origin and 



has the radius y2/3, then the tricomplex product uu' is also on the same circle. This 
invariant circle for the multiplication of tricomplex numbers is described by the equations 

X = — I — cos d, V = cos 6 H 1= sin (/), z = cos 6 1= sin 6. (2.30) 

33^'^33^V3 3 3 ^ y/3 

It has the center at the point (1/3,1/3,1/3) and passes through the points (1,0,0), (0,1,0) 
and (0,0,1), as shown in Fig. pl3i 

An important quantity is the amplitude p defined as p = u^^^, so that 

=x^ + y^ + z^ - 3xyz. (2.31) 

The amplitude p of the product U1U2 of the tricomplex numbers Ui,U2 of amplitudes pi, P2 
is 

P = P1P2, (2.32) 
as can be seen from the identity 

{xiX2 + yiZ2 + y2Zif + {ziZ2 + xiy2 + yiX2f + {yiy2 + xiZ2 + ^1X2)^ 
-3(a;ia;2 + yiZ2 + y2Zi){ziZ2 + Xiy2 + 2/1X2) (yi?/2 + X1Z2 + 2:1X2) 
= {x\ + yl + zl - 3xiyizi){xl + yl + zl- 3x22/2^2). (2.33) 

The identity in Eq. ( |2.33| ) can be demonstrated with the aid of Eqs. ( |2.11| ), ( p.26| ) and 



( 2.27 ). Another method would be to use the representation of the multiplication of the 
tricomplex numbers by matrices, in which the tricomplex number u = x + hy + kz is 
represented by the matrix 



(2.34) 
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Figure 2.3: Invariant circle for the multiplication of tricomplex numbers, lying in a plane 
perpendicular to the trisector line and passing through the points (1,0,0), (0,1,0) and 
(0,0,1). The center of the circle is at the point (1/3,1/3,1/3), and its radius is (2/3)^/^ . 
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The product u = x + hy + kz of the tricomplex numbers Ui = Xi + hyi + kzi,U2 
X2 + hy2 + kz2, is represented by the matrix muhiphcation 




xi yi zi 
z\ xx yi 
yi zi xi 



( X2 y2 Z2 
Z2 X2 y2 
V 1/2 Z2 X2 



(2.35) 



If 



u = det 



I X y z 
z X y 
\ y z X 



(2.36) 



it can be checked that 



u = x^ + y^ + z^ — 3xyz. 



(2.37) 



The identity ( p.33|) is then a consequence of the fact the determinant of the product of 
matrices is equal to the product of the determinants of the factor matrices. 
It can be seen from Eqs. (|2.14|) and ( p.l5|) that 



x^ + y^ + z 



n 3a/3 2 

3xyz = sD , 



which can be written with the aid of relations ( |2.24| ) and ( p.31| ) as 

31/2 



P 



21/3 



dsin^/^^cos^/^^. 



(2.38) 



(2.39) 



This means that the surfaces of constant p are surfaces of rotation having the trisector 



line (t) shown in Fie;. 12.41. 



2.3 The tricomplex cosexponential functions 

The exponential function of a hypercomplex variable u and the addition theorem for the 
exponential function have been written in Eqs. (1.35)-(1.36). U u = x + hy + kz, then 



expw can be calculated as expw = expx ■ exp{hy) ■ exp{kz). According to Eq. (|2.1|), 
h"^ = k, = 1, k"^ = h, k^ = 1, and in general 

^3m _ j^im+l ^ ^3m+2 _ ^3m _ ^3m+l _ ^3m+2 _ (2.40) 

where n is a natural number, so that exp{hy) and exp{kz) can be written as 

exp{hy) = cxy + h mx y + kpxy, (2-41) 

exp{kz) = cxz + hpxz + k mx z, (2.42) 
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Fig. 4 



Figure 2.4: Surfaces of constant p, which are surfaces of rotation having the trisector hne 
(t) as axis. 
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where the functions cx, nix, px, which will be called in this chapter polar cosexponential 
functions, are defined by the series 



cxy= l + yV3! + yV6! + --- 
mxy = y + y^/A\ + y^Yl H 

pxy = ?/V2! + ?/V5! + //S! + 



(2.43) 
(2.44) 
(2.45) 



From the series definitions it can be seen that cx = l,mx = 0,px = 0. The tridi- 
mensional polar cosexponential functions belong to the class of the polar n-dimensional 
cosexponential functions gnk, and cx = g^o, mx = (731, px = (732. It can be checked that 



cxy + pxy + mx y = exp y. 



(2.46) 



By expressing the fact that exp{hy + hz) = exp{hy) ■ exp{hz) with the aid of the cosex- 
ponential functions ( 2.43 )-( p.45| ) the following addition theorems can be obtained 



cx {y + z) = cxy cx z + mx y px z + pxy mx z, 
mx {y + z) = pxypx z + cxy mx z + mx y cx z, 
px {y + z) = mx y mx z + cxy px z + pxy cx z. 

For y = z, Eqs. (|2^)-(l2^) yield 

cx 2y = cx^ y + 2 mx y px z, 

mx 2y = px^ y + 2 cxy mx z, 
px 2y = nix^ y + 2 cxy px z. 



(2.47) 
(2.48) 
(2.49) 

(2.50) 
(2.51) 
(2.52) 



The cosexponential functions are neither even nor odd functions. For z = —y, Eqs. 
(^)-(^) yield 



cx y cx {—y) + mx y px {—y) + pxy mx {—y) = 1, 
px y px {—y) + cxy mx (— y) + mx y cx (— y) = 0, 
mx y mx {—y) + cx y px {—y) + px y cx {—y) = 0. 



(2.53) 
(2.54) 
(2.55) 



Expressions of the cosexponential functions in terms of regular exponential and cosine 
functions can be obtained by considering the series expansions for e^^^^"*^ and e^^'^'^y . 
These expressions can be obtained by calculating first {h + fc)" and {h — A;)". It can be 
shown that 



{h + ky 
{h-k) 



1 r 



m— 1 



(/i + A;) + - [(-I)'" + 2"-i 



2m 



\m— lom-— 1 



{k + k-2), {h-k) 



2m+l 



-irs'^ih-k), 



(2.56) 
(2.57) 
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where n is a natural number. Then 



,{h+k)y 



(h + k) 



1 

--e 



-e 



2?/ 



2 
— ( 

3 



1 

— ( 

3 



(2.58) 



As a corollary, the following identities can be obtained from Eq. ( |2.58| ) by writing e^^^^^'^ = 
^hy^ky expressiug and e'^^ in terms of cosexponential functions via Eqs. ( p.41| ) and 

(PD, 



2 1 

2 I 2 I 2 ^ I 2r/ 

cx y + mx y + px y = -e ^ -\ — e", 

3 3 



1 

— ( 

3 



1 

— ( 

3 



cx y mx y + cxy pxy + mx y pxy = 

From Eqs. ( p.59| ) and ( p.6(]| ) it results that 

cx^ y + mx^ y + px^ y 

— cx y mx y — cxy pxy — mx y pxy = exp{—y). 

Then from Eqs. (|2ll| ), (|]4|) and (|23l|) it follows that 

cx^ ?/ + mx'^ y + px'^ y — 3cx ?/ mx y pxy = 1. 

Similarly, 

^{h-k)y ^hi^ h + k) + 1(2- h-k) cosiVSy) + -^{h - k) sin{V?>y). 
3 3 \/3 

The last relation can also be written as 

r,{h-k)y 



1 2 

- + - cos( VSy) + h 



-k 



^ + ^cos(V3y + - 



1 2 
— I — cos 
3 3 

27r 



V y 2 



(2.59) 
(2.60) 



(2.61) 
(2.62) 

(2.63) 



(2.64) 



As a corollary, the following identities can be obtained from Eq. ( |2.63| ) by writing e^'^ = 
^hy^-ky expressiug and e~^y in terms of cosexponential functions via Eqs. ( 2.41 ) 
and (021), 



1 2 

cxy cx{-y) + mxy mx{-y) +pxy px {-y) = - + - cos{V3y), 



(2.65) 



cx y px {-y) + mxy cx (-y) +pxy mx {-y) = - + - cos yVly - —j (2.66) 

cx y mx (-y) + mx y px {-y) +pxy cx {-y) = i + ^ cos (^Vly + (2.67) 

Expressions of e^^y in terms of the regular exponential and cosine functions can be 
obtained by the multiplication of the expressions of e^^+^'^y and e^^'^^y from Eqs. ( ^381) 
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and ( p.63|) . At the same time, Eq. ( p.41|) gives an expression of e'^'^^ in terms of cosexpo- 
nential functions. By equating the real and hypercomplex parts of these two forms of e^^ 
and then replacing 2y by y gives the expressions of the cosexponential functions as 



cx y = - e^^ + - cos ^-^yj e-^'^ (2.68) 
mx y = i + ^ cos {^y - y ^ e-yl\ (2.69) 

px y = i + ^ cos {^y + e-^l\ (2.70) 

It is remarkable that the series in Eqs. ( p.43|) -( p.45| ), in which the terms are either of the 
form i/'^™, or y^^+i, or ?/3m,+2^ expressed in terms of elementary functions whose 

power series are not subject to such restrictions. The cosexponential functions differ by 
the phase of the cosine function in their expression, and the designation of the functions 
in Eqs. (|2.69| ) and (|2.7CI|) as mx and px refers respectively to the minus or plus sign of the 
phase term 27r/3. The graphs of the cosexponential functions are shown in Fig. |^. 



It can be checked that the cosexponential functions are solutions of the third-order 
differential equation 

whose solutions are of the form ^(-u) = A cx -u + S mx m + C px m. It can also be checked 
that the derivatives of the cosexponential functions are related by 

(ipx (imx (icx 

— = mx, — — = cx, — = px. (2.72) 

du du du 

2.4 Exponential and trigonometric forms of tricom- 
plex numbers 

If for a tricomplex number u = x + ky + kz another tricomplex number Ui = Xi + hy\ + kzi 
exists such that 

X + hy + kz = e'^^^y^+^^\ (2.73) 

then Ml is said to be the logarithm of m, 

ui = \nu. (2.74) 

The expressions of as functions of x,y,z can be obtained by developing e'^^^ 

and e'^^^ with the aid of Eqs. ( |2.41| ) and ( p.42| ), by multiplying these expressions and 



separating the hypercomplex components, 

X = e^'^[cxyi cxzi+mxyi mxzi+pxyi px Zi], (2.75) 
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Figure 2.5: Graphs of the cosexponential functions cx, mx, 
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y = e^^ [cx Hi px Zi + mx yi cx Zi + px yi mx Zi], 

^ = e^^ [cx yi mx + px yi cx + mx yi px ^i], 

Using Eq. ( p. 331 ) with the substitutions Xi cxyi,yi mx yi, Zi 
cx Zi,y2 px zi,Z2 — > mx zi and then the identity (|2.62| ) yields 



X + y + z — 3xyz = e 



3x1 



whence 

Xi 



- ln(x^ + y^ + z^ — 3xyz). 
3 



(2.76) 
(2.77) 

px yi,X2 -> 

(2.78) 
(2.79) 



The logarithm in Eq. ( p.79|) exists as a real function for x + y + z > 0. A further relation 
can be obtained by summing Eqs. ( |2.75| )-( PT^ ) and then using the addition theorems 



X + y + z 



cx (yi + zi) + mx {yi + Zi) + px {yi + zi] 



{x^ + y^ + z"^ — ?)xyzY/'^ 

The sum in Eq. (12^801) is according to Eq. (|2^ ) e^^+^S so that 

X + y + z 



yi + zi = \ti- 



x^ + y^ + z^ — 3xyz) 



1/3- 



(2.80) 



(2.81) 



The logarithm in Eq. ( |2.81|) is defined for points which are not on the trisector line (t), 
so that x^ + y"^ + z"^ — xy — xz — yz ^ 0. Substituting in Eq. ( p.73| ) the expression of xi, 
Eq. ( p.79|) , and of zi as a function of x, y, z, yi, Eq. (p.81|) , yields 



u 

— exp 
P 



—k In 



(2.82) 



where the quantities p,s and D have been defined in Eqs. ( p.31|) , (|2rT^) and ( |2.15| ). De- 
veloping the exponential functions in the left-hand side of Eq. ( p.82|) with the aid of Eq. 
( |2.42| ) and using the expressions of the cosexponential functions, Eqs. ( p.68| )-( pr70D , and 
using the relation ( 2.63 ) for the right-hand side of Eq. ( p.82|) yields for the real part 



(x^ + y"^ + z"^ — xy — xz — yzy/"^ 
which can also be written as 



cos 



cos 



In 



\/2s' 



+ 



cos 



(2.83) 



(2.84) 



where is the angle defined in Eqs. ( p.l9| ) and ( |2.20| ). Thus 

1 , 



yi 



3 V D 



+ 



7=3' 



(2.85) 
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The exponential form of the tricomplex number u is then 
u = p exp 



(2.86) 



where 9 is the angle between the line OP connecting the origin to the point P of coordi- 
nates (x,?/, z) and the trisector line (t), defined in Eq. ( |2.21| ) and shown in Fig. |2.2| . The 
exponential in Eq. (p.86|) can be expanded with the aid of Eq. ( 2.58|) and ( 2.64| ) as 



exp 
so that 



3^ ' tan^ 



2-h-k /tanO 



1/3 



1 + h + k f V2 



2/3 



V2 



tan^ 



x+hy+kz = p 



2-h-k /tanO^ 



1/3 



V V2 



+ 



1 + h + k f V2 



2/3' 



tan 9 



exp 



'h-k 



(2.87) 



(2.88) 



Substituting in Eq. (|2]8|) the expression of the amplitude p, Eq. (|2.39|) , yields 

,^f2-h-k.^ 1 + h + k r- \ fh-k\ 
^ " V 2 \ 3 ^^"^ ^ 3 / J ' 



(2.89) 



which is the trigonometric form of the tricomplex number u. As can be seen from Eq. 
( |2.89D , the tricomplex number x + hy + kz is written as the product of the modulus d, of 
a factor depending on the polar angle 9 with respect to the trisector line, and of a factor 
depending of the azimuthal angle in the plane 11 perpendicular to the trisector line. 
The exponential in Eq. ( |2.89|) can be expanded further with the aid of Eq. (|2.64| ) as 



exp {-^(f^ - 



1+h+k 2-h-k , h-k 
^^ + ^^cos0+-^sm, 



(2.90) 



so that the tricomplex number x + hy + kz can also be written, after multiplication of the 
factors, in the form 



x + hy + kz 
h-k 



2-h-k 



{x^ + y'^ + z^ — xy — xz — yzY^'^ cos 



x'^ + y'^ + z'^ — xy — xz — yz)^^"^ sin (j) + 



1 + h + k 



[x + y + z) 



(2.91) 



^ _ , _ ____ , g 

The validity of Eq. ( |2.91|) can be checked by substituting the expressions of cos and 
sin from Eqs. (^) and { ^^ . 



2.5 Elementary functions of a tricomplex variable 



It can be shown with the aid of Eq. (|2.86|) that 



[x + hy + kz) 



m pfn 



2-h-k /tan6' 
3 1,^. 



r?i/3 



+ 



1 + h + k ( a/2 



2m/3' 



tan^^ 



h-k 
exp — 
V V3 

(2.92) 
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or equivalently 



{x + hy + kzY 



2-h-k 



{x^ + y'^ + z'^ — xy — xz — yz)"^^'^ cos(m 



h-k 



{x^ + + z"^ — xy — xz — yz)"^^'^ sm{m(f)) + 



1 + h + k 



[X + y + z) 



(2.93) 



which are vahd for real values of m. Thus Eqs. (|2.92| ) or (|2.93|) define the power function 
of the tri complex variable u. 

The power function is multivalued unless m is an integer. It can be inferred from Eq. 
(|2.86| ) that, for integer values of m, 



(2.94) 



For natural m, Eq. ( p.93|) can be checked with the aid of relations (p.l9|) and (|2.2CI|) . For 
example if m = 2, it can be checked that the right-hand side of Eq. ( p.93| ) is equal to 
{x + hy + kzf = x^ + 2yz + h{z^ + 2xz) + k{y'^ + 2xz). 

The logarithm ui of the tricomplex number m, Ui = Inu, can be defined as the solution 
of Eq. (|2.73| ) for ui as a function of u. For x + y + z > 0, from Eq. ( |2.86| ) it results that 



\nu = \np+^{h + k)\n (^^^] + ^{h - k)(f). 



It can be checked with the aid of Eqs. (|2.25|) and ( p. 321) that 
In(uu') = Inw + Inu', 



(2.95) 



(2.96) 



which is valid up to integer multiples of 27r{h — k)/^/3. 

The trigonometric functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.57)-(1.60). The trigonometric functions 
of the hypercomplex variables hy, ky can be expressed in terms of the cosexponential 
functions as 

11 1 

cos{hy) = -[cx{iy)+cx{-iy)] + -h[mx{iy)+mx{-iy)] + -k[px{iy)+px{-iy)], (2.97) 



11 1 

cos(%) = -[cx(iy)+cx(-i|/)] + -/i[px(iy)+px(-i?/)] + -A;[mx(i|/)+mx(-iy)], (2.98) 

sm{hy) = ^[cx(iy)-cx(-i?/)]+^/i[mx(i?/)-mx(-i?/)] + ^A;[px(i?/)-px(-i?/)], (2.99) 
sin(%) = ^[cx(iy)-cx(-iy)]+^/i[px(iy)-px(-iy)] + ^A;[nix(iy)-mx(-iy)], (2.100) 
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where i is the imaginary unit. Using the expressions of the cosexponential functions in 
Eqs. ( |2.68| )-( pr7D| ) gives expressions of the trigonometric functions of hy, hz as 



cos[hy) = - cosy H — cosh y I cos — h 

3 3 \ 2 / 2 



+h 
+k 



1 ^ .fVs' 

-cosy - - cosh I —y 



- cosu 
3 ^ 



y 1-1 

COS — I r= smh 

2 ^/3 



- cosii — y cos r= smh 

3 \2y 2 V3 



V3 



y sm 



-y 



■ y 

sm — 
2 



^2.101) 



cos[ky) = - cosy + - cosh -r-y cos -+ 



+k 



■ cosy 



cosh 



V3 



-y cos - 
2 ^ 2 



sinh 



V3 



V3 
V3 



?/ sm 



- cos y — - cosh ( -7;-?/ ) cos ^ + — ^ sinh I "^1/ I ^in ^ 



(2.102) 



sm[hy) = -smy cosh y sm - 



+h 



+k 



1 



V3 



2/ 



1 



-smy + - cosh ( ) sin - H ^ sinh ( —^y I cos ^ 



1 



1 



V3 



1/ 



V3 



- siny + - cosh I — y 1 sin - - sinh i—y \ cos - 



(2.103) 



sin(%) 



smy 



2 .(^\.y 

- cosh y sm — 



+h 



+k 



- sin y H — cosh I -^y^ sin ^ sinh 



1 

3 
1 



sin y H — cosh 
3^3 



2 



^yl sin| + -^smh 



-yyj cos- 

'v^ \ y 

cos- 



(2.104) 



The trigonometric functions of a tricomplex number x + hy + kz can then be expressed in 
terms of elementary functions with the aid of the addition theorems Eqs. (1.59), (1.60) 
and of the expressions in Eqs. ( |2.101| )-( |2.104{ ). 

The hyperbohc functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.62)-(1.65). The hyperbohc functions of 
the hypercomplex variables hy, ky can be expressed in terms of the elementary functions 
as 

cosh.{hy) = - coshy + - cos f"^?/'] cosh ^+ 
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+h 



+k 



- cosh y cos 

3 ^3 



- cosh y — - 



cos 




sm 



smh- 



-y I cosh ^ 



i=sin h§y^ sinh I 



(2.105) 



+h 



+k 



- coshy - - cos \—y I cosh - + sm \—y I smh - 



1 1 1^^^ r.^ 
- cosh y cos y cosh — 

3 ^ 3 V 2 ^/ 2 



-^smf-yl smh- 



(2.106) 



smh{hy) = - sinh 2/ "~ g cos f ^i^^^ ^ 



1/ 



- sinh v H — cos f -^v^ sinh - H ^ sin I -^y 1 cosh - 

3 ^3 \ 2 y 2 ^/3 \ 2 J 2 



smh y H — cos y smh -= sm 

3 \ 2 I 2 y3 



V3 



— y 1 cosh - 
2 ^ 2 



(2.107) 



sinh(fc?/) = - sinhy — - cos (~^y] ^^^'^ 2 



+k 



y 



- sinh -u H — cos ( -^y] sinh ^ sin I -^■u 1 cosh - 

3 ^3 V2 / 2^3 \ 2 I 2 



'x/3 



1., 1 f \ . y l./V3\ , y 

- smh ?/ H — cos y smh — I — ^ sm y cosh — 

3 3 \ 2 y 2 y3 V ^ / 2 



(2.10J 



The hyperbohc functions of a tricomplex number x + hy + kz can then be expressed in 
terms of the elementary functions with the aid of the addition theorems Eqs. (1.64), 
(1.65) and of the expressions in Eqs. ( |2.105| )-( ^.108D . 



2.6 Tricomplex power series 

A tricomplex series is an infinite sum of the form 

ao + ai + a2 + --- + ai + ---, (2.109) 

where the coefficients a„ are tricomplex numbers. The convergence of the series (p.l09|) 
can be defined in terms of the convergence of its 3 real components. The convergence of a 
tricomplex series can however be studied using tricomplex variables. The main criterion 
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for absolute convergence remains the comparison theorem, but this requires a number of 
inequahties which will be discussed further. 

The modulus of a tricomplex number u = x + hy + kz can be defined as 



\u\ 



/ 2 I 2 I 2\l/2 

[x +y + Z ) ' . 



(2.110) 



Since |x| < < < a property of absolute convergence established via a 

comparison theorem based on the modulus of the series ( |2.109| ) will ensure the absolute 
convergence of each real component of that series. 

The modulus of the sum ui + U2 of the tricomplex numbers Mi, U2 fulfils the inequality 



\\ui\ — |'U2|| < \ui +U2\ < \ui\ + \U2\. 

For the product the relation is 



\UiU2\ 



< V3| 



Ul\\U2\, 



(2.111) 



(2.112) 



which replaces the relation of equality extant for regular complex numbers. The equality 
in Eq. (|2.112|) takes place for Xi = yi = z\ and X2 = y2 = Z2, i.e when both tricomplex 
numbers lie on the trisector line (t). Using Eq. ( p^.91D , the relation ( ^.112| ) can be written 
equivalently as 



(^2 I , 



(2.113) 



where (5| = x| + ?/| + z| — Xjyj — XjZj — yjZj, = Xj + yj + Zj,j = 1, 2, the equality taking 
place for 5i = 0, ^2 = 0. A particular form of Eq. ( |2.112D is 



\u 



u\ 



and it can be shown that 



\u 



[2.1U) 



[2.115) 



the equality in Eqs. ( |2.114| ) and ( p.ll5| ) taking place for x = y = z. It can be shown from 
Eq. (|;93D that 



\u 



l\2 



-6'' + -a^\ 
3 3 ' 



(2.116) 



where 5"^ = x'^ + y"^ + z'^ — xy — xz — yz, a = x + y + z. Then Eq. (|2.115|) can also be 
written as 



2 1 

-5^' + -a"' < 3' 

3 3 - 



9 1 ^ ' 

X2 I ^2 

—0 H — cr 
3 3 



(2.117) 



the equality taking place for 5 = 0. From Eqs. (|2.112|) and ( p.ll5| ) it results that 



\au 



< 3'/2| 



a\\u\ 



:2.118) 
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It can also be shown that 

1 

u 



^ 1 

~ \u\ ' 



(2.119) 



the equahty taking place for cr^ = 5^, or xy + xz + yz = 0. 

A power series of the tricomplex variable m is a series of the form 



2 / 

Oo + ttiu + + ■ ■ ■ + aiu + • • • . 



Since 



1=0 



/=0 



(2.120) 



(2.121) 



a sufficient condition for the absolute convergence of this series is that 

< 1. 



lim 

n— »oo 



V3\ai+i\ 


\u\ 




ai 





Thus the series is absolutely convergent for 
|n| < Co, 



where 



Co = lim 

V3|a/+i| 



(2.122) 



(2.123) 



(2.124) 



The convergence of the series ( |2.120| ) can be also studied with the aid of a transfor- 
mation which explicits the transverse and longitudinal parts of the variable u and of the 
constants a/, 



X + hy + kz = f iCi + f iCi + w+e+, 



where 



2x-y-z 73 
vi = , vi = —{y - z), v+ = x + y + z, 



and 



2-h-k 
ei = , ei 



h-k 



1 + h + k 



(2.125) 



(2.126) 



(2.127) 



The variables f i, ^i, f + will be called canonical tricomplex variables, ci, ci, e+ will be called 
the canonical tricomplex base, and Eq. (|2.125|) gives the canonical form of a tricomplex 
number. In the geometric representation of Fig. |2.6| , ei,ei are situated in the plane 11, 
and e+ is lying on the trisector line (t). It can be checked that 



2 ~2 

Ci = ei, Ci 



-ci, ciCi = ci, eie+ = 0, 6164. = 0, ei = e+. 



(2.128) 
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Figure 2.6: Unit vectors ei,ei,e+ of the orthogonal system of coordinates with origin at 
Q. The plane parallel to 11 passing through P intersects the trisector line (t) at Q and 
the axes of coordinates a;, |/, z at the points A, S, C. 
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The moduli of the bases in Eq. (|2.128|) are 



3' 



/2 I 
3' "^^ 



and it can be checked that 



(2.129) 



\x + hy + kzY 



(2.130) 



If M = u'u", the transverse and longitudinal components are related by 



(2.131) 



which show that, upon multiplication, the transverse components obey the same rules as 
the real and imaginary components of usual, two-dimensional complex numbers, and the 
rule for the longitudinal component is that of the regular multiplication of numbers. 
If the constants in Eq. ( p.l20| ) are ai = pi + hqi + kri, and 



2pi-qi-ri ^ v/3 
an = , an = ^(g/ - n), ai+ = pi + qi + n, 



(2.132) 



where po = 1, go = 0, ro = 0, the series ( p.l20| ) can be written as 

oo 

J2 [anei + aiiei){viei + ViCiY + e+a,+t;^ . 

1=0 

The series in Eq. ( |2.133| ) is absolutely convergent for 

\v+\ < c+, {vl + viy/^ < Ci, 



(2.133) 



(2.134) 



where 



\ai^ 



lim 



Cl 



lim 



1+1,1 



+ a 



1+1,2 



1/2- 



(2.135) 



The relations (|]T3|) and ( ^1301) show that the region of convergence of the series (|2.120|) 



is a cylinder of radius ciW2/3 and height 2c+/v^, having the trisector line (t) as axis and 



the origin as center, which can be called cylinder of convergence, as shown in Fig. |277 . 
It can be shown that ci = (l/y/S) min(c+,ci), where min designates the smallest 



of the numbers c+,ci. Using the expression of |m| in Eq. ( 2.128 ), it can be seen that 
the spherical region of convergence defined in Eqs. ( |2.123| ), ( p.l24| ) is a subset of the 
cylindrical region of convergence defined in Eqs. (|2.134| ) and (|2.135|) . 
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Figure 2.7: Cylinder of convergence of tricomplex series, of radius (2/3)^/^Ci and height 
2c+/3^/^, having the axis parallel to the trisector line, and the regions of space delimited 
by the plane, cylindrical and conical surfaces. 
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2.7 Analytic functions of tricomplex variables 



The analytic functions of the hypercomplex variable u and the series expansion of functions 
have been discussed in Eqs. (1.85)-(1.93). If the tricomplex function f{u) of the tricom- 
plex variable u is written in terms of the real functions z), z), H{x, y, z) of 
real variables 



f{u) = F{x, y, z) + hG{x, y, z) + kH{x, y, z), 



(2.136) 



then relations of equality exist between partial derivatives of the functions F, G, H. These 
relations can be obtained by writing the derivative of the function / as 



Ax + hAy + kAz 



OF ^ dF ^ OF ^ , fdG^ dG ^ dG ^ ^ 
—Ax + —Ay + —Az + h —Ax + —Ay + —Az 

ox oy oz \ ox oy oz , 



, (dH ^ dH ^ dH ^ ^ 
+k —Ax + —Ay + —Az 
\ ox oy oz J 



(2.137) 



where the difference appearing in Eq. (98) is u — Mq = Ax + hAy + kAz. The relations 
between the partials derivatives of the functions F, G, H are obtained by setting succes- 
sively in Eq. (^J37\) Ax ^ 0,Ay = 0, Az = 0; then Ax = 0,Ay ^ 0, Az = 0; and 
Ax = 0, Ay = 0, Az — * 0. The relations are 

dF dG dG dH dH dF , , 

(2.138) 



dx 

dF 
dx 

dG 
dy 



dy dx 

dH dG 
dz ' dx 

dH dH 

dz ' dy 



dy dx 

dF dH 

dz ' dx 

dF dF 

dz ' dy 



dy 

dG 
dz ' 

dG 
dz ' 



(2.139) 
(2.140) 



The relations ( p.l38|) -( p.l40| ) are analogous to the Riemann relations for the real and 
imaginary components of a complex function. It can be shown from Eqs. ( |2.138| )-( |2.140D 
that the components F solutions of the equations 



d^F 
dx'^ 


d^F 
dydz 


= 0, 


d^F 
dy"^ 


d'^F 

dxdz 


= 0, 


d^F 

dz"^ 


d^F 
dxdy 


d^G 

dx"^ 


d^G 
dydz 


= 0, 


d'^G 
dy"^ 


d'^G 
dxdz 


= 0, 


d^G 
dz"^ 


d'^G 
dxdy 


d^H 

dx^ 


d^H 
dydz 


= 0, 


d^H 
dy^ 


d^H 

dxdz 


= 0, 


d^H 

dz"^ 


d^H 
dxdy 



0, 



0. 



(2.141) 

(2.142) 
(2.143) 



It can also be shown that the differences F — G,F — H,G~H are solutions of the equation 
of Laplace, 



A{F-G)=0, A{F-H)=0, A{G - H) = 0, A 



d^ 



+ 



d^ 



+ 



d^ 



dx"^ dy"^ dz"^ 



(2.144) 
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If a geometric transformation is considered in which to a point u is associated the 
point /(m), it can be shown that the tricomplex function f{u) transforms a straight hne 
parallel to the trisector line [t] in a straight line parallel to (t), and transforms a plane 
parallel to the nodal plane 11 in a plane parallel to 11. A transformation generated by a 
tricomplex function f{u) does not conserve in general the angle of intersecting lines. 



2.8 Integrals of tricomplex functions 

The singularities of tricomplex functions arise from terms of the form l/{u — a)™, with 
m > 0. Functions containing such terms are singular not only at m = a, but also at all 
points of a plane (Ila) through the point a and parallel to the nodal plane 11 and at all 
points of a straight line (t^) passing through a and parallel to the trisector line {t). 

The integral of a tricomplex function between two points A, B along a path situated 
in a region free of singularities is independent of path, which means that the integral of 
an analytic function along a loop situated in a region free from singularities is zero, 

f{u)du = 0, (2.145) 

r 

where it is supposed that a surface S spanning the closed loop T is not intersected by 
any of the planes and is not threaded by any of the lines associated with the singularities 
of the function f{u). Using the expression, Eq. ( p.l36|) for f{u) and the fact that du = 



dx + hdy + kdz, the explicit form of the integral in Eq. ( p.l45| ) is 

£f{u)du = j>^[Fdx+Hdy+Gdz+h{Gdx+Fdy+Hdz)+k{Hdx+Gdy+Fdz)].{2.lA<o) 

If the functions F, G, H are regular on a surface S spanning the loop F, the integral along 
the loop F can be transformed with the aid of the theorem of Stokes in an integral over 
the surface S of terms of the form dH/dx — dF/dy, dG/dx~dF/dz, OG/dy — dH/dz, . . . 
which are equal to zero by Eqs. (|2.138| )- (|2.140|) , and this proves Eq. (|2.145| ). 

If there are singularities on the surface 5*, the integral / f{u)du is not necessarily equal 
to zero. If f{u) = l/{u — a) and the loop Fq is situated in the half-space above the plane 
(Ha) and encircles once the line {to), then 

du 2tt ,^ ^. ,r. ^ 

—={h-k). (2.147) 



Tva u - a 

This is due to the fact that the integral of 1/('U — a) along the loop F^ is equal to the 
integral of 1/('U — a) along a circle {Co) with the center on the line (t^) and perpendicular 
to this line, as shown in Fig. p.8| . 

r du r du , ^ 

j = j , (2.148) 

JVa u — a JCa u — a 

this being a corrolary of Eq. (|2.145|) . The integral on the right-hand side of Eq. ( p.l48|) 
can be evaluated with the aid of the trigonometric form Eq. ( |2.88| ) of the tricomplex 
quantity u — a, so that 

(2.149) 



u 



V3 
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which by integration over dip from to 2tx yields Eq. (|2.147| ). 

The integral §y^ du{u — a)™, with m an integer number not equal to -1, is equal to 
zero, because / du{u — a)^ = {u — a)"^~^^ / {m + 1) , and (m — a)™'+^/(m + 1) is singlevalued, 

du{u — a)™ = 0, form integer, m ^ —1. (2.150) 

If f{u) is an analytic tricomplex function which can be expanded in a series as written 
in Eq. (1.89), with uq = a, and the expansion holds on the curve F and on a surface 
spanning r, then from Eqs. (|]14|) and (plSOD it follows that 

Jt u — a v3 

Substituting in the right-hand side of Eq. (|2.151| ) the expression of f{u) in terms of the 
real components F, G, H, Eq. (|2.136| ), at m = a, yields 

r nu)dM ^'^^^ _ ^ ^j^^p _ ^j^^Q _ ^2.152) 
JT u — a v3 

Since the sum of the real components in the paranthesis from the right-hand side of 
Eq. (|2.152|) is equal to zero, this equation determines only the differences between the 
components F,G,H. If f{u) can be expanded as written in Eq. (1.89), with uq = a, on 
r and on a surface spanning F, then from Eqs. (|2.147|) and (|2.15CI|) it also results that 

where the fact that has been used that the derivative f^"^\a) of order m of f{u) at u = a 
is related to the expansion coefficient in Eq. (1.89), with uq = a, according to Eq. (1.93), 
with Mo = ct- The relation (|2.153|) can also be obtained by successive derivations of Eq. 

mm . 

If a function f{u) is expanded in positive and negative powers oi u — Uj, where Uj are 
fourcomplex constants, j being an index, the integral of / on a closed loop F is determined 
by the terms in the expansion of / which are of the form aj/{u — uj), 

/M = --- + E^^ + ---- (2-154) 

In Eq. ( p^.l54D , Uj is the pole and aj is the residue relative to the pole Uj. Then the 
integral of / on a closed loop F is 

f f{u)du = —r={h-k)Y^ int(Mjn, Fn)aj, (2.155) 
V3 j 

where the functional int (M,C), defined for a point M and a closed curve C in a two- 
dimensional plane, is given by 



. , / , , „x ( 1 if M is an interior point of C, 

^^*^^'^) = I if Mis exterior to C, ^2.156) 

and Mjn, Tn are the projections of the point Uj and of the curve F on the nodal plane 11, 
as shown in Fig. |2l^ . 
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Figure 2.8: The integral oll/{u — a) along the loop is equal to the integral of — a) 
along a circle (Ca) with the center on the line [tg) and perpendicular to this line. 
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2.9 Factorization of tricomplex polynomials 



A polynomial of degree m of the tricomplex variable u = x + hy + kz has the form 

Pm{u) = u'^ + aiu"*-^ + ■ ■ ■ + am-iu + am, (2.157) 

where the constants are in general tricomplex numbers, ai = pi + hqi + kri, I = 1, ■ ■ ■ ,m. 
In order to write the polynomial Pm{u) as a product of factors, the variable u and the 
constants ai will be written in the form which explicits the transverse and longitudinal 
components, 

m m 

Pm{u) = ^(and + Sngi)Kei + v,i^T~' + e+ ^ ai+v^-\ (2.158) 

1=0 1=0 

where the constants have been defined previously in Eq. ( [2.1321 ). Due to the properties 
in Eq. ( p.l2^ ), the transverse part of the polynomial Pm{u) can be written as a product 
of linear factors of the form 

m m 

^(azici + aaei)(wiei + ^iCi)""' = X{[{vi - Vii)ei + (^i - ^zi)ei], (2.159) 

(=0 1=1 

where the quantities vn, vn are real numbers. The longitudinal part of Pm{u), Eq. ( p.l58| ), 
can be written as a product of linear or quadratic factors with real coefficients, or as a 
product of linear factors which, if imaginary, appear always in complex conjugate pairs. 
Using the latter form for the simplicity of notations, the longitudinal part can be written 
as 



m m 



^a,+<-' = n(^+-^^+), (2.160) 

1=0 1=1 

where the quantities f/+ appear always in complex conjugate pairs. Due to the orthogo- 
nality of the transverse and longitudinal components, Eq. (|2.128|) , the polynomial Pm{u) 
can be written product of factors of the form 

m 

Pm{u) = Yilivi - vii)ei + {vi - vii)ei + {v+ - vi+)e+]. (2.161) 
1=1 

These relations can be written with the aid of Eqs. ( p.l25|) as 

m 

Pmiu) = ]l{u-ui), (2.162) 
1=1 

where 

ui =viiei+viiei+vi+e+. (2.163) 

The roots vi+ and the roots vnei + vnei defined in Eq. (|2.159| ) may be ordered arbitrarily. 
This means that Eq. ( p.l63| ) gives sets of m roots ui,...,Um of the polynomial Pm{u), 
corresponding to the various ways in which the roots vi+, vnei+vnei are ordered according 
to / in each group. Thus, while the tricomplex components in Eq. (|2.158|) taken separately 
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have unique factorizations, the polynomial Pm{<l) can be written in many different ways 
product of linear factors. 



If P(u) 



u 



— 1, the degree is m = 2, the coefficients of the polynomial are ai 



0,a2 = —1, the coefficients defined in Eq. (|2.13 



expression of -P(m), Eq. ( |2.158| ), is (eifi + CiVi^"^ 
Eqs. (PJ[^ ) and ( PTTBUQ are {e^Vi + hvif - ei 
vl-l 



-1,022 = 0,a2« = -1. The 
^ ^ The factorizations in 



{v+ + l){v+-l). The factorization of P(u), Eq. (p:T62D, isPju 



are a2i 
-61+64 

[ei(^^i + 1) +ei{;i][6i(fi - 1) + 61^1] and 

(m-ui)(m-M2), 



where according to Eq. ( ^.1631 ) the roots are Ui = ±61 ± 6+,M2 = —Ui. If 61 and 6+ are 



expressed with the aid of Eq. ( p.l27|) in terms of h and k, the factorizations of P{u) are 
obtained as 



u 



iu + l)iu-l), 



(2.164) 



or as 



u 



1 -2h~2k 



l-2h- 2k" 



u 



3/1 3 

It can be checked that (±61 ± 6+)^ = 61 + 6+ = 1. 



(2.165) 



2.10 Representation of tricomplex complex numbers 
by irreducible matrices 

If the matrix in Eq. ( |2.34| ) representing the tricomplex number u is called U , and 



T 





[2 


1 


1 


\ 


V 3 




V6 







1 


1 






V2 


V2 




[ 


1 


1 


1 


/ 









(2.166) 



which is the matrix appearing in Eq. ( |2.17|) , it can be checked that 



TUT 



-1 



-4{y-z, 



2 

X — 



y+z 








V 











(2.167) 



x + y + z J 



The relations for the variables x—{y+z)/2, {\/?)/2){y—z) and x+y+z for the multiplication 
of tricomplex numbers have been written in Eqs. (|2.26|) , (p.28|) and (|2.29| ). The matrices 
TUT~^ provide an irreducible representation of the tricomplex numbers u = x+hy+kz, 
in terms of matrices with real coefficients. 
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Chapter 3 



Commutative Complex Numbers in 
Four Dimensions 



Systems of hypercomplex numbers in 4 dimensions of the form u = x -\- ay + (3z + '~)t are 
described in this chapter, where the variables x, y, z and t are real numbers, for which the 
multiplication is both associative and commutative. The product of two fourcomplex num- 
bers is equal to zero if both numbers are equal to zero, or if the numbers belong to certain 
four-dimensional hypcrplanes as discussed further in this chapter. The fourcomplex num- 
bers have exponential and trigonometric forms, and the concepts of analytic fourcomplex 
function, contour integration and residue can be defined. Expressions are given for the ele- 
mentary functions of fourcomplex variable. The functions f{u) of fourcomplex variable de- 
fined by power series, have derivatives \miu^ua[f {u) — f {uq)] / {u—Uq) independent of the di- 
rection of approach of uiouQ. If the fourcomplex function f{u) of the fourcomplex variable 
u is written in terms of the real functions P{x, y, z, t), Q{x, y, z, t), R{x, y, z, t), S{x, y, z, t), 
then relations of equality exist between partial derivatives of the functions P,Q,R, S. The 
integral f(u)du of a fourcomplex function between two points A, B is independent of 
the path connecting A, B. 

Four distinct types of hypercomplex numbers are studied, as discussed further. In Sec. 
3.1, the multiplication rules for the complex units a, /5 and 7 are = — 1, = — 1, 7^ = 
1, af3 = (3a = —7, q;7 = 70; = (3j = — a. The exponential form of a fourcomplex 
number isu — pexp [7 In tan -|- {l/2)a{(j) + x) + (l/2)/3(0 — x)] , where the amplitude is 
— [{x + 1)"^ + {y + z)^] [{x — ty + {y — z)"^] , 0, X are azimuthal angles, < < 27r, < 
X < 27r, and ip is a. planar angle, < ip < 7r/2. The trigonometric form of a fourcomplex 
number is u = c?[cos('?/' — 7r/4) -|- 7 sin('?/' — 7r/4)] exp [(1/2)q;(0 -|- x) + (l/2)/3(0 — x)]? 
where (f = x"^ + y^ + z"^ + . The amplitude p and tan-?/' are multiplicative and the 
angles 0, x are additive upon the multiplication of fourcomplex numbers. Since there are 
two cyclic variables, and Xi these fourcomplex numbers are called circular fourcomplex 
numbers. If f{u) is an analytic fourcomplex function, then fp f{u)du/{u — Uq) = TT[{a + 
j3) int(Mo5«, + (a — /5) int(?ioTC! '^tc)] /(^^o)? where the functional int takes the values 
or 1 depending on the relation between the projections of the point uq and of the curve 
r on certain planes. A polynomial can be written as a product of linear or quadratic 
factors, although the factorization may not be unique. 
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In Sec. 3.2, the multiplication rules for the complex units a, (5 and 7 are — 

1, = 1, 7^ = — (5a = 7, q;7 = 70; = = j(3 — a. The exponen- 

tial form of a fourcomplex number, which can be defined for s = x + y + z + t > 
0, s' = X - y + z - t > 0, s" = X + y - z - t > 0, s'" = x- y- z + t>0, is 
u = iJ,exp{ayi + (3zi + 7^1), where the amplitude is fi = {ss's"s"'Y^^ and the arguments 
are yi = {l/4:)ln{ss" /s's'"), z^ = (1/4) ln(ss'7s's"), h = (1/4) ln(ssVs"s"'). Since there 
is no cyclic variable, these fourcomplex numbers are called hyperbolic fourcomplex num- 
bers. The amplitude fi is multiplicative and the arguments yi,zi,ti are additive upon 
the multiplication of fourcomplex numbers. A polynomial can be written as a product of 
linear or quadratic factors, although the factorization may not be unique. 

In Sec. 3.3, the multiplication rules for the complex units a, (3 and 7 are = P, P"^ — 
— 1, 7^ = — /3, a/S — (5a — ^ ^ a^ — ^a — —1, (5^ — ^(5 — —a . The exponential function of 
a fourcomplex number can be expanded in terms of the four- dimensional cosexponential 

functions = 1 - a:^/4! + ic^/8! , fia{x)=x- a;^/5! + x^/9! , ji2{x) = 

x^l2\ - x^l&. + x^VlO! , jAz{x) = xVS! - a;V7! + x^Vll! . Expressions are 

obtained for the four-dimensional cosexponential functions in terms of elementary func- 
tions. The exponential form of a fourcomplex number is u — pexp {(1/2) (a — 7) In tan ^ 
+(1/2) [/3 + (a + i)|^^%((> - (1/2) [/3 - (a + 7)/V2]x}, where the amplitude is 

p'=\\^x + {y- t)l^ + + (y + t)/v^]'} { [a; - (y - t)l^ + - (?/ + t)l^\ 
(j), X are azimuthal angles, O<0<27r,O<x<27r, and ^0 is a planar angle, < 
■0 < 7r/2. The trigonometric form of a fourcomplex number is u — d[cos (ip — n/A) 
+{1/V2){a - 7) sin iij - 7r/4)] exp {(l/2)[/3 + {a + 7)/\/2]</' -(l/2)[/3 - (« + 7)/v^]x}, 
where d'^ = x^ + y'^ + + The amplitude p and tan-^ arc multiplicative and the angles 
0, X S'-re additive upon the multiplication of fourcomplex numbers. There are two cyclic 
variables, and %, so that these fourcomplex numbers are also of a circular type. In order 
to distinguish them from the circular hypercomplex numbers, these are called planar four- 
complex numbers. If j{u) is an analytic fourcomplex function, then ^ f{u)du/ (u — uo) — 

TT +{a + 7)/v^) int(«o?«, Te,,) +(/?-(« + 7)/v^) mt(MorC, T^c)] /(«o) , where the 
functional int takes the values or 1 depending on the relation between the projections 
of the point uq and of the curve T on certain planes. A polynomial can be written as 
a product of linear or quadratic factors, although the factorization may not be unique. 
The fourcomplex numbers described in this chapter are a particular case for n = 4 of the 
planar hypercomplex numbers in n dimensions discussed in Sec. 6.2. 

In Sec. 3.4, the multiplication rules for the complex units a, (3 and 7 are a"^ = 
(3, (3^ = 1, 7^ = /3, «/3 = Pa = 7, «7 = 70; = 1, /97 = 7/? = a. The prod- 
uct of two fourcomplex numbers is equal to zero if both numbers arc equal to zero, 
or if the numbers belong to certain four-dimensional hyperplanes described further in 
this section. The exponential function of a fourcomplex number can be expanded in 
terms of the four- dimensional cosexponential functions g4,o{x) = 1 + x'^/4! + ,x^/8! + 
• • • , ^4i(x) = a; + xV5! + xVO! + ■ ■ ■ , ^42(2;) = .^72! + x^Gl + .t^VIO! + ■ ■ ■ , g^'^ix) = 
a;^/3! + x"^ /7\ + x^^/lV. Addition theorems and other relations are obtained for 

these four-dimensional cosexponential functions. The exponential form of a fourcom- 
plex number, which can be defined ior x + y + z + t > 0,x — y + z — t > 0, is u — 
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pexp [(l/4)(a + /3 + 7) ln(\^/tan^+) - (l/4)(a - /3 + 7) ln(V2/tan^_) + (a - 7)^/2 

where p = {ii+ii-Y^^, ji^ ^ {x - zf + {y - ty, //^ = (x + - {y + ty, e+ = 
(1 + a + /3 + 7)/4, e_ = (1 - a + /3 - 7)/4, ei = (1 - /5)/2, = (a - 7)/2, the po- 
lar angles are tan 9^ = \/2id^/v^,tan9_ = \/2n^/v_, < 9^ < 7r,0 < 9_ < tt, and 
the azimuthal angle is defined by the relations x — y = fi^cos(f), z — t = /i+sin0, 
< < 2tt. The trigonometric form of the fourcomplex number m is m = 
(1 + l/tan2^+ + l/tan2^_)"^^^ {ci + e+^/tan^+ + c-v^/tan^.} exp [ei(/)]. The am- 
plitude p and tan 9+ / \/2, tan 9-/ \/2, are multiplicative, and the azimuthal angle (p is addi- 
tive upon the multiplication of fourcomplex numbers. There is only one cyclic variable, 0, 
and there arc two axes f +, which play an important role in the description of these num- 
bers, so that these hypercomplex numbers are called polar fourcomplex numbers. If f{u) 
is an analytic fourcomplex function, then ^ f{u)du/ {u — uq) = 7r(/5 — 7) int(Mo^i;, T^y)f{uQ) 
, where the functional int takes the values or 1 depending on the relation between the 
projections of the point uq and of the curve F on certain planes. A polynomial can be 
written as a product of linear or quadratic factors, although the factorization may not 
be unique. The fourcomplex numbers described in this section are a particular case for 
n = 4 of the polar hypercomplex numbers in n dimensions discussed in Sec. 6.1. 

3.1 Circular complex numbers in four dimensions 
3.1.1 Operations with circular fourcomplex numbers 

A circular fourcomplex number is determined by its four components {x, y, z, t). The sum 
of the circular fourcomplex numbers {x, y, z, t) and {x', y', z', t') is the circular fourcomplex 
number {x -\- x' ,y -\- y', z + z',t + t'). The product of the circular fourcomplex numbers 
(x, y. z. t) and {x'. y'. z' . t') is defined in this section to be the circular fourcomplex number 
{xx' — yy' — zz' + tt\ xy' + yx' + zt' + tz', xz' + zx' + yt' + ty', xt' + tx' — yz' — zy'). 

Circular fourcomplex numbers and their operations can be represented by writing the 
circular fourcomplex number {x,y,z,t) as u = x + ay + (3z + jt, where a,P and 7 are 
bases for which the multiplication rules are 

= —1, = —1, 7^ = 1, a(3 = (3a = —7, q;7 = 7a = /?, /?7 = 7/? = a. (3.1) 

Two circular fourcomplex numbers u = x + ay + f3z + 'yt,u' = x' + ay' + Pz' + jt' are 
equal, u = u', if and only if x = x',y = y', z = z',t = t'. If u = x + ay + f3z + ^ft, u' = 
x' + ay' + (5z' + jt' are circular fourcomplex numbers, the sum u + u' and the product uu' 
defined above can be obtained by applying the usual algebraic rules to the sum {x + ay + 
(3z + -ft) + (x' + ay' + (3z' + -ft') and to the product (x + ay + (3z + -ft) (x' + ay' + (3z' + -ft') , 
and grouping of the resulting terms, 

u + u' ^x + x' + a{y + y')+ (5{z + z') + -f{t + t'), (3.2) 

uu' = xx' - yy' - zz' + tt' + a{xy' + yx' + zt' + tz') + (3{xz' + zx' + yt' + ty') 

+-f{xt' + tx' - yz' - zy') . (3.3) 
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If u, u', u" are circular fourcomplex numbers, the multiplication is associative 

{uu')u" = u{u'u") (3.4) 
and commutative 

uu' = u'u, (3.5) 

as can be checked through direct calculation. The circular fourcomplex zero is + a ■ + 
/3 ■ + 7 ■ 0, denoted simply 0, and the circular fourcomplex unity is l + a- + /5-0 + 7- 0, 
denoted simply 1. 

The inverse of the circular fourcomplex number u = x + ay + j3z + 'jt is a circular 
fourcomplex number u' = x' + ay' + f3z' + jt' having the property that 

uu = 1. (3.6) 

Written on components, the condition, Eq. (|3.6|) , is 



xx' — yy' — zz' + W = 1, 
yx' + xy' + tz' + zt' = 0, 
zx' + ty' + xz' + yt' = 0, 
tx' — zy' — yz' + xt' = 0. 

The system (|3.7|) has the solution 



(3.7) 



/ x(x^ +y^ + z^- e) - 2yzt 

X = — , (3.8) 

, _ y{-x^ -y^ + z^- + 2xzt 

y - J i-^-yj 

, z(-x'^ + - z'^ - t^) + 2xyt 

z' = - '^—^^ (3.10) 

^/ ^ t{-x^ + y^ + z^ + t^) - 2xyz 

provided that p 7^ 0, where 

p'^ = x'^ + y^ + z'^ + t'^ + 2{x^y^ + x^z^ - xH'^ - y^z'^ + yh'^ + zH'^) - Sxyzt. (3.12) 

The quantity p will be called amplitude of the circular fourcomplex number x+ay+Pz+jt. 
Since 

p' = pIP-, (3.13) 

where 

pI = {x + ty + {y + z)\ pi = {x- tf + (y - z)\ (3.14) 
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a circular fourcomplex number u = x + ay + [3z + '-)t has an inverse, unless 



(3.15) 



or 



X 



t = 0, 



0. 



(3.16) 



Because of conditions ( p.l5| )-( p.l6D these 2- dimensional surfaces will be called nodal 
hyperplanes. It can be shown that if uu' = then either m = 0, or m' = 0, or one of the 
circular fourcomplex numbers is of the form x + ay + (3y + 'yx and the other of the form 
x' + ay' — Py' — 'jx'. 



3.1.2 Geometric representation of circular fourcomplex num- 
bers 

The circular fourcomplex number x + ay + (3z + '-ft can be represented by the point A 
of coordinates {x,y,z,t). If O is the origin of the four-dimensional space x,y,z,t, the 
distance from A to the origin O can be taken as 

(f = x'^ + y^ + z'^ + t^. (3.17) 

The distance d will be called modulus of the circular fourcomplex number x + ay + jSz + 'yt, 
d = \u\. The orientation in the four-dimensional space of the line OA can be specified 
with the aid of three angles 0, x, defined with respect to the rotated system of axes 

x+t x—t y+z ^ y—z 
72 V2 V2 72 

The variables C,,v,t,( will be called canonical circular fourcomplex variables. The use 
of the rotated axes C,,v,t,( for the definition of the angles (j),x,'ip is convenient for the 
expression of the circular fourcomplex numbers in exponential and trigonometric forms, 
as it will be discussed further. The angle is the angle between the projection of A in 
the plane ^, v and the axis, < < 2tt, x is the angle between the projection of A 
in the plane r, ( and the Or axis, < x < 27r, and ip is the angle between the line OA 
and the plane tO(, < ip < 7c/2, as shown in Fig. ^.1| . The angles and x will be called 
azimuthal angles, the angle ip will be called planar angle . The fact that < ip < tt/2 
means that ip has the same sign on both faces of the two-dimensional hyperplane vO(. 
The components of the point A in terms of the distance d and the angles 0, x, "0 are thus 

X -\- 1 

(icos0sin'0, (3.19) 



x/2 

x — t 

y + z 
V2 



(icosxcos'0, (3.20) 
(i sin sin?/;, (3.21) 



57 



^—^ = dsinxcosip. (3.22) 
v2 

It can be checked that p+ = \/2d sin ijj, p_ = \/2d cos ^jJ. The coordinates x, y, z, t in terms 
of the variables d, 0, x, are 

X = ^p(cos^/'cosx + sin^/^cosc/)), (3.23) 
v2 

?/ = ^^(cos'i/'sinx + sin-i/^sin^), (3.24) 
v2 

2; = ^p(— cos?/) sin X + sin-?/' sin <^), (3.25) 
v2 

t = ^p(— cos-?/) cos X + sin-?/^ cos 0). (3.26) 
v2 

The angles 0, x, ip can be expressed in terms of the coordinates x, y, z, t as 

sin = {y + z)/p+, cos = (a; + t)/p+, (3.27) 

sinx = (y - z)/p-, cosx = (x - t)/p-, (3.28) 

tanV = p+/p-. (3.29) 

The nodal hyperplanes are C,Ov, for which r = 0, C = 0, and tO(, for which ^ = 0, = 0. 
For points in the nodal hyperplane ^Ov the planar angle is ip = 7r/2, for points in the 
nodal hyperplane tO( the planar angle is ip = 0. 

It can be shown that if mi = xi + ayi + l3zi+ 7^1 ,U2 = X2 + a?/2 + f3z2 + 7^2 are circular 
fourcomplex numbers of amplitudes and angles pi, 0i, xi, "01 and respectively P2, 02, X2, "02, 
then the amplitude p and the angles 0, x, ^ of the product circular fourcomplex number 
U1U2 are 

P = P1P2, (3.30) 
= 01 + 02, X = Xi + X2, tan?/) = tan -01 tan 0^2- (3.31) 



The relations (^3oD-(F3TD are consequences of the definitions (|3l^ ) - (CT) , (|3:27|) -(g:29D 
and of the identities 

[{xiX2 - ym - Z1Z2 + tit2) + [xxt2 + tiX2 - y\Z2 - 211/2)]^ 

^\{xVy2 + y\X2 + Zxt2 + ^1^2) + {X\Z2 + 2:1X2 + yit2 + txy2)f 

= [{xi + hf + {yi + ^i)'][(a;2 + t2f + (2/2 + Z2)% (3.32) 
[(a;iX2 - yi?/2 - Z1Z2 + ^1^2) - (a;it2 + tiX2 - yiZ2 - 2:1^/2)]^ 

+ [{Xiy2 + yiX2 + Zit2 + tiZ2) - {XiZ2 + Z1X2 + 2/1^2 + tm)]^ 

= [{xi - Uf + (yi - ^i)'][(x2 - t2f + (1/2 - Z2fl (3.33) 
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Figure 3.1: Azimuthal angles (f),x and planar angle of the fourcomplex number x + 
ay + (3z + 7^, represented by the point A, situated at a distance d from the origin O. 
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{xiX2 - yiy2 - Z1Z2 + tit2) + (xit2 + tiX2 - yiZ2 - 212/2) 

= {xi + ti){x2 + ^2) - (2/1 + Zi){y2 + Z2), 



(3.34) 



{XiX2 - ym - Z1Z2 + tit2) - {Xit2 + tiX2 - yiZ2 - Ziy2) 

= {xi - ti){x2 - 12) - {yi - zi){y2 - Z2), 

{Xiy2 + yiX2 + Zit2 + tiZ2) + {XiZ2 + ^1X2 + 2/1^2 + 
= (yi + Zi){x2 + 12) + (2/2 + Z2){X2 + ^2), 

(a;i2/2 + 2/ia;2 + zit2 + ^12:2) - {xiZ2 + 2:1X2 + 2/1^2 + tm) 
= {yi - Zi){x2 - ^2) + (2/2 - Z2){x2 - 12). 



The identities ( p.32[ ) and ( |3.33| ) can also be written as 

2 



P- 



P1+P2H 
PI-P2- 



where 



{Xj + tjf + {yj + 2;J•)^ Pj- = {Xj - tjf + (l/j - Zjf, j = 1, 2. 



(3.35) 
(3.36) 

(3.37) 

(3.38) 
(3.39) 

(3.40) 



The fact that the amphtude of the product is equal to the product of the amplitudes, 
as written in Eq. (|3.30|) , can be demonstrated also by using a representation of the 
multiplication of the circular fourcomplex numbers by matrices, in which the circular 
fourcomplex number u = x + ay + Pz + •jt is represented by the matrix 



A 



fx y z t ^ 

—y X t —z 

—z t X —y 

\ t z y X I 



(3.41) 



The product -u = x + ay + + 7t of the circular fourcomplex numbers mi = xi + ay\ + 
(iz\ + ■yti,U2 = X2 + ay2 + Pz2 + 7^2, can be represented by the matrix multiplication 



A = A1A2. 

It can be checked that the determinant det(A) of the matrix A is 
detA = p\ 



(3.42) 



(3.43) 



The identity ( |3.30| ) is then a consequence of the fact the determinant of the product of 
matrices is equal to the product of the determinants of the factor matrices. 
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3.1.3 The exponential and trigonometric forms of circular four- 
complex numbers 

The exponential function of a hypercomplex variable u and the addition theorem for the 
exponential function have been written in Eqs. (1.35)-(1.36). If u = x + ay + Pz + 'jt, 
then expw can be calculated as expu = expx ■ exp{ay) ■ exp{Pz) ■ exp(7t). According to 
Eq. (PD, 



^2m ^ ^_^^m^ ^2m+l _ /^^^ = (-1)"^, /^^^^^ = 7"" = 1, (3.44) 

where m is a natural number, so that exp{ay), exp(/5z) and exp(7t) can be written as 
ex-p{ay) = cos y + asm y, exp(/?z) = cos z + Psin z, (3.45) 

and 

exp(7t) = cosh t + 7 sinh t. (3.46) 
From Eqs. ( p.45|) - (|3.46|) it can be inferred that 
(cos y + asm y)™ = cos my + a sin my, 

(cos 2 + /? sin z)"^ = cos mz + j3 sin mz, (3.47) 
(cosh t + 7 sinh t)™ = cosh mt + 7 sinh mt. 

Any circular fourcomplex number u = x + ay + j3z + '-jt can be writen in the form 

x + ay + Pz + -it = e^i+"?/i+/3^i+T*i . (3.48) 

The expressions of xi,yi, zi,ti as functions of x,y,z,t can be obtained by developing 
goyi^ g^j^^ g7*i with the aid of Eqs. ( p.45| ) and ( |3.46|) , by multiplying these expressions 
and separating the hypercomplex components, 

X = e^^(cos?/i coszi coshti — sinyi sinzi sinhti), (3.49) 

y = e^^ (sin 2/1 cos 2:1 coshti + cosyi sin 2:1 sinhti), (3.50) 

z = e^'^(cos?/i sin zi coshti + sinyi coszi sinhti), (3.51) 

t = e^^{— smyi sin Zi coshti + cos yi cos zi sinh ti), (3.52) 

From Eqs. ( ^.49D -( P32D it can be shown by direct calculation that 

x'^ + y^ + z'^ + t'^ = e^""' cosh 2ti, (3.53) 
2{xt + yz) = e^^i sinh 2ti, (3.54) 

so that 

e^^i = {x^ + y^ + z'^ + - 4(a;t + yzf. (3.55) 
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By comparing the expression in the right-hand side of Eq. (|3.55| ) with the expression of 
p, Eq. ( |3.13| ), it can be seen that 

e^^ = p. (3.56) 

The variable ti is then given by 

cosh2ti = ^, sinh2ti = '^(''^ + y^\ (3.57) 
p'^ p^ 

From the fact that p^ = - A{xt + yz)"^ it follows that <P / p^ > 1, so that Eq. (|337D has 
always a real solution, and ti = for xt + yz = 0. It can be shown similarly that 

x^-y^ + z'^- . 2{xy - zt) 

cos2?/i = , sm2yi = , (3.58) 

p'^ p^ 

x^ + y^-z^- e . 2(3:2: - yt) 

cos2zi = , sm22:i = . (3.59) 

p^ p^ 

It can be shown that (x^ — y'^ + z'^ — t^Y ^ P^i the equality taking place for xy = zt, and 
(x^ + y'^ — z^ — t'^Y < p'^ , the equality taking place for xz = yt, so that Eqs. ( |3.58|) and 
Eqs. (|3.59| ) have always real solutions. 
The variables 

1 2(xy - zt) 1 2(xz -yt) 1 , 2(xt + yz) , 

yi = -arcsm , Zi = - arcsm , ti = -argsmh (3.60) 

2 p'^ 2 p'^ 2 p^ 

are additive upon the multiplication of circular fourcomplex numbers, as can be seen from 
the identities 

{xx' — yy' — zz + tt'){xy' + yx + zt' + tz) 

-{xz' + zx' + yt' + ty'){xt' - yz' - zy' + tx') 

= {xy - zt){x'^ - y'^ + P - e) + {x^ - y^ + z^ - t^){x'y' - z't'), (3.61) 

{xx' — yy' — zz + tt'){xz' + zx + yt' + ty') 

— {xy + yx + zt' + tz'){xt' — yz — zy' + tx) 

= {xz - yt){x'^ + y'^ - z'^ - t'^) + {x^ + y^ - z^ - t^){x'z' - y't'), (3.62) 



{xx' — yy' — zz' + tt'){xt' — yz' — zy' + tx') 

+ {xy' + yx' + zt' + tz'){xz' + zx' + yt' + ty') 

= {xt + yz){x'^ + + Z'^ + + (a;2 + ^2 ^ ^2 ^ ^2)^^/^/ ^ y,^, 



(3.63) 



The expressions appearing in Eqs. (p.57|) -( pl59D can be calculated in terms of the 
angles 0, x, with the aid of Eqs. ( p.23| )- (|3.26| ) as 



sin 2-^ ' 



2{xt + yz) 



tan 2?/)' 



(3.64) 
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x2 - y2 + ^2 _ ^2 2{xy -zt) 

= COS(0 + X), 2 = ^^^i'P + 



P 



P 



x^ + y'^ - - 2{xz - yt) . 
^ = cos(0 - x), ^ = sm(0 - x). 

Then from Eqs. (|3:57|)-(|339|) and (|ll-(|l6D it results that 



yi 



zi = — - — , ti = - In tan?/;, 



so that the circular fourcomplex number u, Eq. ( p.48| ), can be written as 

\ + X , l, , , 

M = pexp a — hp — h 7- mtan?/; 



(3.65) 
(3.66) 

(3.67) 
(3.68) 



In Eq. ( |3.68 ) the circular fourcomplex number u = x + ay + (3 z + 'jt is written as the 
product of the amplitude p and of an exponential function, and therefore this form of u 
will be called the exponential form of the circular fourcomplex number. It can be checked 
that 



exp 



'a+J3 \ 1-7 1 + 7 a + P . 
— 7^ — = — 7^ 1 7: — COS (p H — sm ( 



(a- 13 \ 1+7 1-7 a- 13 
exp — - — X = — 7; 1 7; — cos X H — sm > 



(3.69) 



(3.70) 



which shows that e'-""'"^^'^''^ and e*-""^-*^/^ are periodic functions of and respectively x, 
with period 27r. 

The relations between the variables yi,zi,ti and the angles (f),x,4' can be obtained 
alternatively by substituting in Eqs. ( p.49| )-( pl5^ ) the expression e^^ = d/{cosh2tiY^'^, 
Eq. ( p.53| ), and summing and subtracting of the relations, 

X -\- 1 

dcos{yi + zi) sm{ri + vr/4). 



V2 
X — t 

y + z 

y -z 
V2 



dcos{yi — zi) cos(?7 + 7r/4), 
dsm{yi + zi) sin(?7 + 7r/4), 
■ dsm{yi — zi) cos(?7 + 7r/4), 



where the variable rj is defined by the relations 



cosh ti 



(cosh2ti)i/2 



cos?7. 



sinh ti 



(cosh 2ti) 1/2 



(3.71) 
(3.72) 
(3.73) 
(3.74) 

(3.75) 
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and when — oo < ti < oo, the range of the variable t] is —tt/A < t] < tt/A. The comparison 
of Eqs. and shows that 



= Z/i + 2^1, X = yi - zi, = 1] + 7r/4. 
It can be shown with the aid of Eq. ( p.46| ) that 



(3.76) 



exp ( -'jliata.nip 



[cos('?/' — 7r/4) + 7sin(?/^ — 7r/4)] 



(sin2V^)i/2 

The circular fourcomplex number u, Eq. ( |3.68|) , can then be written equivalently as 



(3.77) 



u = d{cos('?/' — 7r/4) + 7 sin^ip — 7r/4)} exp 



a- 



(3.78) 



In Eq. ( p.78| ), the circular fourcomplex number u = x + ay + (3 z + jt is written as the 
product of the modulus d and of factors depending on the geometric angles 0, x and ip, 
and this form will be called the trigonometric form of the circular fourcomplex number. 

If ui,U2 are circular fourcomplex numbers of moduli and angles di, 01, xi, and 
respectively d2,4'2,X2,'ip2, the product of the planar factors can be calculated to be 



[cos('?/'i — 7r/4) + 7sin('0i — 7r/4)][cos('?/'2 — 7r/4) + 7sin('?/'2 — 7r/4)] 
= [cos(^i - ^2) - 7cos(^i + ^2)]- 

The right-hand side of Eq. (|3.79|) can be written as 



(3.79) 



cos('?/'i -1P2) -1 cos(-?/'i + V'2) 

= [2(cos2 ipi cos^ ip2 + sin^ i/j^ sin^ 1^2)]^^^ [cos(V^ - 7r/4) + 7 sin(?/; - 7r/4)], (3.80) 



where the angle ip, determined by the condition that 
tan{'ijj - Tc/A) = - cos('0i + V'2)/ cos('?/'i - ■02) 



(3.81) 



is given by tan-?/; = tan -01 tan -02 , which is consistent with Eq. (|3.31|) . It can be checked 
that the modulus d of the product U1U2 is 



d = \/2did2 (cos^ -01 cos^ -02 + sin^ ipi sin^ 



1/2 



(3.82) 



3.1.4 Elementary functions of a circular fourcomplex variable 

The logarithm ui of the circular fourcomplex number u, Ui = In u, can be defined as the 
solution of the equation 



u = e 



Ul 



(3.83) 



written explicitly previously in Eq. ( |3.48| ), for ui as a function of u. From Eq. ( |3.68| ) it 
results that 



1 1 , ^ w / , '^ + ^ , /Q*^"^ 
mu = m p + -7mtan'?/; + a — h p — - — . 



(3.84) 
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It can be inferred from Eqs. (|3.3CI|) and ( p.31|) that 



ln(W) = Inw + lnw', (3.85) 

up to multiples of 77(0; + j3) and 7r(a — 

The power function can be defined for real values of n as 

= e™'"^". (3.86) 

The power function is multivalued unless n is an integer. For integer n, it can be inferred 
from Eq. (^Wj) that 

(uu'r = m'"- (3.87) 

If, for example, m = 2, it can be checked with the aid of Eq. ( ^.781 ) that Eq. ( |3.86| ) gives 
indeed {x + ay + (3z + -ft)^ = - y"^ - + + 2a{xy + zt) + 2/?(x2 + yt) + 27(2xt - yz). 

The trigonometric functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.57)-(1.60). The cosine and sine functions 
of the hypercomplex variables ay, [3z and 7^ can be expressed as 

cos ay = coshy, sin ay = asinhy, (3.88) 



cos [3y = cosh y, sin Py = P sinh y, (3.89) 

cos 7?/ = cosy, sin7y = 7siny. (3.90) 

The cosine and sine functions of a circular fourcomplex number x + ay + l3z + 'jt can then 
be expressed in terms of elementary functions with the aid of the addition theorems Eqs. 
(1.59), (1.60) and of the expressions in Eqs. (|3:88D - (|3:90|) . 

The hyperbolic functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.62)-(1.65). The hyperbolic cosine and 
sine functions of the hypercomplex variables ay, j3z and 7^ can be expressed as 

cosh ay = cosy, sinh ay = asiny, (3.91) 

cosh/?y = cosy, sinh/3y = /?siny, (3.92) 

cosh7y = coshy, sinh7y = 7 sinh y. (3.93) 

The hyperbolic cosine and sine functions of a circular fourcomplex number x + ay+/?z+7t 
can then be expressed in terms of elementary functions with the aid of the addition 
theorems Eqs. (1.64), (1.65) and of the expressions in Eqs. (|3.91| )- (|3.93| ). 
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3.1.5 Power series of circular fourcomplex variables 

A circular fourcomplex series is an infinite sum of the form 

oo + oi + 02 H \- an-\ , (3.94) 

where the coefficients a„ are circular fourcomplex numbers. The convergence of the series 
(|3.94| ) can be defined in terms of the convergence of its 4 real components. The conver- 
gence of a circular fourcomplex series can however be studied using circular fourcomplex 
variables. The main criterion for absolute convergence remains the comparison theorem, 
but this requires a number of inequalities which will be discussed further. 

The modulus of a circular fourcomplex number u = x + ay + (3z + •jt can be defined 

as 



\u\ 



{x^ + y^ + z^ + ef'\ (3.95) 



so that, according to Eq. ( |3.17|) , d = \u\. Since |a;| < \u\, \y\ < \u\, \z\ < \u\, \t\ < \u\, 
a property of absolute convergence established via a comparison theorem based on the 
modulus of the series (|3.94|) will ensure the absolute convergence of each real component 
of that series. 

The modulus of the sum ui + U2 of the circular fourcomplex numbers Mi, U2 fulfils the 
inequality 

ll^^il — 1^^211 < l^^i + ""2! < I""!! + \U2\- (3.96) 

For the product the relation is 



\UiU2\ 



<V2\ui\\u2\, (3.97) 



which replaces the relation of equality extant for regular complex numbers. The equality 
in Eq. ( ^.97] ) takes place for Xi = ti, ?/i = 21, X2 = ^2, 1/2 = -^2 or Xi = —ti,yi = —Zi,X2 = 
~t2,y2 = —Z2- In Eq. ( |3.82| ), this corresponds to ipi = 0,ip2 = ^ or ipi = Tr/2,ip2 = 7r/2. 
The modulus of a product, which has the property that < |mi'U2|, becomes equal to 
zero for xi = ti,yi = zi X2 = -t2 ,y2 = -Z2 or xi = -ti,yi = -zi,X2 = ^2,2/2 = Z2, as 
discussed after Eq. (|3.16| ). In Eq. (|3.82| ), the latter situation corresponds to ipi = 0,'?/'2 = 
7r/2 or = 0, V2 = vr/2. 
It can be shown that 

x^ + y^ + z^ + t'^ < \u^\ < V2{x'^ + y^ + z'^ + t^). (3.98) 

The left relation in Eq. ( ^.98[ ) becomes an equality, x^ + y^ + z^ + t^ = for xt-\-yz = 0. 
This condition corresponds to = ?/'2 = 7r/4 in Eq. ( |3.82|) . The inequality in Eq. (|3.97|) 
implies that 

\u^\ < 2('-i)/V|'. (3.99) 
From Eqs. and ( ^1991) it results that 

\au^\<2^^^\a\\u\K (3.100) 
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A power series of the circular fourcomplex variable m is a series of the form 



ao + aiu + a2U^ H + aiu'' + 



Since 



1=0 



ii 



1=0 



a sufficient condition for the absolute convergence of this series is that 

hm < 1. 

Thus the series is absolutely convergent for 
1^1 < c, 

where 

c = hm . 

V2|az+i| 



(3.101) 



(3.102) 



(3.103) 



(3.104) 



(3.105) 



The convergence of the series ( |3.101| ) can be also studied with the aid of the transfor- 
mation 



X + ay + jSz + jt = V2{ei^ + eiv + e2T + e2C), 
where ^, v, r, ( have been defined in Eq. ( |3.18D , and 

1 + 7 _ a + j3 1 — 7 a — (3 

^1 = o ) = , 62 = ^ , 62 = . 



(3.106) 



(3.107) 



The ensemble 61, ei, 62, 62 will be called the canonical circular fourcomplex base, and Eq. 
(|3.106| ) gives the canonical form of the circular fourcomplex number. It can be checked 
that 



el = ei, el = -Ci, CiCi = ei, = 62, el = -62, 6262 = 62, 



(3.108) 



1 

V2 



> |ei| 



^2 



1 

71' 



^2 



1 

71' 



6162 = 0, 6162 = 0, 6162 = 0, 6261 = 0. 

The moduli of the bases in Eq. (|3.107|) are 

1 

71' 

and it can be checked that 

\x + ay + (3z + 7^^ = + + + 
If M = u'u", the components ^, v, r, ( are related, according to Eqs. 

e = V2{CC'-v'v"),v = V2{Cv"+v'n,r = V2{r'T"-CC")X = V2{T'C"+Cr"), (3.111) 



(3.109) 



(3.110) 

by 
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which show that, upon multiphcation, the components and t,( obey, up to a nor- 
mahzation constant, the same rules as the real and imaginary components of usual, two- 
dimensional complex numbers. 

If the coefficients in Eq. ( |3.101| ) are 



ai = aio + aaii + (3ai2 + 70/3, 



and 



^11 — Clio + 0'i3, All — 0.11 + 012, A12 — aio — ai3, A12 — an — a/2, 
the series ( p. 101 ) can be written as 

2'/^ [{eiAii + eii/i)(eie + e^vY + (ea^/a + e2i/2)(e2r + e2C)' • 

1=0 

Thus, the series in Eqs. ( p.l01| ) and (|3.114|) are absolutely convergent for 

p+ < Ci, p_ < C2, 

where 



Ci = lim 



/ill + ^/ 



1/2 



T7^' ^2= lim 



Ah + A 



12 



1/2 



1^00 



^f+1,2 + Af_^_l^r 



1/2- 



(3.112) 
(3.113) 

(3.114) 
(3.115) 

(3.116) 



It can be shown that c = (l/v^)niin(ci, C2), where min designates the smallest of the 
numbers Ci, C2. Using the expression of |u| in Eq. ( |3.110| ), it can be seen that the spherical 
region of convergence defined in Eqs. ( p.l04|) , ( |3.105|) is included in the cylindrical region 
of convergence defined in Eqs. (|3.115|) and ( |3.116|) . 



3.1.6 Analytic functions of circular fourcomplex variables 

The analytic functions of the hypercomplex variable u and the series expansion of func- 
tions have been discussed in Eqs. (1.85)-(1.93). If the fourcomplex function f{u) of 
the fourcomplex variable u can be expressed in terms of the real functions P{x,y, z,t), 
Q{x, y, z, t), R{x, y, z, t), S{x, y, z, t) of real variables x, y, z, t as 



f{u) = P{x, y, z, t) + aQ{x, y, z, t) + pR{x, y, z, t) + -fS{x, y, z, t), 



(3.117) 



then relations of equality exist between partial derivatives of the functions P, Q, R, S. 
These relations can be obtained by writing the derivative of the function / as 



lim — 

u^uo /\x + aAy + /3Az + 'yAt 



dP ^ dP ^ dP ^ dP ^ 
—Ax + —Ay + —Az + —At 
ox oy oz ot 



(dQ , dQ ^ dQ ^ dQ \ ^ ( dR , 
+a -^Ax + -^Ay + ^A^; + -^At + /? —Ax 
\ ox oy oz ot J \ ox 

fdS ^ dS ^ dS ^ 9S ' 
+7 —Ax + —Ay + —Az + —At 
\ox oy Oz Ot 



dR ^ dR ^ 
—Ay + —Az 

oy oz 
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where the difference appearing in Eq. (1.86) is u — Uq = Ax + aAy + (3Az + 'yAt. These 
relations have the same form for all systems of hypercomplex numbers discussed in this 
work. 

For the present system of hypercomplex numbers, the relations between the partial 
derivatives of the functions P,Q,R,S are obtained by setting succesively in Eq. ( |3.118| ) 
Ax ^ 0,Ay = Az = At = 0; then Ay 0, Ax = Az = At = 0; then Az ^ 0,Ax = 
Ay = At = 0; and finally At 0, Ax = Ay = Az = 0. The relations are 



dP _ dQ _ dR _ dS^ 
dx dy dz dt ' 

dQ _ _dP_ _ _dS_ _ OR 
dx dy dz dt ' 

dR _ _dS _ _dP _ dQ 
dx dy dz dt ' 

dS _dR _dQ _ dP 
dx dy dz dt 



(3.119) 



(3.120) 



(3.121) 



(3.122) 



The relations ( p.ll9| )-( |3.122|) are analogous to the Riemann relations for the real and 



imaginary components of a complex function. It can be shown from Eqs. ( |3.119| )-( p.l22| ) 
that the component P is a solution of the equations 

Q2p ^d^P _^ d^P ^d^P _^ d^P ^d^P _^ d^P ^d^P _^ 

Qrj.2 Qy2 ' Q ^2 ' Qy2 Q-j-2 ' Q^2 Q^2 ' 



0,^-^ = 0, (3.124) 

(9x^ dt"^ dy"^ dz"^ 

and the components Q,R, S are solutions of similar equations. 

As can be seen from Eqs. (|3.123|) - (|3.124|) , the components P,Q,R,S of an analytic 



function of circular fourcomplex variable are harmonic with respect to the pairs of variables 
x,y;x, z;y,t and z,t, and are solutions of the wave equation with respect to the pairs 
of variables x,t and y,z. The components P,Q,R,S are also solutions of the mixed- 
derivative equations 

g2p ^ Q2p Q2p ^ Q2p Q2p ^ ^ Q2p 

dxdy dzdt^ dxdz dydV dxdt dydz^ 
and the components Q,R, S are solutions of similar equations. 
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3.1.7 Integrals of functions of circular fourcomplex variables 

The singularities of circular fourcomplex functions arise from terms of the form 1/ (m — 
Mo)'", with m > 0. Functions containing such terms are singular not only aX u = Mq, but 
also at all points of the two-dimensional hyperplanes passing through uq and which are 
parallel to the nodal hyperplanes. 

The integral of a circular fourcomplex function between two points A, B along a path 
situated in a region free of singularities is independent of path, which means that the 
integral of an analytic function along a loop situated in a region free from singularities is 
zero, 

<j^^f{u)du = 0, (3.126) 

where it is supposed that a surface S spanning the closed loop F is not intersected by any 
of the two-dimensional hyperplanes associated with the singularities of the function f{u). 
Using the expression, Eq. ( |3.117D , for f{u) and the fact that du = dx + ady + jSdz + 'jdt, 
the explicit form of the integral in Eq. ( p.l26| ) is 



f{u)du=<l) [{Pdx — Qdy — Rdz + Sdt) + a{Qdx + Pdy + Sdz + Rdt) 
+p{Rdx + Sdy + Pdz + Qdt) + -i{Sdx - Rdy - Qdz + Pdt)]. (3.127) 

If the functions P,Q,R, S are regular on a surface S spanning the loop F, the integral 
along the loop F can be transformed with the aid of the theorem of Stokes in an integral 
over the surface S of terms of the form dP/dy + dQ/dx, dP/dz + dR/dx, dP/dt — 
dS/dx, dQ/dz — dR/dy, dQ/dt + dS/dy, 9-R/9t -I- 9S'/9z and of similar terms arising 
from the a, (3 and 7 components, which are equal to zero by Eqs. (|3.119|) - (|3.122 ), and 
this proves Eq. ( p.l26[ ). 



The integral of the function (m — mq)™ on a closed loop F is equal to zero for m a 
positive or negative integer not equal to -1, 

^(m — UQj^du = 0, m integer, m 7^ —1. (3.128) 

This is due to the fact that J{u — Uo)^du = {u — Uq)"^^^ / {m + 1), and to the fact that 
the function {u — uq)'^'^^ is singlevalued for m an integer. 

The integral § du/{u — uq) can be calculated using the exponential form ( |3.68| ), 

u — Uq = pexp (a ^^^ + (3— — ^ -|- 7lntan'?/^ ] , (3.129) 



so that 



^ ^ '^—^d(f)-\ — dx + 'y d \n tan ijj. (3.130) 



u — Uq p 2 2 

Since p and In tan ip are singlevalued variables, it follows that c/p/p = 0, ^ In tan ip = 0. 
On the other hand, and x ci-re cyclic variables, so that they may give a contribution 
to the integral around the closed loop F. Thus, if C+ is a circle of radius r parallel to 
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the ^Ov plane, and the projection of the center of this circle on the ^Ov plane coincides 
with the projection of the point Uq on this plane, the points of the circle C+ are described 
according to Eqs. (|3.18| )- (|3.22|) by the equations 

^ = + rsiiaip cos (j), v = vq + rsinip sin 0, r = tq + r cos ip cos x, 

C = Co + cos sin X, (3.131) 

for constant values of x and ip,ilj ^ 0, 7r/2, where uq = XQ+ayQ+Pzo+'ytQ, and ^q, Vq, tq, Co 
are calculated from xo,yo,zo, to according to Eqs. (|3.18| ). Then 

n{a + /3). (3.132) 



C+ U — Uq 

If C_ is a circle of radius r parallel to the tO( plane, and the projection of the center of 
this circle on the rOC plane coincides with the projection of the point mq on this plane, 
the points of the circle C_ are described by the same Eqs. (|3.131|) but for constant values 
of (f) and ip, 7^ 0, 7r/2 Then 

Tr{a-p). (3.133) 



C- U — Uq 

The expression of §Ydu/{u — Uq) can be written as a single equation with the aid of a 
functional int(M, C) defined for a point M and a closed curve C in a two-dimensional 
plane, such that 

. , f 1 if M is an interior point of C, /o io^\ 

^-^(^^C) = l if M is exterior to a ^^'^^^^ 



With this notation the result of the integration along a closed path F can be written as 
du 



f du 

i = Ti{a + (3) int(Mo£r;,r£„) + vr(a - /3) int(MorC, Trc), (3.135) 

JV U — Uf] 



where Mo£u,worC aiid rg„,rT-^ are respectively the projections of the point uq and of the 
loop r on the planes and rC. 

If f{u) is an analytic circular fourcomplex function which can be expanded in a series 
as written in Eq. (1.89), and the expansion holds on the curve F and on a surface spanning 
F, then from Eqs. (|3T^ and ( pl^ ) it follows that 

f (ii)du 

= TT[{a + f3) int(Mog„,F£„) + (a - /5) int(MorC, T^c)] /(^o), (3.136) 

r U — Uq 

where F^^, F^^ are the projections of the curve F on the planes and respectively t(, as 
shown in Fig. |3.2| . Substituting in the right-hand side of Eq. ( |3.136| ) the expression of 
f{u) in terms of the real components P, Q, R, S, Eq. (|3.117|) , yields 



r f{u)du ^ + ^)(g + ^) + + ^)(p + s)] int(«o?., % 

Jv u — Un 



f{u)du 

IV U — Uq 

+7r[-(l - 7)(g - i?) + (a - j3){P - S)] int(Mo<, F.^), (3-137) 
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Figure 3.2: Integration path F and the pole uo, and their projections F^^;, F^^ and uo^y, wqtC 
on the planes and respectively t(. 
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where P,Q,R, S are the values of the components of / at -u = Mq. 

If f{u) can be expanded as written in Eq. (1.89) on F and on a surface spanning F, 
then from Eqs. ( p.l28| ) and (|3.135|) it also results that 

/ ( {l""^ w+i = + mt(no5.,F5„) + (a-/3) intK.c^T.c)] /('"Hwo), (3.138) 

where it has been used the fact that the derivative /^'"•'(mq) of order m of f{u) at u = uq 
is related to the expansion coefficient in Eq. (1.89) according to Eq. (1.93). 

If a function f{u) is expanded in positive and negative powers of u — uj, where uj are 
circular fourcomplex constants, j being an index, the integral of / on a closed loop F is 
determined by the terms in the expansion of / which are of the form aj/{u — Uj), 

/W = --- + E^^ + --- (3-139) 
u — Ui 

Then the integral of / on a closed loop F is 

j> f{u)du = 7r{a + /3) ^ int(ujg„, F^„)aj + 7r(a — P) Eint(Mjvc, ^T(:;)o-j- (3.140) 



3.1.8 Factorization of circular fourcomplex polynomials 

A polynomial of degree m of the circular fourcomplex variable u = x + ay + (3z + 'yt has 
the form 

Pm{u) = u"' + aiu""-^ + ■■■ + am-iu + a^, (3.141) 

where the constants are in general circular fourcomplex numbers. 

It can be shown that any circular fourcomplex polynomial has a circular fourcomplex 
root, whence it follows that a polynomial of degree m can be written as a product of m 
linear factors of the form u — Uj, where the circular fourcomplex numbers Uj are the roots 
of the polynomials, although the factorization may not be unique, 

m 

Pm{u) = l[{u-u,). (3.142) 

j=l 

The fact that any circular fourcomplex polynomial has a root can be shown by con- 
sidering the transformation of a fourdimensional sphere with the center at the origin by 
the function m™. The points of the hypersphere of radius d are of the form written in Eq. 
(|3T8D , with d constant and < < 27r, < x < 27r, < < 7r/2. The point u"" is 

= d"" exp l^am^^ + /3m [cos(V^ - 7r/4) + 7 sin(V^ - n/A)]"". (3.143) 

It can be shown with the aid of Eq. (|3.82| ) that 



uexp a — h p — - — 



\u\, (3.144) 
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so that 



[cos{iIj — 7r/4) + 7 sm(-?/; — tt/4)]"^ exp ^am^-^-^ + /5m^-^-^ 
= I [cos(^ - IT /A) + 7 sin(?/' - vr/4)]'"| . 
The right-hand side of Eq. (|3.145|) is 



(cos e + 7 sin e)™|^ = ^ Q;; cos 

k=0 



2fc „„„2m-2fc •„2fc 

c olll c ^ 



where e = ■?/' — 7r/4, and since > C^, it can be concluded that 
|(cose + 7sine)'"|2 > 1. 

Then 



(3.145) 



(3.146) 



(3.147) 



(3.148) 



which shows that the image of a four- dimensional sphere via the transformation operated 
by the function u"^ is a finite hypersurface. 
If u' = u"^, and 



u' = d'[cos{ij' - 7r/4) + 7 sm{ij' - 7r/4)] exp f a^^^ + — ^ 



(3.149) 



then 



(f)' = rrKp, x = tcin ip' = tan*" ip. 



(3.150) 



Since for any values of the angles (j)',x',4'' there is a set of solutions 0, x?"^ of Eqs. 
( 3.1501 ), and since the image of the hypersphere is a finite hypersurface, it follows that the 
image of the four- dimensional sphere via the function is also a closed hypersurface. 
A continuous hypersurface is called closed when any ray issued from the origin intersects 
that surface at least once in the finite part of the space. 

A transformation of the four- dimensional space by the polynomial Pm{u) will be con- 
sidered further. By this transformation, a hypersphere of radius d having the center at 
the origin is changed into a certain finite closed surface, as discussed previously. The 
transformation of the four-dimensional space by the polynomial Pm{u) associates to the 



point u = the point /(O) 



and the image of a hypersphere of very large radius 



d can be represented with good approximation by the image of that hypersphere by the 
function u"^. The origin of the axes is an inner point of the latter image. If the radius 
of the hypersphere is now reduced continuously from the initial very large values to zero, 
the image hypersphere encloses initially the origin, but the image shrinks to when the 
radius approaches the value zero. Thus, the origin is initially inside the image hypersur- 
face, and it lies outside the image hypersurface when the radius of the hypersphere tends 
to zero. Then since the image hypersurface is closed, the image surface must intersect 
at some stage the origin of the axes, which means that there is a point ui such that 
f{ui) = 0. The factorization in Eq. (|3.142|) can then be obtained by iterations. 
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The roots of the polynomial Pm can be obtained by the following method. If the 
constants in Eq. (3.141) are ai = aiQ + aan + f3ai2 + 'Jclis, and with the notations of Eq. 



(|3.113|) , the polynomial Pm{u) can be written as 

m 

1=0 
m 

^^2(™-')/2(e2A2 + 62^/2) (ear + e^Cr-', (3.151) 
1=0 

where the constants Aik, Aik, k = 1,2, are real numbers. Each of the polynomials of degree 
m in ei^ + eiv, ear + eaC in Eq- ( P.151|) can always be written as a product of linear factors 
of the form ei(^ — ^p) + ei{v — Vp) and respectively 62 (t — Tp) + e2{( — Cp); where the 
constants ^p, Vp, Tp, Cp are real, 

m m 

1=0 p=i 

(3.152) 



Y: 2(-')/2(e2A,2 + e2^)(e2r + g^C)-' = U 2"/^ {e2(r - Tp) + e^iC ~ Cp)} ■ 
1=0 p=i 

(3.153) 



Due to the relations ( |3.108| ), the polynomial Pm{u) can be written as a product of 
factors of the form 

m 

Pm{u) = n 2"^/' {ei(e - Q + ei{v - Vp) + e2(r - Tp) + e^iC - Q} . (3.154) 
p=i 

This relation can be written with the aid of Eq. (|3.106|) in the form (|3.142|) , where 

Up = V2{eiC,p + eiVp + e2Tp + eaCp)- (3.155) 



The roots ei^p + eiVp and CaTp + eaCp defined in Eqs. (|3.152|) and respectively (p.l53|) may 



be ordered arbitrarily. This means that Eq. ( |3.155| ) gives sets of m roots Ui, ...,Um of the 
polynomial Pmiu), corresponding to the various ways in which the roots ei^p + eiVp and 
&2'Tp + eaCp are ordered according to p for each polynomial. Thus, while the hypercomplex 
components in Eqs. ( |3.152| ), Eqs. (|3.153|) taken separately have unique factorizations, the 
polynomial Pm{u) can be written in many different ways as a product of linear factors. 
The result of the circular fourcomplex integration, Eq. ( |3.140| ), is however unique. 

If, for example, P{u) = u'^ + l, the possible factorizations are P = {u — 61 — 62) {u + ei + 
62) and P = {u — 61 + 62) {u + 61 — 62), which can also be written as + 1 = {u — a){u + a) 
or as + 1 = (m — [3){u + jS). The result of the circular fourcomplex integration, Eq. 
(|3.140|) , is however unique. It can be checked that (±ei ±62)^ = — ei — 62 = —1. 
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3.1.9 Representation of circular fourcomplex numbers by irre- 
ducible matrices 



If T is the unitary matrix, 





1 








1 


\ 







1 


1 

















1 








1 












v 





1 

V2 


1 

V2 





/ 



T 



it can be shown that the matrix TUT ^ has the form 

TUT-^ = 



(3.156) 



Vi 
V2 



(3.157) 



where U is the matrix in Eq. ( p.41j ) used to represent the circular fourcomplex number 
u. In Eq. ( p.l57| ), Vi, V2 are the matrices 



X + t y + z 
-y — z X + t 



X — t y — z 
—y + z X — t 



In Eq. ( 13.157]) , the symbols denote the matrix 








(3.158) 



(3.159) 



The relations between the variables x + t,y + z,x — t,y — z for the multiplication of 
circular fourcomplex numbers have been written in Eqs. ( p.34| )-( p.371 ). The matrix TUT~^ 
provides an irreducible representation [0 of the circular fourcomplex number u in terms 
of matrices with real coefficients. 



3.2 Hyperbolic complex numbers in four dimensions 

3.2.1 Operations with hyperbolic fourcomplex numbers 

A hyperbolic fourcomplex number is determined by its four components {x,y,z,t). The 
sum of the hyperbolic fourcomplex numbers {x,y,z,t) and {x' ,y' , z' ,t') is the hyperbolic 
fourcomplex number {x+x' , y+y', z+z', t+t'). The product of the hyperbolic fourcomplex 
numbers (x, z, t) and (x', y\ z' , t') is defined in this section to be the hyperbolic fourcom- 
plex number {xx' + yy' + zz' + tt' , xy' + yx' + zt' + tz' , xz' + zx' + yt' + ty' , xt' + tx' + yz' + zy') . 

Hyperbolic fourcomplex numbers and their operations can be represented by writing 
the hyperbolic fourcomplex number {x, y,z,t) a.s u = x + ay + l3z + •yt, where a, [3 and 7 
are bases for which the multiplication rules are 

= 1, = 1, 7^ = 1, a(3 = Pa = 7, a7 = 7a = P, = 'jP = a. (3.160) 

Two hyperbolic fourcomplex numbers u = x + ay + Pz + 'yt,u' = x' + ay' + Pz' + ■yt' are 
equal, u = u', if and only ii x = x',y = y', z = z' ,t = t' . U u = x + ay + Pz + yt, u' = 



76 



x' + ay' + [3z' +'^t' are hyperbolic fourcomplex numbers, the sum u+u' and the product uu' 
defined above can be obtained by applying the usual algebraic rules to the sum {x + ay + 
13 z + 7t) + (x' + ay' + I3z' + 7t') and to the product {x + ay + l3z + 'jt) {x' + ay' + (3z' + 7t') , 
and grouping of the resulting terms, 

u + u' = x + x' + a{y + y')+ (3{z + z') + -f{t + t'), (3.161) 



uu' = XX + yy + zz + ti! + a{xy' + yx' + zil + tz') + + zx^ + y^ + ty') 

+7(xt' + tx' + ?// + ;zy')- (3.162) 

If M, m', m" are hyperbolic fourcomplex numbers, the multiplication is associative 

{uu')u" = u{u'u") (3.163) 

and commutative 

uu' = u'u, (3.164) 

as can be checked through direct calculation. The hyperbolic fourcomplex zero is + a-0 + 
/? ■ + 7 ■ 0, denoted simply 0, and the hyperbolic fourcomplex unity is l + a- + /5-0 + 7- 0, 
denoted simply 1. 

The inverse of the hyperbolic fourcomplex number u = x + ay + f3z + 'yt is a hyperbolic 
fourcomplex number u' = x' + ay' + jSz' + jt' having the property that 

uu = 1. (3.165) 

Written on components, the condition, Eq. (|3.165| ), is 



xx' + yy' + zz! + tH = 1, 
yx' + xy' + tz' + zt' = 0, 
zx' + ty' + xz' + yt' = 0, 
tx' + zy' + yz' + xt' = 0. 

The system (|3.166| ) has the solution 



(3.166) 



, x{x^ -y^-z^- t^) + 2yzt 
X = , (3.167) 



(3.168) 
(3.169) 











y{ 


—x^ + y"^ — z"^ 




+ 2xzt 




V 








—x^ — y^ + z^ 




+ 2xyt 




V 






t{ 


-x^ —y^ — z^ ~ 


f t^) 


+ 2xyz 



provided that ^ 0, where 

jy = + y^ + z^ + - 2(x\2 + x'^z'^ + xH'^ + y'^z^ + yH"^ + zH"^) + Sxyzt. (3.171) 



77 



The quantity v can be written as 



V = ss's's", (3.172) 

where 

s = x + y + z + t, s' = x — y + z — t, s" = x + y — z — t, s" = x — y — z + t.(3.173) 

The variables s, s', s", s'" will be called canonical hyperbolic fourcomplex variables. 
Then a hyperbolic fourcomplex number u = x + ay + j3z + '-yt has an inverse, unless 

s = 0, or s' = 0, or s" = 0, or s'" = 0. (3.174) 

For arbitrary values of the variables x, y, z, t, the quantity u can be positive or negative. 
If > 0, the quantity = z/^^^ will be called amplitude of the hyperbolic fourcomplex 
number x + ay + jSz + jt. The normals of the hyperplanes in Eq. ( p. 174 ) are orthogonal to 
each other. Because of conditions (|3.174|) these hyperplanes will be also called the nodal 
hyperplanes. It can be shown that if uu' = then either u = 0, or u' = 0, or q, q' belong 
to pairs of orthogonal hypersurfaces as described further. Thus, divisors of zero exist if 
one of the hyperbolic fourcomplex numbers u, u' belongs to one of the nodal hyperplanes 
and the other hyperbolic fourcomplex number belongs to the straight line through the 
origin which is normal to that hyperplane, 

x + y + z + t = Q, and x = y' = z = t', (3.175) 



or 



or 



or 



X — y + z — t = 0, and x' = —y = z = —t', (3.176) 



x + y-z-t = 0, and x' = y' = -z' = -t', (3.177) 



x-y-z + t = 0, and x' = -y' = -z' = t' . (3.178) 

Divisors of zero also exist if the hyperbolic fourcomplex numbers m, u' belong to different 
members of the pairs of two-dimensional hypersurfaces listed further, 

X + 2/ = 0, z + t = and X - = 0, - t' = 0, (3.179) 

or 

X + z = y + t = Q and x - ;z' = 0, - t' = 0, (3.180) 

or 

?/ + 2 = 0, a; + t = and y' - 2' = 0, x' - t' = 0. (3.181) 
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3.2.2 Geometric representation of hyperbolic fourcomplex num- 
bers 

The hyperbolic fourcomplex number x + ay + j3z + '^t can be represented by the point 
A of coordinates (x, y, t). If O is the origin of the four- dimensional space x, t, the 
distance from A to the origin O can be taken as 

= x^ + y'^ + + t^. (3.182) 

The distance d will be called modulus of the hyperbolic fourcomplex number x + ay + 
Pz + jt, d = \u\. 

li u = X + ay + /3z + 'yt,ui = xi + ayi + (3zi + 7ti, U2 = X2 + ay2 + l3z2 + 7^2, and 
u = U1U2, and if 



^1 



for j = 1, 2, it can be shown that 

s = siS2, s' = s\s'^, s" = s'[4, s'" = s'l's'^'. (3.184) 



The relations ( p.l84| ) are a consequence of the identities 



1^2) 

■ yiZ2 + zm) 



{xiX2 + yiy2 + Z1Z2 + tit2) + {xiy2 + yiX2 + ^1^2 + ^1^2) 

+ {XiZ2 + 2:1X2 + yit2 + tll/2) + {Xlt2 + tiX2 + yi2;2 + ^1^/2) 

= (xi + yi + Zl + tl)(x2 + y2 + Z2 + t2) (3.185) 

(XiX2 + yiy2 + 2:2 + tit2) - (Xit/2 + l/ia;2 + Zit2 + tiZ2) 

+{xiZ2 + 2:1X2 + yit2 + tii/2) - (a;it2 + tia;2 + 1/1^2 + ^11/2) 

= {xi -yi + zi- ti){x2 -y2 + Z2- 12) (3.186) 

(xiX2 + 1/12/2 + ^1^2 + ^1^2) + (a;i2/2 + yiX2 + 2:1^2 + ti 
-{xiZ2 + ziX2 + yit2 + ti2/2) - (a;it2 + ^1X2 + 2/12;: 
= {xi +yi- zi- ti){x2 + 2/2 - 2:2 - ^2) 

(XiX2 + 2/12/2 + 2:12:2 + tlt2) - {Xiy2 + yiX2 + 2:it2 + ^12:2 

-(xi2:2 + 2:1X2 + 2/1^2 + tm) + (a;it2 + tiX2 + 2/1^2 + 212/2) 

= {xi - 2/1 - 2:1 + ti)(x2 - 2/2 - 2:2 + 12) (3.188) 
A consequence of the relations ( |3.184|) is that if m = U1M2, then 

V = z/iz/2, (3.189) 

where 

Uj = Sjs'js'-s'j',j = 1,2. (3.190) 



(3.187) 
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The hyperbolic fourcomplex numbers 

_1 + q; + /? + 7 ,_1-q; + /3-7 „_l + a- /?-7 „, _l-a-/? + 7 

(3.191) 

are orthogonal, 

ee' = 0, ee" = 0, ee'" = 0, e'e" = 0, e'e'" = 0, e"e'" = 0, (3.192) 
and have also the property that 

e2 = e, e'2 = e', e"^ = e", e'"^ = e'" . (3.193) 
The hyperbolic fourcomplex number u = x + ay + I3z + '-ft can be written as 

x+ay+jSz+'-ft = {x+y+z+t)e+{x—y+z—t)e+{x+y—z—t)e"+{x—y—z+t)e"', (3.194) 
or, by using Eq. (|3.173| ), 

X I I X II II X III III /o 1 nc; \ 

u = se + se+se +s e . (3.195) 

The ensemble e, e', e", e'" will be called the canonical hyperbolic fourcomplex base, and 
Eq. ( |3.195| ) gives the canonical form of the hyperbolic fourcomplex number. Thus, if 
Uj = SjC + s'^e' + s'-e" + s"'e'", j = 1,2, and u = M1M2, then the multiplication of the 
hyperbolic fourcomplex numbers is expressed by the relations ( |3.184| ). The moduli of the 
bases e,e',e", e'" are 

|e| = l \e'\ = I, \e"\ = 1, \e"'\ = \. (3.196) 
The distance d, Eq. ( p.l82|) , is given by 

d'' = l(s^ + s'^ + s"^ + s"'^Y (3.197) 

The relation ( p. 197] ) shows that the variables s, s', s", s'" can be written as 

s = 2(i cos cos 0, s' = 2(i cos sin 0, s" = 2(i sin ■j/' cos x, s = 2(i sin sin x, (3.198) 

where is the azimuthal angle in the s, s' plane, < < 27r, x is the azimuthal angle in 
the s", s'" plane, < x < 2vr, and ■0 is the angle between the line OA and the plane ss', 
< < 7r/2. The variables x, t can be expressed in terms of the distance d and the 
angles 0, x, "0 as 

X = {d/2) (cos -0 cos + cos -0 sin + sin ip cos x + sin -0 sin x) , 

y = {d/2) (cos -0 cos — cos -0 sin + sin -0 cos x — sin sin x) , ("^ 1 qq^i 

2; = ((i/2)(cos-0cos0 + cos'0sin0 — sin0cosx — sin0sinx), 

t = {d/2) (cos -0 cos — cos sin — sin cos x + sin sin x) • 
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If M = 'Ui'U2, and the hypercomplex numbers Mi,M2 are described by the variables 
di, 01, Xi, "01 and respectively (^2, 02, X2, "02, then from Eq. ( ^.1981 ) it results that 



tan0 = tan 01 tan 02, tan x = tan Xi tanx2, 

tan^ %l) sin 2% tan^ -01 sin 2xi tan^ ^02 sin 2x2 



sm . 



sm . 



sin 202 



(3.200) 



The relation ( p.l89| ) for the product of hyperbolic fourcomplex numbers can be demon- 
strated also by using a representation of the multiplication of the hyperbolic fourcomplex 
numbers by matrices, in which the hyperbolic fourcomplex number u = x + ay + j3z + ''jt 
is represented by the matrix 



A 



I X y z t \ 

y X t z 

z t X y 

\ t z y X ) 



(3.201) 



The product u = x + ay + Pz + 'yt of the hyperbolic fourcomplex numbers ui = xi + ayi + 
Pzi + 7^1, M2 = X2 + ay2 + 13 Z2 + 7^2, can be represented by the matrix multiplication 



A = A1A2. 

It can be checked that the determinant dei{A) of the matrix A is 
detA = z/. 



(3.202) 



(3.203) 



The identity ( ^ISOD is then a consequence of the fact the determinant of the product of 
matrices is equal to the product of the determinants of the factor matrices. 



3.2.3 Exponential form of a hyperbolic fourcomplex number 

The exponential function of a hypercomplex variable u and the addition theorem for the 
exponential function have been written in Eqs. (1.35)-(1.36). If u = x + ay + f3z + 'yt, 
then expti can be calculated as expu = expx ■ exp(ay) ■ exp{Pz) ■ exp(7t). According to 
Eqs. (|CTq ), 

^2m ^ ^2m+l ^ ^2m _ ^2m+l _ ^2m _ ^2m+l _ ^3_204) 

where m is a natural number, so that exp(a;y), exp(/5z) and exp(7t) can be written as 

exp{ay) = cosh.y+asmh.y,exp{Pz) = cosh ?/+/3sinh 2;, exp(7t) = cosh t+7sinht. (3.205) 

From Eqs. ( p.205|) it can be inferred that 

(cosh t + a sinh t)™" = cosh mt + a sinh mt, (cosh t + (3 sinh t)™" = cosh mt + j3 sinh mt, 
(cosh t + 7 sinh t)"^ = cosh mt + 7 sinh mt. (3.206) 
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The hyperbolic fourcomplex numbers u = x + ay + (3z + 'yt for which s = x + y + z + t > 
0, s' = x — y + z — t>0, s" = X + y — z — t > 0, s'" = x — y — z + t>0 can be written 
in the form 

x + ay + f3z + ^t = e^i+"2^i+/3^i+^*i . (3.207) 

The conditions s = x + y + z + t> 0, s' = x — y + z — t>0, s" = x + y — z — t> 
0, s'" = X — y — z + t > correspond in Eq. (|3.198|) to a range of angles < < 7r/2, < 
X < 7i"/2,0 < ip < T^jl. The expressions of Xi, ^i, ti as functions of x,y,z,t can be 
obtained by developing e"^\e^^^and e'''*^ with the aid of Eqs. ( |3.205|) , by multiplying 
these expressions and separating the hypercomplex components, 

X = e^^(cosh?/i coshzi coshti + sinhyi sinh^i sinhti), (3.208) 

y = e^'^(sinh?/i cosh 2:1 coshti + coshyi sinhzi sinhti), (3.209) 

z = e^^ (coshyi sinh zi coshti + sinhyi cosh Zi sinh ti), (3.210) 

t = e"^^ (sinh 2/1 sinh zi cosh ti + cosh cosh zi sinh ti), (3.211) 

It can be shown from Eqs. (|]20|)-(|]2Tl|) that 

1 1 ss" 1 ss' 1 ss'" 

xi = - \ji(ss's"s"'), = - In -— , ^1 = - In -— , ti = - In — . (3.212) 

The exponential form of the hyperbolic fourcomplex number u can be written as 

/l ss" 1 ss' 1 ss"'\ 
« = exp (^-a In + -/5 In + -7 In — j , (3.213) 

where 

fi = {ss's"s'y/\ (3.214) 

The exponential form of the hyperbolic fourcomplex number u can be written with the 
aid of the relations ( p.l98| ) as 



f 1 1 1 < ^ a^ ^^^20 1 tanx \ ^^^^ 

u = /iexp 7a In- — — + -P\n 2 , ■ n + l^^^l 1 • (3.215) 

tan tan X 4 tan tpsmix 4 tan 

The amplitude fj, can be expressed in terms of the distance d with the aid of Eqs. (p. 198 



as 

fi = d sin^/2 2^ sm^/i 20 sin^/^ 2x. (3.216) 
The hypercomplex number can be written as 



u 



1/2,1/4,1/4 /l , 1 1^, sm20 1 tan 

asm' 2-0 sm ' 20sm ' 2xexp -am ■ h-pm 5— |--7ln 

\4 tan tan X 4 tan '0sm2x 4 tan 



(3.217) 

which is the trigonometric form of the hypercomplex number u. 
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3.2.4 Elementary functions of a hyperbolic fourcomplex variable 



The logarithm ui of the hyperbolic fourcomplex number u, ui = \nu, can be defined for 
s > 0, s' > 0, s" > 0, s'" > as the solution of the equation 



u = e" 



for Ml as a function of u. From Eq. (|3.213|) it results that 

1, 1 , ss" 1^, ss' 1 , ss'" 

Inw = - in u + H — a In 1 — n in 1 — 7 in . 

4 ^ 4 s's'" 4 s"s"' 4 s's" 

Using the expression in Eq. ( p.215| ), the logarithm can be written as 

1 1 1 , 1 ^ n-, sin 20 1 , tan x 
m-u = - In/i + -am ■ h -pm 5-— — - — h -7ln -. 

4 4 tan tan X 4 tan ■0sm2x 4 tan0 

It can be inferred from Eqs. ( p.219| ) and ( |3.184] ) that 
ln('Ui-U2) = In-ui + lnM2. 
The explicit form of Eq. (|3.219|) is 



(3.218) 



(3.219) 



(3.220) 



(3.221) 



ln(x + ay + /3z + 7t) = -(1 + a + /3 + 7) ln(a; + y + z + t) 

+ ^(1 - a + /3 - 7) ln(x -y + z-t) + ^{l + a- P--f) ln(x + y - z - t) 



+ -(1 - a - /5 + 7) ln(x -y- z + t). 

The relation ( |3.222D can be written with the aid of Eq. ( |3.191| ) as 
In M = e In s + e' In s' + e" In s" + e'" In s'" . 



(3.222) 



(3.223) 



The power function can be defined for s > 0, s' > 0, s" > 0, s'" > and real values 
of n as 



It can be inferred from Eqs. ( 3.224 ) and ( |3.221 ) that 



(3.224) 



(3.225) 



Using the expression ( |3.222|) for In u and the relations (|3.192| ) and ( p.l93| ) it can be shown 
that 

{x + ay + (3z + 7^)" = ^{1 + a + (3 + j){x + y + z + 

+ |(1 - a + P - -f){x ~ y + z -tr + ^{1 + a - P - j)ix + y - z -tr 



+ -{l-a-P + -f){x-y-z + tr. 



(3.226) 
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For integer n, the relation (|3.226|) is valid for any x, y, z, t. The relation ( p.226| ) for 
n = — 1 is 

1 l/l + a + /3 + 7_^l-a + /3-7_^l + a- /5-7_^l-a-/3 + 7' 



X + ay + Pz + 'jt 4 \ x + y + z + t x — y + z — t x + y — z — t x — y — z + t 

(3.227) 

The trigonometric functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.57)-(1.60). The cosine and sine functions 
of the hypercomplex variables ay, (3z and 7^ can be expressed as 

cos ay = cos y, sin ay = a sin y, (3.228) 

cos Py = cos y, sin (3y = (3 sin y, (3.229) 

cos 7?/ = cosy, sin 7?/ = 7 sin?/. (3.230) 

The cosine and sine functions of a hyperbolic fourcomplex number x + ay + f3z + "^t can 
then be expressed in terms of elementary functions with the aid of the addition theorems 
Eqs. (1.59), (1.60) and of the expressions in Eqs. (10281 )- ( 10301 ). 

The hyperbolic functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.62)-(1.65). The hyperbolic cosine and 
sine functions of the hypercomplex variables ay, (3z and 'jt can be expressed as 

cosh ay = coshy, sinhay = asinhy, (3.231) 

cosh/5?/ = coshy, sinhPy = /^sinhy, (3.232) 

cosh 7?/ = coshy, sinh7?/ = 7sinh?/. (3.233) 

The hyperbolic cosine and sine functions of a hyperbolic fourcomplex number x + ay + 
f3z+'jt can then be expressed in terms of elementary functions with the aid of the addition 
theorems Eqs. (1.64), (1.65) and of the expressions in Eqs. ( p.231| )- (|3.233| ). 



3.2.5 Power series of hyperbolic fourcomplex variables 

A hyperbolic fourcomplex series is an infinite sum of the form 

ao + ai + a2-\ \- ai -\ , (3.234) 

where the coefficients ai are hyperbolic fourcomplex numbers. The convergence of the 
series ( |3.234| ) can be defined in terms of the convergence of its 4 real components. The 
convergence of a hyperbolic fourcomplex series can however be studied using hyperbolic 
fourcomplex variables. The main criterion for absolute convergence remains the compar- 
ison theorem, but this requires a number of inequalities which will be discussed further. 
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The modulus of a hyperbolic fourcomplex number u = x + ay + I3z + 'yt can be defined 



as 



\u\ 



(3.235) 



so that according to Eq. ( |3.182| ) d = \u\. Since |x| < \u\, \y\ < \u\, \z\ < \u\, \t\ < \u\, 
a property of absolute convergence established via a comparison theorem based on the 
modulus of the series ( 3.234 ) will ensure the absolute convergence of each real component 
of that series. 

The modulus of the sum ui + U2 of the hyperbolic fourcomplex numbers ui, U2 fulfils 
the inequality 



Pi 



1^^211 < \Ul +M2I < \Ul\ + \U2\ 



For the product the relation is 

IW1M2I < 2|'Ui||-U2|, 



(3.236) 



(3.237) 



which replaces the relation of equality extant for regular complex numbers. The equality 

in Eq. ( p.237| ) takes place for xl = yf = zf = tl and X2/X1 = 2/2/2/1 = Z2/Z1 = ^2/^1- In 
particular 

\u'^\ <2{x^ + y'^ + z"^ + t'^). (3.238) 
The inequality in Eq. ( 3.237] ) implies that 

< 2'"Vl'- (3.239) 
From Eqs. {^^^ and ( |05^ ) it results that 

law'l < 2'|a||M|'- (3.240) 
A power series of the hyperbolic fourcomplex variable u is a series of the form 

Oo + aiu + a2U^ H h aiu^ H . (3.241) 

Since 



1=0 



<T.'^'\ai\\u\\ 
1=0 



(3.242) 



a sufficient condition for the absolute convergence of this series is that 

hm < 1. 

i-^oo \ai\ 

Thus the series is absolutely convergent for 
\u\ < Co, 



(3.243) 



(3.244) 
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where 



Co = lim 





\ai 




2| 





(3.245) 



The convergence of the series (p.241|) can be also studied with the aid of the formula 
( |3.226| ) which, for integer values of /, is valid for any x, y, z, t. If ai = aix + (yaiy+ Paiz+'jau, 
and 



= <^ix + CLiy + a/^ + ait, 
A'l = aix — aiy + aiz — an, 
A'! = o-ix + o,iy — o,iz — O^ltj 



it can be shown with the aid of relations ( p.l92| ) and ( |3.193| ) that 

A I Al I II All II III A I II III 

aie = Aie, aie = , a;e = A; e , a^e = A; e , 
so that the expression of the series ( |3.241|) becomes 

oo 



(3.246) 
(3.247) 
(3.248) 
(3.249) 



(3.250) 



(3.251) 



where the quantities s, s', s", s'" have been defined in Eq. ( p.l73| ). The sufficient conditions 
for the absolute convergence of the series in Eq. ( |3.251| ) are that 



lim 



1^ 


+1 


\s\ 









< 1, lim 



\A'i 


+1 






A'l 





1 A" 1 
\^l+i\ 


s"\ 









1 A'" 1 


s"'\ 






1 



< 1, (3.252) 



Thus the series in Eq. (|]251|) is absolutely convergent for 

\x + y + z + t\ < c, \x-y + z-t\ < c', \x + y- z-t\ < c", \x-y-z + t\ < c'", (3.253) 



where 



lim 



\Ai 



i^oo I A 



i+i\ 



1™ I I ' 



1™ I .// I ' 



1™ \ Mil I 



(3.254) 



The relations (|3.253| ) show that the region of convergence of the series (|3.251|) is a four- 
dimensional parallelepiped. It can be shown that Cq = (l/2)min(c, c', c", c'"), where min 
designates the smallest of the numbers c,d,d\d". Using Eq. ( p.l97| ), it can be seen 
that the circular region of convergence defined in Eqs. ( p.244| ), ( |3.245| ) is included in the 
parallelogram defined in Eqs. ( p.253|) and (|3.254|) . 
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3.2.6 Analytic functions of hyperbolic fourcomplex variables 



The fourcomplex function f{u) of the fourcomplex variable u has been expressed in Eq. 
(|3.117|) in terms of the real functions P{x,y, z,t),Q{x,y, z,t), R{x,y, z,t), S{x,y, z,t) of 
real variables x, y, z, t. The relations between the partial derivatives of the functions 
P, Q, R, S are obtained by setting succesively in Eq. ( p.ll8| ) Ax 0, Ay = Az = At = 0; 
then Ay ^ 0,Ax = Az = At = 0; then Az 0, Ax = Ay = At = 0; and finally 
At — >■ 0, Ax = Ay = Az = 0. The relations are 

(3.255) 
(3.256) 
(3.257) 



(3.258) 



dP 


_ dQ 


dR 


dS 


dx 


dy 


dz 


'dt' 


dQ 


dP 


dS 


dR 


dx 


dy 


dz 


'dt' 


dR 


dS 


dP 


dQ 


dx 


dy 


dz 
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dS 


dR 


_dQ_ 


dP 


dx 


dy 


dz 


'dt' 



The relations (|3.255|) -( |3.258|) are analogous to the Riemann relations for the real and 



imaginary components of a complex function. It can be shown from Eqs. (|3.255|) -( p.258 
that the component P is a solution of the equations 

(3.259) 



d^p 

dx'^ 


d^p ^ 

dy^ 


d^p 

dx"^ 


d^p 

dz"^ 


= 0, 


d^p 

dy"^ 


d^P 
- dt^ 


d^P 

dz"^ 


d'^P 
- dt^ 


Q2p 

dx'^ 


d^P^ 
dt^ ' 


d^P 
dy"^ 


d^p 

dz^ 


= 0, 











(3.260) 

and the components Q,R, S are solutions of similar equations. As can be seen from Eqs. 
( |3.259| )-( ^.260| ), the components P, Q, R, S of an analytic function of hyperbolic fourcom- 
plex variable are solutions of the wave equation with respect to pairs of the variables 
X, y, z, t. The component P is also a solution of the mixed- derivative equations 

g2p Q2p Q2p Q2p Q2p Q2p 

(3.261) 



dxdy dzdt dxdz dydt dxdt dydz 
and the components Q,R, S are solutions of similar equations 



3.2.7 Integrals of functions of hyperbolic fourcomplex variables 

The singularities of hyperbolic fourcomplex functions arise from terms of the form l/{u — 
tio)™, with m > 0. Functions containing such terms are singular not only at m = uq, but 
also at all points of the two-dimensional hyperplanes passing through uq and which are 
parallel to the nodal hyperplanes. 
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The integral of a hyperbolic fourcomplex function between two points A, B along a 
path situated in a region free of singularities is independent of path, which means that 
the integral of an analytic function along a loop situated in a region free from singularities 
is zero, 

''^f{u)du = 0, (3.262) 

where it is supposed that a surface S spanning the closed loop T is not intersected by any 
of the two-dimensional hyperp lanes associated with the singularities of the function f{u). 
Using the expression, Eq. (|3.117D , for f{u) and the fact that du = dx + ady + j3dz + jdt, 
the explicit form of the integral in Eq. ( p.262| ) is 

f{u)du = j> [{Pdx + Qdy + Rdz + Sdt) + a{Qdx + Pdy + Sdz + Rdt) 

+P{Rdx + Sdy + Pdz + Qdt) + -i{Sdx + Rdy + Qdz + Pdt)] . (3.263) 

If the functions P,Q,R, S are regular on a surface S spanning the loop F, the integral 
along the loop F can be transformed with the aid of the theorem of Stokes in an integral 
over the surface S of terms of the form dP/dy — dQ/dx, dP/dz — dR/dx, dP/dt — 
dS/dx, dQ/dz — dR/dy, dQ/dt — dS/dy, dR/dt — dS/dz and of similar terms arising 
from the a, (3 and 7 components, which are equal to zero by Eqs. (|3.255|) - (|3.258 ), and 
this proves Eq. ( p.262| ). 



The exponential form of the hyperbolic fourcomplex numbers, Eq. (|3.215|) , contains 
no cyclic variable, and therefore the concept of residue is not applicable to the hyperbolic 



fourcomplex numbers defined in Eqs. (3.160) 



3.2.8 Factorization of hyperbolic fourcomplex polynomials 

A polynomial of degree m of the hyperbolic fourcomplex variable u = x + ay + (3z + 'yt 
has the form 



Pmiu) 



+ am-iu + a 

r, 



(3.264) 



where the constants are in general hyperbolic fourcomplex numbers. If 



+ 



aa 



my 



+ (3amz + 7Cmt, and with the notations of Eqs. ( p.l73| ) and ( |3.246| )- (|3.249| ) applied 



for Z = 0,l,---,m, the polynomial Pmiu) can be written as 



+ Ais^-i + ■ ■ ■ + + A, 



e + 



^ m _|_ m 1 _|_ . . . _|_ A^_^S + A^ 



+ 



I 4" J 14" o" I A" 



e" + 



+ A'l's 



III lllm-l 



+ ■ 



+ A'^_^s"' + 



(3.265) 



Each of the polynomials of degree m with real coefficients in Eq. (p.265|) can be written 
as a product of linear or quadratic factors with real coefficients, or as a product of linear 
factors which, if imaginary, appear always in complex conjugate pairs. Using the latter 
form for the simplicity of notations, the polynomial Pm can be written as 



p 



Hi 



Si e 



1=1 



s, e 



Hi 



ll\ II 

Si e 



1=1 



III \ III 

Sj e , 



(3.266) 
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where the quantities s; appear always in complex conjugate pairs, and the same is true for 
the quantities s^, for the quantitites s'/, and for the quantities sf . Due to the properties 
in Eqs. ( p.l92| ) and ( |3.193|) , the polynomial Pmiu) can be written as a product of factors 
of the form 



Pm{u) = n [(-^ ~ ■^Oe + {s - Si)e + {s" - s'De" + {s" - )e" 



1=1 



(3.267) 



These relations can be written with the aid of Eq. ( p.l94| ) as 



Pm{u) = ~ "p)' 
p=i 



where 



(3.268) 



(3.269) 



The roots Sp, s^, s^, s'^ 



of the corresponding polynomials in Eq. (p.266|) may be ordered 
arbitrarily. This means that Eq. ( p.269| ) gives sets of m roots Mi, Mm of the polynomial 
Pmiu), corresponding to the various ways in which the roots Sp,Sp,Sp,Sp' are ordered 
according to p in each group. Thus, while the hypercomplex components in Eq. ( |3.265[ ) 
taken separately have unique factorizations, the polynomial Pm{u) can be written in many 
different ways as a product of linear factors. 

^ — 1, the factorization in Eq. ( p. 2681) is 



If Piu) 



u 



[u 



Ui){u — U2), where 
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-Ml 
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-e" 


+ e'") 
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+ e" 
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-e" 
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(m — 


e + e' 


+ e" 


+ e'") 


(m + e — e' 


-e" 


-e'" 



(3.270) 



It can be checked that {±e ± e' ± e" ± e"'f = e + e' + e" + e'" = 1. 

3.2.9 Representation of hyperbolic fourcomplex numbers by ir- 
reducible matrices 



If T is the unitary matrix. 



\ 



(3.271) 
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it can be shown that the matrix TUT has the form 



TUT 



-1 



/ X + y + z + t 



V 



X 





y + z 








X + y — z — t 

X — y — z + tj 



(3.272) 



where U is the matrix in Eq. (|3.201|) used to represent the hyperbohc fourcomplex number 
u. The relations between the variables x + y + z + t,x — y + z — t, x + y — z — t,x — y — z + t for 
the multiplication of hyperbolic fourcomplex numbers have been written in Eqs. ( |3.185|) - 
( |3.188| ). The matrix TUT~^ provides an irreducible representation ^ of the hyperbolic 
fourcomplex number u in terms of matrices with real coefficients. 



3.3 Planar complex numbers in four dimensions 

3.3.1 Operations with planar fourcomplex numbers 

A planar fourcomplex number is determined by its four components {x,y,z,t). The sum 
of the planar fourcomplex numbers {x,y,z,t) and {x' ,y' , z' ,t') is the planar fourcomplex 
number {x + x',y + y', z + z',t + t'). The product of the planar fourcomplex numbers 
{x, y, z, t) and (x', y', z', t') is defined in this section to be the planar fourcomplex number 
{xx' — yt' — zz' — ty', xy' + yx' — zt' — tz', xz' + yy' + zx' — tt', xt' + yz' + zy' + tx'). 

Planar fourcomplex numbers and their operations can be represented by writing the 
planar fourcomplex number (x, y, z,t) as u = x + ay + [3z + •yt, where a, [3 and 7 are bases 
for which the multiplication rules are 

= P, P'^ = —1, 7^ = — /?, aP = Pa = 7, 07 = 7a = —1, P'j = ■jP = —a. (3.273) 

Two planar fourcomplex numbers u = x + ay + Pz + 'yt,u' = x' + ay' + Pz' + '-ft' are 
equal, u = u', if and only ii x = x',y = y', z = z' ,t = t' . If u = x + ay + Pz + •yt, u' = 
x' + ay' + Pz' + '-ft' are planar fourcomplex numbers, the sum u + u' and the product uu' 
defined above can be obtained by applying the usual algebraic rules to the sum {x + ay + 
Pz + '-ft) + {x' + ay' + Pz' + -ft') and to the product {x + ay + Pz + '-ft){x' + ay' + Pz' + '-ft'), 
and grouping of the resulting terms, 

u + u' = x + x' + a{y + y')+ p{z + z') + -f{t + t'), (3.274) 

uu' = xx' — yt' — zz' — ty' + a{xy' + yx' — zt' — tz') + P{xz' + yy' + zx' — tt') 

+-f{xt' + yz' + zy' + tx'). (3.275) 

If u, u', u" are planar fourcomplex numbers, the multiplication is associative 

{uu')u" = u{u'u") (3.276) 
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and commutative 

uu' = u'u, (3.277) 

as can be checked through direct calculation. The planar fourcomplex zero is + a ■ + 
• + 7 ■ 0, denoted simply 0, and the planar fourcomplex unity is l + a- + /5-0 + 7- 0, 
denoted simply 1. 

The inverse of the planar fourcomplex number u = x + ay + (3 z + 'ft is a planar 
fourcomplex number u' = x' + ay' + jSz' + 'jt' having the property that 

uu' = 1. (3.278) 

Written on components, the condition, Eq. (p.278|) , is 



xx' — ty' — zz' — yt' = 1, 
yx' + xy' — tz' — zt' = 0, 
zx' + yy' + xz' - tt' = 0, 
tx' + zy' + yz' + xt' = 0. 

The system ( p.279| ) has the solution 



(3.279) 



= <^' + -')--if-t') + ^^y\ (3.280) 



(3.281) 
(3.282) 







y{x^ - z^) + t{y^ + t'^) 


+ 2xzt 






—z{x'^ + z'^) + x{y'^ — t'^] 


+ 2zyt 


P' 




t(x2 - z^) + y{y^ + t^) 


— 2xyz 


P' 



t' = - ''-^ 283) 

provided that p 7^ 0, where 

p'^ = + z^ + y^ + + 2x^z^ + 2yH^ + Ax'^yt - Axy^z + Axzf - 4yzH. (3.284) 

The quantity p will be called amplitude of the planar fourcomplex number x+ay+Pz+'jt. 
Since 

p'=pIP-, (3.285) 

where 

a planar fourcomplex number u = x + ay + l3z + 'jt has an inverse, unless 

x + ^ = 0, z + y^ = 0, (3.287) 
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or 



V — t y + 1 , , 

z- = 0, ;z- = 0. 3.288 



Because of conditions (|3.287|) - (|3.288|) these 2-dimensional hypersurfaces will be called 



nodal hyperplanes. It can be shown that if uu' = then either u = 0, or m' = 0, or one 
of the planar fourcomplex numbers is of the form x + a{x + z)/ \pl + Pz — 'j{x — z)/ \pl 
and the other of the form x' — + z!) / \/2 + (3z' + 7(0;' — z') / 

3.3.2 Geometric representation of planar fourcomplex numbers 

The planar fourcomplex number x + ay + + 7/!: can be represented by the point A 
of coordinates {x,y,z,t). If O is the origin of the four- dimensional space x,y,z,t, the 
distance from A to the origin O can be taken as 

= + y^ + z"^ +f. (3.289) 

The distance d will be called modulus of the planar fourcomplex number x + ay + Pz + 'jt, 
d = \u\. The orientation in the four- dimensional space of the line OA can be specified 
with the aid of three angles 0, x, defined with respect to the rotated system of axes 

c ^ , ^ y-t z y + t z y + t fooan\ 

The variables C,,v,t,( will be called canonical planar fourcomplex variables. The use 
of the rotated axes C,,v,t,( for the definition of the angles 0, x, is convenient for the 
expression of the planar fourcomplex numbers in exponential and trigonometric forms, 
as it will be discussed further. The angle is the angle between the projection of A in 
the plane ^, v and the axis, < < 27r, x is the angle between the projection of A 
in the plane r, ( and the Or axis, < x < 27r, and is the angle between the line OA 



and the plane tOC, < < tt/2, as shown in Fig. |3.1| . The definition of the variables 
in this section is different from the definition used for the circular fourcomplex numbers, 
because the definition of the rotated axes in Eq. (|3.290|) is different from the definition of 



the rotated circular axes, Eq. (p.l8|) . The angles and x will be called azimuthal angles. 



the angle ■0 will be called planar angle. The fact that < -0 < 7r/2 means that -0 has the 
same sign on both faces of the two-dimensional hyperplane vO(. The components of the 
point A in terms of the distance d and the angles 0, x, "0 are thus 

X y — t 

-j= -\ — = dcoscpsinip, (3.291) 

V 2 2 

X y — t 

— = dcosx cos ip, (3.292) 

z y ~\~ t 

—= -\ = (isin0sin'0, (3.293) 

V 2 2 
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—pz H = a sm Y cos w. 



(3.294) 



It can be checked that p+ = \/2(isin'?/', p_ = y/2dcos^jj. The coordinates x, y, z, t in terms 
of the variables d, cj), x, are 



d 

X = —1= (cos sin + cos x cos ^/') , 
v2 



[sin(0 + 7r/4) sin-?/) + sin(x — 7r/4) cos ■?/'], 
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—1= (sin sin — sin x cos '0) , 
v2 



t = —/=[— cos(0 + 7r/4) sin-?/; + cos(x — 7i"/4) cos-?/']. 
v2 

The angles 0, x, "0 can be expressed in terms of the coordinates x, y, z, t as 



sm I 



smx 



+ {y + t)/ V2 

P+ 



-, COS( 



+ {y- t)/V2 
p+ 



-z + {y + t)/V2 x-{y-t)/V2 
, cosx = — 



P- 



P- 



(3.295) 
(3.296) 
(3.297) 
(3.298) 

(3.299) 

(3.300) 
(3.301) 



The nodal hyperplanes are ^Ov, for which r = 0, C = 0, and tOC, for which ^ = 0, t; = 0. 
For points in the nodal hyperplane ^Ov the planar angle is ip = tt /2, for points in the 
nodal hyperplane tOC, the planar angle is ^ = 0. 

It can be shown that if Ui = Xi + ayi + [3zi + -^ti, U2 = X2 + ay2 + I3z2 + 7^2 are planar 
fourcomplex numbers of amplitudes and angles pi, 0i, Xi, ipi and respectively P25 02, X2, "02, 
then the amplitude p and the angles 0, Xi ^ of the product planar fourcomplex number 
U1U2 are 

P = P1P2, (3.302) 

= 01 + 02, X = Xi + X2, tan -0 = tan ipi tan ■02- (3.303) 

The relations (|330^ )-( |3303| ) are consequences of the definitions ( |3:28l )-( F^286|) , ( ^12991) - 
( |3.301|) and of the identities 



{xiX2 - Z1Z2 - yit2 - tm) + 



+ yiX2 - Zit2 - tiZ2) - iXit2 + tiX2 + Ziy2 + 2/1^2) 



+ 



{xiZ2 + Z1X2 + yiy2 - tit2) + 
2 / 



V2 

{Xiy2 + yiX2 - Zit2 - tiZ2) + {Xit2 + tiX2 + ^l?/2 + yiZ2) 



Xi + 



yi - h 

V2 



+ \zi + 



yi + h 

V2 



X2 + 



y2 - 12 

V2 



V2 



+ \Z2 + 



y2 + 12 
x/2 



(3.304) 
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{XiX2 - Z1Z2 - yit2 - tiy2) 



{Xiy2 + yiX2 - Zit2 - tiZ2) - {Xit2 + tl^a + Ziy2 + yiZ2) 



+ 



{xiZ2 + ^1X2 + yiy2 - t]t2 

2 / 



V2 

(xm + yiX2 - zit2 - ^12:2) + {Xlt2 + ^1X2 + Ziy2 + yiZ2) 



n 2 



V2 



yi-ti\ , / yi + h 

7^ + Ul 



X2 



y2 - 12 

V2 



Z2 



y2 + ^2 

v/2 , 



(3.305) 



{xiX2 - Z1Z2 - yit2 - tiy2) + 



{x\y2 + y\X2 - zxt2 - tiZ2) - {Xit2 + ^1X2 + Ziy2 + yiZ2) 



V2 



^1 ^ ] 7^ ] - \ Zi-\ j=- ] \Z2 + 



V2 



V2 



V2 



V2 



(3.306) 



{xiZ2 + Z1X2 + ym - hh) + 



+ ^1X2 - Zit2 - tiZ2) + {Xit2 + tiX2 + Ziy2 + yiZ2) 



V2 



Zi H j=— \ \X2^ 7=— + Xi H j=— \ \Z2 + 



V2 



V2 



V2 



V2 



(3.307) 



{xiX2 - Z1Z2 - yit2 - tiy2) 



{Xiy2 + yiX2 - Zit2 - tiZ2) - {Xit2 + tiX2 + ^1^/2 + 1/1^2) 

V2 



- ^1 f X2 - ^1 - [-Z. + ^1 [-Z2 + ^1 , (3.308) 



-(xi2;2 + ZxX2 + yiy2 - ^1^2) + 



{X\y2 + yia:2 - Zxt2 - tiZ2) + {Xit2 + tiX2 + Ziy2 + yiZ2) 

V2 



^1 + ^1 U - ^1 + fx. - ^1 (-Z2 + ^ 1 . (3.309) 



The identities ( p. 3 041) and (|3.305|) can also be written as 

2 _ 
P4- — P1+P2+, 

= PI-P2-, 



(3.310) 
(3.311) 



where 



_,\2 / 



for j = 1, 2. 



^^•-'^•^ ,(3.312) 
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The fact that the amphtude of the product is equal to the product of the amphtudes, 
as written in Eq. ( ^.302| ), can be demonstrated also by using a representation of the multi- 
plication of the planar fourcomplex numbers by matrices, in which the planar fourcomplex 
number u = x + ay + l3z + 'jt is represented by the matrix 



A 



( X y z t 

—t X y z 

—z —t X y 

\ -y -z -t X ) 



(3.313) 



The product m = x + ay + /3z + 7t of the planar fourcomplex numbers ui = xi + ay\ + 
(iz\ + ■yti,U2 = X2 + ay2 + (3z2 + 7^2, can be represented by the matrix multiplication 

A = A1A2. (3.314) 

It can be checked that the determinant det(y4) of the matrix A is 

detA = p^. (3.315) 



The identity ( p.302 ) is then a consequence of the fact the determinant of the product of 



matrices is equal to the product of the determinants of the factor matrices. 

3.3.3 The planar fourdimensional cosexponential functions 

The exponential function of a hypercomplex variable u and the addition theorem for the 
exponential function have been written in Eqs. (1.35)-(1.36). If u = x + ay + Pz + 'jt, 
then expu can be calculated as expu = expx ■ exp{ay) ■ exp{Pz) ■ exp{'jt). According to 
Eq. (^), 



a^™ = 1, 0^"^+^ = a, = (3, a^"'^^ = 7, 

^Sm _ ]^^^8m+l _ ^^^8m+2 _ ^8m+3 _ 

^8m+4 _ _]^^^8m+5 _ _^^^Sm+6 _ p^^8m+7 _ 

where n is a natural number, so that exp{ay), exp{i3z) and exp(7t) can be written as 

exp{Pz) = cos 2 + Psinz, (3.317) 

and 

exp{ay) = Uoiy) + afii{,y) + Pfi2{.y) + lUsiv), (3.318) 

exp(7t) = /4o(t) + 7/41 (t) - /3/42(t) + a/43(t), (3.319) 

where the four-dimensional cosexponential functions fio, fa, fi2, fis are defined by the 
series 

/4o(x) = 1 -xV4! +xV8! , (3.320) 
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= x-xV5! +xV9! , (3.321) 

U{x) = x^/2\ - x76! + x^VlO! , (3.322) 

/43(x) = xVS! - xV7! + x^Vll! . (3.323) 

The functions /40, fi2 are even, the functions /41, are odd, 

fmi-u) = /40(m), /42(-m) = /42(m), /4i(-m) = -/4i(m), fisi-u) = -/43 («)• (3.324) 

Addition theorems for the four-dimensional cosexponential functions can be obtained 
from the relation expa(x + y) = expax ■ expay, by substituting the expression of the 
exponentials as given in Eq. ( |3.318|) , 

Uo{x + y) = Uoix)Uoiy) - /4i(a;)/43(y) - /42(a;)/42(y) - fi3ix)Uiiy), (3.325) 

/4i(x + y) = fm{.x)fAi{y) + /4i(a;)/4o(l/) - /42(a;)/43(z/) - /43(a;)/42(?/), (3.326) 

/42(a; + y) = /4o(a;)/42(2/) + /4i(a;)/4i(2/) + /42(a;)/4o(y) - f43ix)f43iy), (3.327) 

/43(a: + y) = /4o(a:)/43(2/) + /4i(a:)/42(2/) + /42(a;)/4i(2/) + fMfM- (3-328) 

For X = y the relations (|3.325|) - (|3.328|) take the form 

ho{2x) = fUx) - fUx) - 2/4i(x)/43(a;), (3.329) 

/4i(2x) = 2/4o(x)/4i(x) - 2/42(x)/43(a;), (3.330) 

/42(2x) = flix) - flix) + 2/4o(a;)/42(x), (3.331) 

/43(2X) = 2/4o(x)/43(x) + 2/41 (x)/42 (x) . (3.332) 

For x = -y the relations ( F^ )- (13^3281) and (i]32|) yield 

f!oi^) - fU^) + 2/4i(x)/43(x) = 1, (3.333) 

fM - fU^) - 2/4o(x)/42(x) = 0. (3.334) 

From Eqs. (|33T7D - (|33T9D it can be shown that, for m integer, 

(cos z + /5 sin z)"^ = cos mz + (3 sin mz, (3.335) 

and 

[/4o(2/)+tt/4i(y)+/5/42(2/)+7/43(y)]" = Uoimy)+af4iimy)+l3f42imy)+-ffis{my), (3.336) 
[/4o(t)+7/4i(t)-/5/42(t)+a/43(t)]'" = /4o(mt)+7/4i(mt)-/5/42(mt)+a/43(mt). (3.337) 
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Since 

(a - 7)2™ = 2"^, (a - 7)2"^+^ = 2"(a - 7), (3.338) 
it can be shown from the definition of the exponential function, Eq. (1.35) that 



exp 



{a — '-f)x = cosh V2x + 



a — 7 



sinh a/2, 



X. 



(3.339) 



Substituting in the relation exp(a — 7)^ = expaxexp(— 70;) the expression of the expo- 
nentials from Eqs. {^^), and yields 



/40 + /4I + /42 + /43 = cosh V2X, 



/40/41 - /40/43 + /41/42 + /42/43 = sinh V2x, 



(3.340) 
(3.341) 



where fio, fn, fi2, fis are functions of x. From relations (|3.340|) and ( p.341| ) it can be 
inferred that 



\ , /4I — /43 \ , f e , /4I + /43 \ 
/40 H 7^ + J42 + 



V2 



V2 



n /4I — /43 \ . ( n /4I + /43 \ 

J40 7^ + J42 — 



V2 

which means that 



V2 



exp V2x, 
exp{—V2x) 



(3.342) 
(3.343) 



\ , /4I — /43 \ , [ n , /4I + /43 \ 
/40 H 7^ + /42 + 



V2 



V2 



\ /4I — /43 \ . f n /4I + /43 \ 

/40 7^ + /42 — 



V2 



V2 ) 
(3.344) 



An equivalent form of Eq. ( |3.344D is 

/40 + /4I + /42 + /43 + 2 ( /40 /42 + /4I /43 ) +4 ( /40 /43 + fiO fi2 fls ~ f^O /4I /42 " /4I /42 /43 ) = 1 • ( 3 

The form of this relation is similar to the expression in Eq. ( |3.284| ). Similarly, since 

(a + 7)2- = (-1)^2"^, (a + 7)^™+! = (-l)"^2"^(a + 7), (3.346) 
it can be shown from the definition of the exponential function, Eq. (1.35) that 



exp(a + 7)x = cos V2x + 



a + 7 



sm 



V2x. 



(3.347) 



Substituting in the relation exp (a +7) x = exp ax exp •yx the expression of the exponentials 
from Eqs. (lOTsI) , dOTl and (pi^) yields 



/40 - /4I + /42 - /43 = COS V2X, 



(3.348) 
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UoUl + /40/43 - /41/42 + /42/43 = sin V2x, (3.349) 

where /40, /41, /42, f^s are functions of x. 

Expressions of the four- dimensional cosexponential functions (|3.320|) -( |3.323D can be 
obtained usiner the fact that [(1 + i)/V2]'^ = -1, so that 

, , . 1 f , 1+i 1+i \ , . 

ho{x) = 2 1 ~72~^ ^ J ' (3.350) 

/42(a;) = ^ ^cosh ^^^x - cos "^^^ ' (3.352) 

^«w- v2(-i + o r"'' vr"-"" vr"j- 

Using the addition theorems for the functions in the right-hand sides of Eqs. (|3.350|) - 
(|3.353| ), the expressions of the four-dimensional cosexponential functions become 

/4o(x) = COS cosh (3.354) 

fdi(x) = —pz I sin cosh -|- sinh cos | , (3.355) 
W2 V V2 v/2 72 72/ 

/42(x) = sin sinh (3.356) 

/'43(a^) = —F^ (sin cosh — sinh cos | . (3.357) 
^ ^ ^ 72 V V2 V2/ 

It is remarkable that the series in Eqs. ( p.354| )-( p.357| ), in which the terms are either 
of the form a;"^"^, or x"^™"*"^, or x^™""*"^, or ^^^^ expressed in terms of elementary 

functions whose power series are not subject to such restrictions. The graphs of the 
four-dimensional cosexponential functions are shown in Fig. |3.3| . 

It can be checked that the cosexponential functions are solutions of the fourth-order 
differential equation 

0=-C. (3.358) 

whose solutions are of the form (^{u) = Af^Q^u) + Bf^iiu) + C fi2{u) + Df^^^u). It can 
also be checked that the derivatives of the cosexponential functions are related by 

-3 — — ~J43, -3 — — J40; -3 — — J41, -3 — — J42- (^d.doyj 
au du au du 
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3.3.4 The exponential and trigonometric forms of planar four- 
complex numbers 

Any planar fourcomplex number u = x + ay + I3z + ''jt can be writen in the form 

x + ay + pz + -it = e^i+"fi+/3^i+T*i . (3.360) 

The expressions of Xi, yi, 2:1, ti as functions of x,y,z,t can be obtained by developing 
goyi^g/Jzi g^^^ g7ti ^j^}^ ^j^Q g^j^ Qf j^qg^ ( p.317 )-( p.319| ), by multiplying these expressions 
and separating the hypercomplex components, and then substituting the expressions of 
the four-dimensional cosexponential functions, Eqs. ( p.354| )-( [3.357|) . 



XI ( yi + h .yi-h . . yi + h yi-h 

X = e \ cos Zi cos ^— cosh ^ sm zi sm 7= — smh 



V2 



V2 



V2 



V2 



(3.361) 



y = e 



XI 



, 7r\ Vi + h yi-ti ( vrX . yi+ti .Vi-h 
sm 2:1 H — cos ^— smh ^ h cos Zi + — sm ^— cosh ^— 



(3.362) 



XI / . yi + ti yi-h yi + ti , yi-h 

z = e \ cos Zi sm ;= — smh ;= h sm Zi cos ^ — cosh ■ 



V2 



V2 



V2 



V2 



(3.363) 



t = e 



XX 



— COS 2^1 + — COS ^— smh ^ h sm hzi H — sm ^— cosh ^— , 3.364 

4/72 V2 V 47 72 ^2 



The relations ( p.361| )-( p.364| ) can be rewritten as 



X + 



V2 



e"^ cos I zi + 



yi±}i\ g(s,i-ti)/v2 
V2 / 



(3.365) 



z + 



y + t 
V2 



e^^ sin zi + 



yi±J±\ g(yi-ti)/v^ 

V2 / 



(3.366) 



x--^ = e^^ cos ( - e-(^-*^)/^ 



(3.367) 



^ = e- sin U - ^1 e-(--^)/^. 
V2 V / 



(3.368) 



By multiplying the sum of the squares of the first two and of the last two relations 
(10651) - (ISASD it results that 



(3.369) 



or 



e^i = p. 



(3.370) 
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By summing the squares of all relations (|3.365|) - (|3.368|) it results that 
(i^ = cosh |^"\/2(yi — ti 



(3.371) 



Then the quantities yi,zi,ti can be expressed in terms of the angles 0, X;"^ defined in 
Eqs. (lOQiD - dOQl as 



zi + 



yi + h 

V2 



, yi + h 

g(yl-^l)/^/2 

V2 [cosh V2(yi -ti)^^^^ 



sin ijj, 



\/2 [cosh ^/2{yl-tl] 



1/2 



cosip. 



(3.372) 
(3.373) 

(3.374) 



From Eq. (|07^ ) it results that 
1 



2/1 - ^1 
so that 

Vi 



V2 



In tan?/', 



+ X , 1 , , , 0-x , + X 
+ ^ mtanip, zi = — — , ti 



In tan?/'. 



2V2 2V2 2 ' 2^2 2^2 

Substituting the expressions of the quantities Xi,yi, Zi,ti in Eq. ( p.360| ) yields 



(3.375) 



(3.376) 



u = pexp 



^(a-7)lntan?A + i(/3 + ^ 



(3.377) 



which will be called the exponential form of the planar fourcomplex number u. It can be 
checked that 



exp 



exp 



1 / a + 7 \ 



1 a — 7 /I a 

2- VT^U^ VrJ"'*^V2 ' 2v/2 



21 cos<4+( - + f^±J 1 siiK^i, (3.378) 



2 2V2 



which shows that e''^"*"'-"^'^-'''^''^/^ and e"'^"^""'"'''^/^'-^/^ are periodic functions of (p and 
respectively with period 27r. 

The exponential of the logarithmic term in Eq. ( p.377| ) can be expanded with the aid 
of the relation ( 3.339| ) as 



exp 



2^2 



{a — 7) In tan 



(sin2?/')V2 



cos(?^--j+-^sm 1^?^-- 



.(3.380) 
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Since according to Eq. (|3.301| ) tanip = p^/p_, then 

. , , P+P- 

pl + pV 

and it can be checked that 



(3.381) 



(3.382) 



where d has been defined in Eq. (|3.289|) . Thus 
= d'^ sin 2ip, 

so that the planar fourcomplex number u can be written as 



(3.383) 



u 



= d 



7T 



cos(V^--j + -^ 



a — 7 / tt' 



exp 



1 «+_7 
A V2 



X 



, (3.384) 



which will be called the trigonometric form of the planar fourcomplex number u. 

If ui,U2 are planar fourcomplex numbers of moduli and angles di,(l)i,xi,4'i and re- 
spectively (^2, 02, X2, "02, the product of the factors depending on the planar angles can be 
calculated to be 



cos 



#1 - 7r/4) + — ^ sin(7/'i - 7r/4)][cos(V'2 - vr/4) + 



sin 



.(^2 - vr/4)] 



= cosh/'i - 



— 7 

i(^i - ^2) cos(?/;i + ij2)]. 

The right-hand side of Eq. (|3.385|) can be written as 



(3.385) 



cos('?/'i — ■?/'2) cos('?/'i + ^Ij2) = [2(cos ijji COS ip2 + siu sin ^jj2)\ [cos{^jj — re /A) 

v2 



a — 7 

71" 



sin 



■(^-vr/4)], 



(3.386) 



where the angle ip, determined by the condition that 

taii{'ijj - jc/A) = - cos{'ipi + il)2)/ cos('?/'i - '4>2) 



(3.387) 



is given by tanip = tan-j/'i tan ?/;2 , which is consistent with Eq. ( p.303| ). The modulus d 
of the product U1U2 is then 



d = \/2did2 (cos^ ipi cos^ 1^2 + sin^ ipi sin^ ip- 



1/2 



(3.388) 
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3.3.5 Elementary functions of planar fourcomplex variables 

The logarithm ui of the planar fourcomplex number u, Ui = Inu, can be defined as the 
solution of the equation 

M = e"\ (3.389) 

written explicitly previously in Eq. (|3.360|) , for ui as a function of u. From Eq. ( p.377|) 
it results that 

1 1/ a + 'y\ if a + 'y\ 

\nu = lnp + ^{a - 7) Intan^ + 2 + ^/Tj " 2 T ~ ) ^' ^^'^^^^ 

which is multivalued because of the presence of the terms proportional to and x- It can 
be inferred from Eqs. ( |3.302D and ( ^.3031 ) that 

In(MM') = Inu + lnw', (3.391) 

up to multiples of 7r[/5 + (a + 7)/v^] and n[P — {a + 7)/v^]. 
The power function u"^ can be defined for real values of n as 

^ gmln«_ (3.392) 

The power function is multivalued unless n is an integer. For integer n, it can be inferred 
from Eq. (1313911) that 

(uu'r = «™ (3.393) 
If, for example, m = 2, it can be checked with the aid of Eq. ( p. 384 ) that Eq. (|3.392|) gives 
indeed {x + ay + (3z + -ftf = x'^ - - 2yt + 2a{xy - zt) + /^(y^ -t^ + 2xz) + 27(xt + yz) . 

The trigonometric functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.57)-(1.60). The cosine and sine functions 
of the hypercomplex variables ay,(3z and 'jt can be expressed as 

cos ay = Uoiv) - Pf42{y), sin ay = aUi{y) - 7/43(2/), (3.394) 

cos/52; = coshz, sin/Jz = Psinhz, (3.395) 

cos7t = /4o(t) + PU2(t), sinjt = 7/41 (t) - aUsit). (3.396) 

The cosine and sine functions of a planar fourcomplex number x + ay + (3z + can then 
be expressed in terms of elementary functions with the aid of the addition theorems Eqs. 
(1.59), (1.60) and of the expressions in Eqs. (|3:394D -( ^^396D . 

The hyperbolic functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.62)-(1.65). The hyperbolic cosine and 
sine functions of the hypercomplex variables ay, j3z and 7t can be expressed as 

cosh ay = /4o(y) +/9/42(y), sinhay = a/4i(y) +7/43(2/), (3.397) 
cosh/? 2; = cos 2, sinh/Jz = 13 sin z, (3.398) 
cosh7t = /4o(t) - /3/42(t), sinh7t = 7/41 (t) + a/43(t). (3.399) 

The hyperbolic cosine and sine functions of a planar fourcomplex number x + ay + /?2 + 7t 
can then be expressed in terms of elementary functions with the aid of the addition 
theorems Eqs. (1.64), (1.65) and of the expressions in Eqs. (|3.3971) - (|3.399|) . 
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3.3.6 Power series of planar fourcomplex variables 

A planar fourcomplex series is an infinite sum of the form 

ao + ai + as + ■ ■ ■ + a; + ■ ■ ■ , (3.400) 

where the coefficients ai are planar fourcomplex numbers. The convergence of the series 
(|3.400|) can be defined in terms of the convergence of its 4 real components. The con- 
vergence of a planar fourcomplex series can however be studied using planar fourcomplex 
variables. The main criterion for absolute convergence remains the comparison theorem, 
but this requires a number of inequalities which will be discussed further. 

The modulus of a planar fourcomplex number u = x + ay + Pz + --yt can be defined as 

\u\ = {x'' + y^ + z' + t'f'\ (3.401) 



so that, according to Eq. ( |3.289|) , d = \u\. Since |x| < \u\, \y\ < \u\, \z\ < \u\, \t\ < 



a property of absolute convergence established via a comparison theorem based on the 
modulus of the series ( |3.400| ) will ensure the absolute convergence of each real component 
of that series. 

The modulus of the sum ui + U2 of the planar fourcomplex numbers ui,U2 fulfils the 
inequality 

\\ui\ — \U2\\ < \Ui + U2\ < \ui\ + \U2\- (3.402) 

For the product the relation is 

IwiMal < V2|mi||m2|, (3.403) 

as can be shown from Eq. ( |3.388|) . The relation ( p.403| ) replaces the relation of equality 
extant for regular complex numbers. The equality in Eq. (|3.403|) takes place for cos^(?/'i — 
-02) = 1, cos^{%jji + 'j/'s) = 1, which means that Xi + (yi — ti)/\/2 = 0, 2:1 + {yi + ti)/\/2 = 
0, X2 + (y2-t2)/\/2 = 0, ^2 + (2/2 + ^2)772 = 0, or xi-iyi-h)/V2 = 0, zi-{yi + h)/V2 = 
0, X2 — (2/2—^2) / = 0, -22 — {y2 + h) I \/2 = 0. The modulus of the product, which has the 
property that < |'UiM2|, becomes equal to zero for cos^(-?/'i — '?/'2) = 0, cos^(-?/'i ^'^2) = 0, 
which means that X\ + (?/i — ti)/\/2 = 0, 2:1 + {yi + ti)/\/2 = 0, X2 — (2/2 — ^2)/^/^ = 
0, Z2-{y2+t2)/V2 = 0, or a;i-(yi-ti)/y2 = 0, zi-{yi+h)/^ = 0, X2 + {y2-t2) / = 
0, Z2 + (2/2 + t2)/\/2 = 0. as discussed after Eq. ( ^^28^ ). 
It can be shown that 



X 



+ y^ + z^ + f < \u^\ < V2{x^ + y^ + z^ + t^). (3.404) 



The left relation in Eq. (|3.404|) becomes an equality for sin^ 2ip = 1, when p+ = p_, which 
means that x{y — t) + z{y + t) = 0. The right relation in Eq. ( p.404| ) becomes an equality 
for sin2 2V^ = 0, when x + {y - t)l^pi = 0, ,2 + (?/ + t)/v^ = 0, or x - (?/ - t)l^pi = 
0, z — (y + t)l\pl = 0. The inequality in Eq. (|3.403| ) implies that 



\u 



'I < 2('-i)/V|'. (3.405) 
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From Eqs. ( ^4031) and (ISliOSi) it results that 



\au 



<2'/2| 



a\\u\ 



A power series of the planar fourcomplex variable m is a series of the form 
ttQ + aiu + a2U^ + ■ ■ ■ + a^u' + ■ ■ ■ . 

Since 

oo oo 

I' 



1=0 



u\ 



a sufficient condition for the absolute convergence of this series is that 

hm < 1. 

i^oo I a/ 1 

Thus the series is absolutely convergent for 

\u\ < c, 

where 

c = hm . 

i^oo V2|a/+i| 



(3.406) 
(3.407) 

(3.408) 

(3.409) 
(3.410) 
(3.411) 



The convergence of the series ( 3.407|) can be also studied with the aid of the transfor- 
mation 



X + ay + (3z + = V2{ei^ + CiV + + e2C), 
where ^, r, ( have been defined in Eq. ( |3.290| ), and 

a — 7 



1 a — 7 _ 



p a + 7 _ 1 
2 + " 2 



2V2 



62 



P « + 7 
"2 2V2 ■ 



(3.412) 



(3.413) 



It can be checked that 



^2 



ei, Ci 



-ei, eici = ei, ej = 62, ej 



-62, 6262 = 62, 



6162 = 0, 6162 = 0, 6162 = 0, 6261 = 0. 
The moduli of the bases in Eq. (|3.413D are 

and it can be checked that 

\x + ay + (3z + 7^^ = + + + C. 



(3.414) 



(3.415) 



(3.416) 



The ensemble 61,61,62,62 will be called the canonical planar fourcomplex base, and Eq. 
(|3.412|) gives the canonical form of the planar fourcomplex number. 
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If M = u'u'\ the components ^, v, r, C, are related, according to Eqs. (|3.306|) - (|3.309|) by 
e = V2{i'i"-v'v"),v = V2{i'v"+v'n,r = V2ir'r" -('("),( = v^(r'C"+Cr), (3.417) 

which show that, upon multiphcation, the components C,,v and t,( obey, up to a nor- 
mahzation constant, the same rules as the real and imaginary components of usual, two- 
dimensional complex numbers. 

If the coefficients in Eq. ( |3.407| ) are 



ai = aio + aaii + (3ai2 + 70/3, 



and 



. — Ob t + ai3 an — ai^ ~ , 

= a«oH 7^ — , Ai = ai2-\ 7^ — , A2 = aio — , A12 = -ai2-\ — , (3. 



(3.418) 



V2 



V2 ' " V2 

the series ( p.407| ) can be written as 

00 

2'/^ [{eiAn + giizi)(eie + eivY + (62^/2 + g2i/2)(e2r + ezC)' 
/=o 

Thus, the series in Eqs. ( ^A0% and (|O20D are absolutely convergent for 

p+ < Ci, p- < C2, 

where 



Al + A 



11 



1/2 



Ci = lim — 



-72, C2 = lim 



^?2 + A. 



12 



1/2 



42 I 42 

^i+1,2 + ^ 



«+l,2 



1/2' 



(3.420) 



(3.421) 



(3.422) 



It can be shown that c = (l/A/2)min(ci, C2), where min designates the smallest of the 
numbers Ci, C2. Using the expression of |m| in Eq. (|3.416|) , it can be seen that the spherical 
region of convergence defined in Eqs. ( p. 4101 ), ( |3.411| ) is included in the cylindrical region 
of convergence defined in Eqs. (|3.421|) and ( p.422|) . 



3.3.7 Analytic functions of planar fourcomplex variables 

The fourcomplex function f{u) of the fourcomplex variable u has been expressed in Eq. 
(|3.117|) in terms of the real functions P{x,y, z,t),Q{x,y, z,t), R{x,y, z,t), S{x,y, z,t) of 
real variables x, y, z, t. The relations between the partial derivatives of the functions 
P,Q,R,S are obtained by setting succesively in Eq. ( p.ll8| ) Ax 0, Ay = Az = At = 0; 
then Ay ^ 0,Ax = Az = At = 0; then Az ^ 0,Ax = Ay = At = 0; and finally 
At — 0, Ax = Ay = Az = 0. The relations are 



dl^ _ dQ _ dR _ dS_ 
dx dy dz dt ' 

dQ _ OR _ dS _ _dP 
dx dy dz dt ' 



(3.423) 



(3.424) 
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dR dS dP dQ 



dx dy dz dt ' 



(3.425) 



— = -— = = - — . (3.426) 

dx dy dz dt ' 



The relations ( p.423| )-( |3.426|) are analogous to the Riemann relations for the real and 



imaginary components of a complex function. It can be shown from Eqs. ( |3.423| )-( p.426| ) 
that the component P is a solution of the equations 

^ + ^- 0^ + ^- (3 427) 

dx'^ dz"^ ' dy"^ dt"^ 

and the components Q,R, S are solutions of similar equations. As can be seen from Eqs. 
( |3.427D , the components P, Q, R, S of an analytic function of planar fourcomplex variable 
are harmonic with respect to the pairs of variables x, y and z, t. The component P is also 
a solution of the mixed-derivative equations 

g2p ^ ^ Q2p Q2p ^ Q2p Q2p ^ Q2p Q2p ^ ^ Q2p 

dx'^ dydt' dy'^ dxdz' dz"^ dydt' dt"^ dxdz' 

and the components Q, i?, S are solutions of similar equations. The component P is also 
a solution of the mixed-derivative equations 



dxdy dzdt' dxdt dydz^ 
and the components Q,R, S are solutions of similar equations. 

3.3.8 Integrals of functions of planar fourcomplex variables 

The singularities of planar fourcomplex functions arise from terms of the form 1/{u—uq)"^, 
with m > 0. Functions containing such terms are singular not only at m = uq, but also at 
all points of the two-dimensional hyperplanes passing through uq and which are parallel 
to the nodal hyperplanes. 

The integral of a planar fourcomplex function between two points A, B along a path 
situated in a region free of singularities is independent of path, which means that 

f{u)du = 0, (3.430) 

r 

where it is supposed that a surface E spanning the closed loop F is not intersected by any 
of the two-dimensional hyperplanes associated with the singularities of the function f{u). 
Using the expression, Eq. ( |3.117|) for f{u) and the fact that du = dx + ady + (3dz + 7(it, 
the explicit form of the integral in Eq. ( |3.430| ) is 

j f{u)du = j [{Pdx - Sdy - Rdz - Qdt) + a{Qdx + Pdy - Sdz - Rdt) 

+p{Rdx + Qdy + Pdz - Sdt) + -f{Sdx + Rdy + Qdz + Pdt)]. (3.431) 
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If the functions P,Q, R, S are regular on a surface S spanning the loop F, the integral 
along the loop F can be transformed with the aid of the theorem of Stokes in an integral 
over the surface E of terms of the form dP/dy + dS/dx, dP/dz + dR/dx, dP/dt + 
dQ/dx, dR/dy — dS/dz, dS/dt — dQ/dy, dR/dt — dQ/dz and of similar terms arising 
from the a,j3 and 7 components, which are equal to zero by Eqs. ( |3.423|) - (|3.426|) , and 
this proves Eq. ( p.430[ ). 

The integral of the function {u — uq)™- on a closed loop F is equal to zero for m a 
positive or negative integer not equal to -1, 



y (m — UQj'^du = 0, m integer, m 7^ —1. 
This is due to the fact that J{u — u^j'^du = {i 



Uo 



(3.432) 

r'^'^/{m + l), and to the fact that 



the function (u 



Uo 



is singlevalued for m an integer. 



The integral § du/{u — uq) can be calculated using the exponential form ( |3.377|) 



u — Uq = p exp 



2V2 



a 



7) lntan^ + - /? + 



a + 7 



a + 7 



X 



(3.433) 



so that 



du 



u — Uo 



a + 7 



dp 1 . , , ^ f n 




dx. (3.434) 



Since p and ip are singlevalued variables, it follows that §Y.dp/p = 0, §^ dlntanip = 0. 
On the other hand, and x a-^'s cyclic variables, so that they may give a contribution 
to the integral around the closed loop F. Thus, if C+ is a circle of radius r parallel to 
the C,Ov plane, whose projection of the center of this circle on the ^Ov plane coincides 
with the projection of the point Uq on this plane, the points of the circle C+ are described 
according to Eqs. (|3.29CI| )- (|3.294|) by the equations 



: .^0 + sin ip cos (f), V = Vo + r sin ijj sin ( 
( = (0 + r cos sin x, 



To + r cos ijj cos X, 



(3.435) 



for constant values of x and ■?/','?/' 7^ 0, tt/2, where uq = xo + ayo+ Pzo+'-yto, and ^0, "^^o, ^o, Co 
are calculated from xo,yo, ZQ,to according to Eqs. (|3.29CI| ). Then 



du 



C+ U — Uq 



a + 7 



(3.436) 



If C- is a circle of radius r parallel to the tO( plane, whose projection of the center of 
this circle on the tO( plane coincides with the projection of the point uq on this plane, 
the points of the circle C_ are described by the same Eqs. ( |3.435| ) but for constant values 
of and tp, tp ^ 0,tt/2. Then 



/ du 
Tc- u — Uq 



-TT /? 



a + 7 



(3.437) 
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The expression of §Ydu/{u — Uq) can be written as a single equation with the aid of 
the functional int(M, C) defined in Eq. ( 3.134| ) as 

int(Mo5„,r5„) - vr /:/ 



r u 



Uo 



V2 



V2 



int(MorC,r^^), (3.438) 



where uo^v,uotC T^^jF^^ are respectively the projections of the point uq and of the 
loop r on the planes and t(. 

If f{u) is an analytic planar fourcomplex function which can be expanded in a series as 
written in Eq. (1.89), and the expansion holds on the curve F and on a surface spanning 
r, then from Eqs. (|3^43l and (|T43|) it follows that 

f{u)du 



r u 



Uq 



a + 7 



int(Mo5^„r5^ 



a + 7 



int(MorC,r^C 



/(mo), (3.439) 



where F^^, F^-^ are the projections of the curve F on the planes and respectively rC, as 
shown in Fig. |3.2| . As remarked previously, the definition of the variables in this section 
is different from the former definition for the circular hypercomplex numbers. 

Substituting in the right-hand side of Eq. (|3.439|) the expression of f{u) in terms of 
the real components P, Q, R, S, Eq. ( p.ll7| ), yields 

f{u)du 



V U — Uq 



IT 



—IT 



a + 7 
a + 7\ 

~72r 



p 
p- 



a 



7 



V2 

a — 7' 



R 
R- 



7 



7 



/3' 



V2 
V2 . 



Q~la 



a — 



V2 
V2 , 



S 

s 



int {uo^y, F^^ 



int(MorC,r^c)' 
(3.440) 



where P,Q,R,S are the values of the components of / at m = -Uq- 

If f{u) can be expanded as written in Eq. (1.89) on F and on a surface spanning F, 
then from Eqs. ( p.432| ) and (|3.438| ) it also results that 

f{u)du 



r (u - uo)""+^ 



77 

ml 



P + 



a + 7 



int(uo5„,F5^ 



a + 7 



int(MorC,rr< 



/(™)(«o), (3.441) 



where it has been used the fact that the derivative /^"-'(uo) of order n of f{u) at u = Uq 
is related to the expansion coefficient in Eq. (1.89) according to Eq. (1.93). 

If a function f{u) is expanded in positive and negative powers of m — uj, where uj are 
planar fourcomplex constants, j being an index, the integral of / on a closed loop F is 
determined by the terms in the expansion of / which are of the form aj/ {u 



u 



f{u) 



+ E 



+ 



. U — Ui 



(3.442) 



Then the integral of / on a closed loop F is 

a + 7 



^int(Mj5„,Fg„)a— TT ^(3- "J^^ ^ ^ int(Mjvc, rTc)«i-(3.443) 
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3.3.9 Factorization of planar fourcomplex polynomials 

A polynomial of degree m of the planar fourcomplex variable u = x + ay + (3z + '-jt has 
the form 



Pmiu) 



VJ^ + aiM™ ^ H h flm-lM + flm, 



(3.444) 



where the constants are in general planar fourcomplex numbers. 

It can be shown that any planar fourcomplex polynomial has a planar fourcomplex 
root, whence it follows that a polynomial of degree m can be written as a product of m 
linear factors of the form u — Uj, where the planar fourcomplex numbers Uj are the roots 
of the polynomials, although the factorization may not be unique. 



Pmiu) 



(3.445) 



The fact that any planar fourcomplex polynomial has a root can be shown by consid- 
ering the transformation of a fourdimensional sphere with the center at the origin by the 
function u"^. The points of the hypersphere of radius d are of the form written in Eq. 
(|3.384|) , with d constant and 0, x, arbitrary. The point u"^ is 



u 



exp 



cos tfj 



4 



H sm tp 



V2 



7T 

4 

a + 7' 



mx 



It can be shown with the aid of Eq. (|3.388|) that 



(3.446) 



wexp 



P + 



a + 7 



1 
2 



a + 7 



X 



\u\ 



(3.447) 



so that 



— 7 

cos{iIj - Tc/A) H ^(^ - vr/4) 



sm 



exp 



1; 13 + 



a + 7 



m0 - - f/9 



a — 7 

cos^ip — 7r/4) H — smi^ip — 7r/4) 



a + 7 



mx 



(3.448) 



The right-hand side of Eq. (|3.448|) is 



a — 7 
cos e H ^ sm e 



V2 



fe=0 



COS 



e sm e, 



where e = ■?/' — 7r/4, and since > C^, it can be concluded that 

\ m 2 



a — 7 
cos e H sm e 



> 1. 



(3.449) 



(3.450) 
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Then 



(3.451) 



which shows that the image of a four-dimensional sphere via the transformation operated 
by the function m*" is a finite hypersurface. 
If u' = u"^, and 



u 



d' 



exp 



ct — ^ 

cos{ip' — 7r/4) H -1=- sin('^' — it/A) 



1 « + 7 

V2 




a + 7 



then 



0' = m0, x' = mx, tanip' = tan*" ■?/'. 



(3.452) 



(3.453) 



Since for any values of the angles there is a set of solutions of Eqs. 

( p.453| ), and since the image of the hypersphere is a finite hypersurface, it follows that the 
image of the four-dimensional sphere via the function u"^ is also a closed hypersurface. 
A continuous hypersurface is called closed when any ray issued from the origin intersects 
that surface at least once in the finite part of the space. 

A transformation of the four- dimensional space by the polynomial Pm{u) will be con- 
sidered further. By this transformation, a hypersphere of radius d having the center at 
the origin is changed into a certain finite closed surface, as discussed previously. The 
transformation of the four-dimensional space by the polynomial Pm{u) associates to the 
point u = the point /(O) = a^, and the image of a hypersphere of very large radius 
d can be represented with good approximation by the image of that hypersphere by the 
function m™. The origin of the axes is an inner point of the latter image. If the radius 
of the hypersphere is now reduced continuously from the initial very large values to zero, 
the image hypersphere encloses initially the origin, but the image shrinks to am when the 
radius approaches the value zero. Thus, the origin is initially inside the image hypersur- 
face, and it lies outside the image hypersurface when the radius of the hypersphere tends 
to zero. Then since the image hypersurface is closed, the image surface must intersect 
at some stage the origin of the axes, which means that there is a point ui such that 
f{ui) = 0. The factorization in Eq. ( 3.445 ) can then be obtained by iterations. 

The roots of the polynomial Pm can be obtained by the following method. If the 
constants in Eq. (|3.444|) are ai = a/o + aan + (3ai2 + 7a«3, and with the notations of Eq. 
( p.419| ), the polynomial Pm{u) can be written as 



= E2("^-^)/2(eiAn + eiin)(eie + eit^)""' 

m 



(3.454) 



where the constants Aik-, Aik, k = 1,2 are real numbers. Each of the polynomials of degree 
m in ei^ + eiv, e2r + e2C in Eq- ( p.454|) can always be written as a product of linear factors 
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of the form ei(^ — ^p) + ei{v — Vp) and respectively 62 (r — Tp) + e2(C — Cp)y where the 
constants ^p, Vp, Tp, (p are real, 

m m 

1=0 p=i 



J2 2(™-')/2(e2A;2 + B2Ai2){e2T + i2Cr-' = n 2"^/' Mr - Tp) + e~2(C - Cp)}(-3.456) 

/=0 p=l 



Due to the relations ( p.414| ), the polynomial Pm{u) can be written as a product of 
factors of the form 



P„(w) = n2"^/Mei(e-ep) + eil 

p=i 



v-Vp) + e2(r - Tp) + e2(C - Cp)} • 



(3.457) 



This relation can be written with the aid of Eq. ( |3.412| ) in the form p.445| ), where 

V2{ei^p + eiVp + e2Tp + e2Cp)- (3.458) 



Ur 



The roots ei^p + e^Vp and e2Tp + e2Cp defined in Eqs. ( |3.455|) and respectively (|3.456|) may 
be ordered arbitrarily. This means that Eq. (|3.458| ) gives sets of m roots Mi, ...jUm of the 
polynomial Pm{u), corresponding to the various ways in which the roots Ci^p + eiVp and 
e2Tp + e2Cp are ordered according to p for each polynomial. Thus, while the hypercomplex 
components in Eqs. ( p.455| ), (|3.456|) taken separately have unique factorizations, the 
polynomial Pm{u) can be written in many different ways as a product of linear factors. 
The result of the planar fourcomplex integration, Eq. ( |3.443| ), is however unique. 

If, for example, P{u) = + 1, the possible factorizations are P = {u — ei — 62) (m + 
ei + 62) and P = {u — ei + 62) (m + ei — 62) which can also be written as + 1 = 
{u - (3){u + /5) or as + 1 = {m - (a + 7)/V2} [{u + {a + 'y)/V2}. The result of the 
planar fourcomplex integration, Eq. ( p.443| ), is however unique. It can be checked that 
(±ei ±62)^ = -ei -62 = -1. 



3.3.10 Representation of planar fourcomplex numbers by irre- 
ducible matrices 

If T is the unitary matrix. 





1 


1 

2 





1 

2 


\ 







1 


1 


1 






2 




2 






1 


1 





1 






V2 


2 


2 




V 





1 
2 


1 

V2 


1 
2 


/ 



T 



it can be shown that the matrix TUT ^ has the form 

[ V2 r 



(3.459) 



(3.460) 
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where U is the matrix in Eq. ( p.313| ) used to represent the planar fourcomplex number 
u. In Eq. ( |3.46(J| ), Vi, V2 are the matrices 



In Eq. (|3.460|) , the symbols denote the matrix 

(3.462) 

The relations between the variables x + {y — t)/ \/2, z + (y + t)/ \/2, x — (y — t)/ \/2, —z + 
{y + t)/ \f2 for the multiplication of planar fourcomplex numbers have been written in 
Eqs. (|3.306|) - (|3.309D . The matrix TUT^^ provides an irreducible representation of the 
planar fourcomplex number u in terms of matrices with real coefficients. 




3.4 Polar complex numbers in four dimensions 

3.4.1 Operations with polar fourcomplex numbers 

A polar fourcomplex number is determined by its four components {x,y,z,t). The sum 
of the polar fourcomplex numbers {x,y,z,t) and {x' ,y' , z' ,t') is the polar fourcomplex 
number (x + x',y + y',z + z',t + t'). The product of the polar fourcomplex numbers 
{x,y,z,t) and {x' ,y' , z' ,t') is defined in this section to be the polar fourcomplex number 
{xx' + yt' + zz' + ty', xy' + yx' + zt' + tz', xz' + yy' + zx' + tt', xt' + yz' + zy' + tx'). 
Polar fourcomplex numbers and their operations can be represented by writing the polar 
fourcomplex number (x, y, z,t) a.s u = x + ay + Pz + •jt, where a, [3 and 7 are bases for 
which the multiplication rules are 

= P, P'^ = 1, 7^ = P, aP = Pa = 7, aj = ja = —1, Pj = jP = a. (3.463) 

Two polar fourcomplex numbers u = x + ay + Pz + 'yt,u' = x' + ay' + Pz' + •yt' are 
equal, u = u', if and only if x = x',y = y', z = z' ,t = t' . U u = x + ay + Pz + ■jt, u' = 
x' + ay' + Pz' + 'jt' are polar fourcomplex numbers, the sum u + u' and the product uu' 
defined above can be obtained by applying the usual algebraic rules to the sum {x + ay + 
Pz + ■yt) + {x' + ay' + Pz' + 'yt') and to the product {x + ay + Pz + yt) {x' + ay' + Pz' + yt'), 
and grouping of the resulting terms, 

u + u' = x + x' + a{y + y')+ p{z + z') + y{t + t'), (3.464) 

uu = xx' + yt' + zz + ty + a{xy' + yx' + zt! + tz) + p{xz! + yy + zx + tt) 

+y{xt' + yz' + zy' + tx'). (3.465) 
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If u, u', u" are polar fourcomplex numbers, the multiplication is associative 

{uu')u" = u{u'u") (3.466) 
and commutative 

(3.467) 



uu = uu. 



as can be checked through direct calculation. The polar fourcomplex zero is + a ■ + 
/3 ■ + 7 ■ 0, denoted simply 0, and the polar fourcomplex unity is l + a- + /5-0 + 7- 0, 
denoted simply 1. 

The inverse of the polar fourcomplex number u = x+ay+(5z+'jt is a polar fourcomplex 
number u' = x' + ay' + jSz' + jt' having the property that 



uu = 1. 

Written on components, the condition, Eq. (|3.468|) , is 



xx' + ty' + zz' + yt' = 1, 
yx' + xy' + tz' + zt' = 0, 
zx' + yy' + xz' + tt' = 0, 
tx' + zy' + yz' + xt' = 0. 

The system (|3.469| ) has the solution 



X 



x{x'^ -z^) + z{y^ + t^) - 


- 2xyt 


V 




-y{x^ + z^) + t{y^ - t^) 


+ 2xzt 






~z{x^ — z^) + x{y^ + 


) - 2yzt 


V 




-t{x^ + z^) - y{y'^ - t^) 


+ 2xyz 


V 



t' 

provided that z/ 7^ 0, where 

1/ = + / - - - 2x^z^ + 2yH'^ - Ax^yt - AyzH + Axy'^z + Axzt^ 
The quantity v can be written as 



where 



and 



v+ = x + y + z + t, V-=x — y + z — t, 



fxl = {x-zY + {y~t)\ 



(3.468) 



(3.469) 



(3.470) 
(3.471) 
(3.472) 
(3.473) 

(3.474) 
(3.475) 
(3.476) 
(3.477) 
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Then a polar fourcomplex number q = x + ay + (3z + '~)t has an inverse, unless 



u+ = 0, or V- 



0, or 



0. 



(3.478) 



The condition t>+ = represents the 3-dimensional hyperplane x + y + z + t = 0, the 
condition f_ = represents the 3-dimensional hyperplane x — y + z — t = 0, and the 
condition /i+ = represents the 2-dimensional hyperplane x = z,y = t. For arbitrary 
values of the variables x, y, z, t, the quantity z/ can be positive or negative. If u > 0, the 
quantity p = v^l^ will be called amplitude of the polar fourcomplex number a;+Q;y+/5z+7t. 
Because of conditions ( |3.478D , these hyperplanes will be called nodal hyperplanes. 

It can be shown that if mm' = then either m = 0, or m' = 0, or the polar fourcomplex 
numbers m, vl belong to different members of the pairs of orthogonal hypersurfaces listed 
further, 

X + y + z + t = and x' = ?/' = = t', (3.479) 



Divisors of zero also exist if the polar fourcomplex numbers u, u' belong to different 
members of the pair of two-dimensional hypersurfaces. 



3.4.2 Geometric representation of polar fourcomplex numbers 

The polar fourcomplex number x ^ ay ^ (5z ^ can be represented by the point A 
of coordinates {x,y,z,t). If O is the origin of the four-dimensional space x,y,z,t, the 
distance from A to the origin O can be taken as 



The distance d will be called modulus of the polar fourcomplex number x + ay + /3z + 7^, 
d = \u\. 

If u = X + ay + /3z + 'yt^ui = xi + ayi + (3zi + 7ti, U2 = X2 + ay2 + (3z2 + 7^2, and 
u = U1U2, and if 



X — y + z — t = and x' = —y = z = —t'. 



(3.480) 



x — 2 = 0, y — t = and x' + z' = 0, y' + t' = 0. 



(3.481) 



d^ = x^ + y'^ + z^ + t^. 



(3.482) 





(3.483) 



for j = 1, 2, it can be shown that 



(3.484) 



The relations ( p.484| ) are a consequence of the identities 



{XiX2 + Z1Z2 + tiy2 + yit2) + (Xi?/2 + yiX2 + Zit2 + tiZ2) 

+{xiZ2 + Z1X2 + ym + ^1^2) + {xit2 + tiX2 + Ziy2 + yiZ2) 
= {xi +yi + zi+ ti){x2 + y2 + Z2 + h), 



(3.485) 
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{xiX2 + Z1Z2 + tii/2 + yih) - {xiy2 + yiX2 + ^1^2 + ^1^2) 

+ {xiZ2 + Z1X2 + ym + tit2) - (xita + tiX2 + Ziy2 + 2/12:2) 

= (xi + zi-yi- ti){x2 + Z2-y2- h)- (3.486) 
The differences 

vi = X — z, vi = y — t (3.487) 

can be written with the aid of the radius Eq. ( p.477|) , and of the azimuthal angle 0, 
where < < 271, as 

Vi = /i+cos0, Vi = /i+sin0. (3.488) 

The variables v^,V-,Vi,Vi will be called canonical polar fourcomplex variables. 
The distance d, Eq. (|3.482|) , can be written as 

d' = \vl + \vl_ + (3.489) 

It can be shown that if ui = Xi + ayi + (3zi + 7^1, U2 = X2 + ay2 + Pz2 + 7^2 are polar 
fourcomplex numbers of polar radii and angles pi-_,0i and respectively p2-,02, then the 
polar radius p and the angle of the product polar fourcomplex number U1U2 are 

/i+ = pi_P2-, (3.490) 



1 + 02- 



(3.491) 



The relation ( |3.49CI| ) is a consequence of the identity 

[{xiX2 + Z1Z2 + yit2 + tiy2) - {xiZ2 + Z1X2 + yiy2 + ^1^2)]^ 

+ [{Xiy2 + yiX2 + Zit2 + tiZ2) - {Xit2 + tiX2 + 21^/2 + yiZ2)X 

[xi - zif + {yi - tif] \{X2 - Z2f + (2/2 - t2] 



(3.492) 



and the relation ( |3.491| ) is a consequence of the identities 



[xiX2 + Z1Z2 + yit2 + tiy2) - {xiZ2 + Z1X2 + yiy2 + ^1^2) 
= (xi - Zi){x2 - Z2) - {yi - ti){y2 - 12), 



(3.493) 



+ yiX2 + Zit2 + tiZ2) - {Xit2 + tiX2 + Zl?/2 + 2/1^2) 
= {yi - tl){x2 - Z2) + (Xi - ^l)(y2 - t2). 



(3.494) 



A consequence of Eqs. ( p.484| ) and ( |3.490| ) is that if m = ■ui'U2, and 



where j = 1,2, then 



V = U1U2. 



(3.495) 
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The angles 6_ between the hne OA and the and respectively f_ axes are 
tan^^+ = ^^^,tan0_ = (3.496) 

where < 0+ < vr, < 0_ < tt. The variable /i+ can be expressed with the aid of Eq. 

as 

/i+ = 2d^ (l + — \— + — . (3.497) 
^+ V tan2^+ tan2 0_/ ^ ' 

The coordinates x, y, 2;, t can then be expressed in terms of the distance of the polar 
angles 6- and of the azimuthal angle as 

/i I (tan^^ I + tan6'_) 1 , , . ^ 

^ ^ p+v — ±z L + _ M cos 0, 3.498 

2^2 tan ^+ tan ^_ 2"^+ ^' ^ ^ 

tan^^+ + tan^^„) 1 , , , 

2v2tant^+tant^_ ^ 

/i+(-tan0+ + tane_) 1 

i= ^ /K, n , n ^/^+sm0. (3.501) 

2v2tan6'+ tant^_ ^ 

If u = U1M2, then Eqs. ( p^48l|) and ( |3.49q ) imply that 

tan6'+ = tan 6*1+ tan 6^2+, tan6'_ = — p tan6'i_ tan6'2-, (3.502) 
V 2 V 2 



where 

tan^j+ = " "^^^ ,tangj, = " . (3.503) 



An alternative choice of the angular variables is 

= \/2dcos6, f+ = 2(isin0cosA, f_ = 2(isin^sinA, (3.504) 
where O<0<7r/2, 0<A< 27r. If m = UiU2-, then 

tan A = tan Ai tan A2, (icos6' = \/2(ii(i2 cos6'i cos6'2, (3.505) 

where 

Pj_ = -\/2(ij cos Oj, Sj = 2dj sin 9j cos Aj, = 2dj sin 6'j sin A^, (3.506) 
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for j = 1,2. The coordinates x, y, z, t can then be expressed in terms of the distance of 
the polar angles ^^A and of the azimuthal angle as 

X = —j= sin Q sin(A + 7r/4) H — -1= cos 6^ cos 0, (3.507) 

V 2 V 2 

y = —j= sin^ cos(A + 7r/4) H — -j= cos ^ sin 0, (3.508) 

V 2 V 2 

2; = sin ^sin(A + 7r/4) ^ cos 6' cos 0, (3.509) 

V 2 V 2 

t = —1= sin 6^ cos(A + 7r/4) -j= cos 6* sin 0. (3.510) 

V 2 V 2 

The polar fourcomplex numbers 

l + a + /5 + 7 l-a + /3-7 

e+ = ^ , e_ = ^ , (3.511) 

have the property that 

e+ = e+, = e_, e+e_ = 0. (3.512) 
The polar fourcomplex numbers 
1 — /5 _ a — 7 

ei = , ei = (3.513) 

have the property that 

e\ = ei, el = — ei, eiCi = ei. (3.514) 

The polar fourcomplex numbers e+, e_ are orthogonal to ei, ei, 

e+ ei = 0, e+ ei = 0, e_ ei = 0, e_ ei = 0. (3.515) 
The polar fourcomplex number q = x + ay + (3z + 'ft can then be written as 

X + ay + Pz + •yt = f+e+ + w.e. + ViCi + ViCi. (3.516) 

The ensemble e+,e_,ei,ei will be called the canonical polar fourcomplex base, and Eq. 
( |3.516| ) gives the canonical form of the polar fourcomplex number. Thus, the product of 



the polar fourcomplex numbers m, u' can be expressed as 

uu = f+t'^e+ + v^v'_e^ + {viv[ — viv[)ei + {viv[ + v[vi)ei, (3.517) 

where v'_^_ = x' + y' + z' + t', v'_ = x' — y' + z' — t', v[ = x' — y', v[ = z' — t'. The moduli of 
the bases used in Eq. ( |3.516|) are 



Kl = ^, |e-| = ^, h| = -^, |e~,| = i=. (3.518) 
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The fact that the amphtude of the product is equal to the product of the amphtudes, 
as written in Eq. ( |3.495| ), can be demonstrated also by using a representation of the mul- 
tiplication of the polar fourcomplex numbers by matrices, in which the polar fourcomplex 
number u = x + ay + l3z + jt is represented by the matrix 



A 



/ X 


y 


z 


t 


\ 


t 


X 


y 


z 




z 


t 


X 


y 




\ y 


z 


t 


X 


) 



(3.519) 



The product u = x + ay + Pz + •yt of the polar fourcomplex numbers Ui = Xi + ayi + 
(3zi + 7^1, ^2 = X2 + ay2 + I3z2 + 7^2, can be represented by the matrix multiplication 



A = A1A2. 

It can be checked that the determinant det(74) of the matrix A is 
detA = v. 



(3.520) 
(3.521) 



The identity ( |3.495D is then a consequence of the fact the determinant of the product of 
matrices is equal to the product of the determinants of the factor matrices. 

3.4.3 The polar fourdimensional cosexponential functions 

The exponential function of a hypercomplex variable u and the addition theorem for the 
exponential function have been written in Eqs. (1.35)-(1.36). \i u = x + ay + (3z + '~^t, 
then expw can be calculated as expw = expx ■ exp(a?/) ■ exp(/?2;) ■ exp(7t). According to 



Eq. (HH) 





= 1, 


= a, a 




= l,/?2"^+i 




^4m 


= 1, 7"^"*+! 


= 7,7^ 



(3.522) 



where m is a natural number, so that exp(a?/), exp(/3z) and exp(72;) can be written as 

exp(/?2;) = cosh z + [3 sinh (3.523) 

and 

exp(a?/) = g^aiy) + ag^iiy) + (3gi2{.y) + 75'43(2/), (3.524) 

exp(7t) = 5(40 (t) + iQAiit) + I3gi2it) + ag^^^it), (3.525) 

where the four- dimensional cosexponential functions g^o, gn, gA2, dis are defined by the 
series 



gio{x) = l + xyA\ + xy8\ + - 
g^^(x) =x + x^/5\ + x^/9\ + ■ 



(3.526) 
(3.527) 
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g^^{x) = x^/2\ + xV6! + x^VlO! + ■ • • , 
g^^(x) = x^/3\ + x77! + + ■ ■ • . 

The functions g^Q.g^i are even, the functions gn^gi^^ are odd, 

5'40(-m) = fi'40(M), gA2{-u) = g42{u), 5'4i(-m) = -fl'4l(M), fl'43(-M) 

It can be seen from Eqs. ( p32^ )-( |3329| ) that 
and 



5'40 - 5'42 = cosz, g4i - 5f43 = smx, 
so that 

(5-40 + gn + 5'42 + 6-43) (5'40 - fi'41 + 5-42 " 5-43) [(fi'40 " fi'42)^ + (fl'41 - 5-43)^ 

which can be also written as 

gto-gti+9t2-9t3-'^i9lo9l2-9li9l3)-'^i9lo9ii9i3+gl29ii9i3-9li94og42-gl39'iog42) = 1.(3.534) 



(3.528) 
(3.529) 

(743 (m). (3.530) 
(3.531) 
(3.532) 
1,(3.533) 



The combination of terms in Eq. ( |3.534D is similar to that in Eq. ( |3.474D . 

Addition theorems for the four-dimensional cosexponential functions can be obtained 
from the relation expa(x + y) = expax ■ expay, by substituting the expression of the 
exponentials as given in Eq. ( p.524| ). 



5'40 


[x + y) 


= g4o 


[x)g40{y) +6-41 


» 5-43 (2/) +5-42 


[x)gA2{y) +fi43 


[x)g4i{y), 


(3.535) 


5-41 


[x + y) 


= fl'40 


[x)giiiy) +g4i 


» 5-40 (2/) +6-42 


[x)g43iy) + 9i3 


[x)g42{y), 


(3.536) 


5'42 


[x + y) 


= fi'40 


[x)g42iy) +g4i 


» fi'41 (y) +fi'42 


[x)g4o{y) +5(43 


[x)g43{y), 


(3.537) 


5-43 


[x + y) 


= 5'40 


[x)gi3iy) +9ii 


»fi42(2/) +fi'42 


» 5(41(2/) +5-43 


[x)g4o{y)- 


(3.538) 



For X = y the relations ( |3.535| )-( [3.538| ) take the form 

540 (2x) = (x) + 542 (x) + 254i(x)543(x), 

541 (2x) = 254o(x)54l(x) + 2542(x)543(x), 

542 (2x) = 541 (x) + 543 (x) + 254o(x)542(a;), 

543 (2x) = 254o(x)543(a;) + 254i(x)542(x). 

For x = -y the relations ( P3^ )-( [H3^ ) and (g3^) yield 
^40(2^) + ^42(3;) - 254l(x)543(x) = 1, 
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(3.539) 
(3.540) 
(3.541) 
(3.542) 

(3.543) 



gliix) + ^43(2;) - '29m{x)gA2{x) = 0. (3.544) 
From Eqs. ( p.523|) -( p.525|) it can be shown that, for m integer, 

(cosh z + P sinh z)"^ = cosh mz + f3 sinh mz, (3.545) 

and 

[94oiy)+a94iiy)+f3g42iy)+1943iy)]"' = 94oimy)+ag4i{my)+f3g42imy)+'yg43{my), (3.546) 
^40 (t) +75-41 (t) +p9i2 (t) +agi3 (t)] = g^o (mt) +75(41 (mt) +(3gi2 (mt) +0543 (mt ) . (3. 547) 

Since 



(a + 7) 



2m o2m— 1 



(1 + /3), (a + 7) 



2m+l i-)2m 



2''"(a + 7), 



it can be shown from the definition of the exponential function, Eq. (1.35) that 

I + (3 a + 7 
exp(a + 'j)x = ei H cosh 2x H sinh 2x. 



(3.548) 



(3.549) 



Substituting in the relation exp(a+7)x = exp ax exp 7X the expression of the exponentials 
from Eqs. (|3324D , ( ^3251) and (|3349|) yields 



2 2 2 2 1 + cosh 2x 

540 + 941 + 942 + 943 = 7; ^ 



540542 + 541543 



-1 + cosh2x 
4 ' 



5^40541 + 540543 + 541542 + 542543 = ^ siuh 2x, 

where 540, 541, 542, 543 are functions of x. 
Similarly, since 



(3.550) 
(3.551) 
(3.552) 



(a - 7)'™ = (-l)™22'"-i(l - (3), {a - 7)'"^+^ = (-l)™2'"(a - 7), (3.553) 
it can be shown from the definition of the exponential function, Eq. (1.35) that 



exp (a — 7)x 



+ ei cos 2x + ei sin 2x. 



(3.554) 



Substituting in the relation exp(a — ■y)x = exp ax exp (—70;) the expression of the expo- 
nentials from Eqs. (|332^) , (^M^ and (|35|) yields 



2_ 2_|_ 2_ 2_ 1 + COS 2x 
^740 ^^41 + ^^42 ^743 ~ 7, ■ 



940942 — 541543 



1 — COS 2x 



(3.555) 
(3.556) 
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940941 - 9A0943 - 9419A2 + 9^2943 = 1^ siii 2x, 

where 94Q, 941,942, 943 are functions of x. 

The expressions of the four-dimensional cosexponential functions are 



(3.557) 



94q{x) = -(coshx + cosx) 



(3.558) 



94i{x) = -(sinhx + sinx), 



942{x) = -(coshx — cosx), 



^'43(2^) = -(sinha; — sinx). 



(3.559) 
(3.560) 
(3.561) 



The graphs of these four- dimensional cosexponential functions are shown in Fig. |3^ . 

It can be checked that the cosexponential functions are solutions of the fourth-order 
differential equation 



d^ 



c, 



(3.562) 



whose solutions are of the form ({u) = A94q{u) + B94i{u) + C942(u) + D943{u). It can also 
be checked that the derivatives of the cosexponential functions are related by 



d94o d94i 

943, 



dw 



dw 



d942 _ d943 _ 

940, —, — ^7415 —, — 942- 



dw 



dw 



(3.563) 



3.4.4 The exponential and trigonometric forms of a polar four- 
complex number 

■x+y+z+t> 



The polar fourcomplex numbers u = x + ay + j3z + '~^t for which v 
0, v_ = x — y + z — t>Q can be written in the form 



X + ay + [3z + '^t = e 



xi+«j/i+/32i+7ti 



(3.564) 



The expressions of Xi, yi, Zi, ti as functions of x, y, z, t can be obtained by developing 
g^]2fi £7*1 vvith the aid of Eqs. ( p.523| )-( [3.525| ), by multiplying these expressions 
and separating the hypercomplex components, and then substituting the expressions of 
the four- dimensional cosexponential functions, Eqs. ( p.558| )- ([3.561|) . 



x + y + z + t = e^i+2^i+^i+*\ 
X - z = e^i"""^ cos(yi - ti). 



X — y + z — t 



^xi-yi+zi~ti 



(3.565) 
(3.566) 
(3.567) 
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y -t = e^^ sin(?/i - ti). 
It can be shown from Eqs. ( |3.565 )-( 3.56S ) that 



1 , , , 1 , , , 1 /i_ 1 

= - ln(/i+^_), = -(0 + u;), ^1 = 2 111 — ' ^1 = g'^'^ ~ 

where 

Ai?^ = (x + 2;)^ - + t)^ = v+ > 0, f _ > 0. 

The quantitites and oj are determined by 

cos (p = (x — sin = {y — t)/ fi^ 

and 

cosh = (x + 2;) , sinh oj = {y + t) / ji^. 

The exphcit form of (-j is 

1, X + y + z + t 

a; = - m . 

2 X — y + z — t 



(3.568) 



(3.569) 



(3.570) 



(3.571) 



(3.572) 



(3.573) 



\i u = U1U2, and = (x^ + Zj)"^ — {yj + tj)'^,j = 1, 2, it can be checked with the aid of 
Eqs. ([3^) that 

/i_ = |Ui_yU2-- (3.574) 

Moreover, if coshcjj = {xj + Zj)/fij^, sinhcuj = (yj + tj)/ fij^, j = 1,2, it can be checked 
that 



UJ = UJi + UJ2- 



(3.575) 



The relation (|3.575|) is a consequence of the identities 



{xiX2 + Z1Z2 + yit2 + tiy2) + {xiZ2 + ^1X2 + yiy2 + ^1^2) 

= (xi + 2:i)(x2 + Z2) + {yi + ti){y2 + t2), 

+ 2/13^2 + ^1^2 + tlZ2) + (2:1^2 + tlX2 + 2;i?/2 + yi2;2) 

= {yi + ^i)(a;2 + Z2) + (xi + 2;i)(y2 + ^2)- 



(3.576) 



(3.577) 



According to Eq. ( ^.571] ), is a cychc variable, < < 27r. As it has been assumed 
that f+ > Q,v_ > 0, it follows that x + 2; > and x + z > \y + t\. The range of the 
variable u is — cxo < uj < 00. The exponential form of the polar fourcomplex number u is 
then 



u = pexp 



2^ In — + -a(a^ + 0) + -7(^ 



(3.578) 
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where 



P = {P+P- 



a/2 



(3.579) 



li u = U1U2, and pj = {jj.j+jijJ)^^'^,] = 1,2, then from Eqs. ( |3.490[ ) and ( p.574| ) it results 
that 



P = Pip2- 

It can be checked with the aid of Eq. (p.514D that 
l + P 



exp [ei(, 



+ ei cos (p + ei sm 1 



(3.580) 



(3.581) 



which shows that e*^" 'r)'!'/'^ is a periodic function of 0, with period 27r. The modulus has 
the property that 



luexp (ei0)| = |m| 



(3.582) 



By introducing in Eq. (|3.578|) the polar ang les e+,e- defined in Eqs. (g^96D , the 
exponential form of the fourcomplex number u becomes 



u = pexp 



^(« + /5 + 7)ln-^-^(a-/5 + 7)ln-^ + gi( 
4 tant'_i_ 4 tant^__ 



(3.583) 



where < < 7r/2,0 < 9- < 7r/2. The relation between the amplitude p, Eq. ( p.579| ), 
and the distance d, Eq. (|3.482| ), is, according to Eqs. ( p.496| ) and (p.497|) . 



23/4rf 



(tan^_i_ tan6'_ 



a/4 



1 1 

1 + + 



-1/2 



tan2 9~ tan2 9. 



(3.584) 



Using the properties of the vectors e+,e_ written in Eq. ( p.512 ), the first part of the 
exponential, Eq. ( ^.583| ) can be developed as 



exp 



^(a + /3 + 7)ln-^-i(a-/3 + 7)ln-^ 
4 tan 6^4. 4 tant'_ 



1 \ 1/4 

- tan 9+ tan 9^ 

2 + 



ei + e+- 



V2 



V2 



tan 9+ tan 9^ J 
The fourcomplex number u, Eq. (|3.583|), can then be written as 



(3.585) 



u 



1 1 

+ 



-1/2 



tan^ 9+ tan'' 9^ 



ei + Ch 



V2 
tan 01 



+ e_ 



V2 
tan 9- 



exp (ei0) , (3.586) 



which is the trigonometric form of the fourcomplex number u. 

The polar angles 9+,9_, Eq. ( |3.496D , can be expressed in terms of the variables 9, A, 
Eq. (pUl), as 



tan 01 



1 



tan 9 cos A 



tan 0„ 



1 



tan 9 sin A 
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(3.587) 



so that 

The exponential form of the fourcomplex number u, written in terms of the amphtude p 
and of the angles 9, X,4> is 



u = pexp 



^(a + /5 + 7) ln(V2tan6'cosA) - ^(a - /5 + 7) ln(V2tan6'sin A) + eic 



(3.5 



where < A < 7r/2. The trigonometric form of the fourcomplex number u, written in 
terms of the amplitude p and of the angles 6, X,(j) is 

ei cos sin 9 cos sin 6* sin A) exp (ei(/)) . (3.590) 



u 

If M = U1U2, it can be shown with the aid of the trigonometric form, Eq. ( p.586| ), that 
the modulus of the product as a function of the polar angles is 

rf2 = 4c^2^2 / I ^ ^ — ^_ ^ ^ — ^ ] 



2 tan^ 6^1+ tan^ 62+ tan^ 6'i_ tan^ 6*2- 
1 1 1 1 



1 + T-TTT- + -ZTTT- ■ (3-591) 



Y tan^ 6'i_|_ tan^ 9i_ J \ ' tan^ 62+ ' tan^ 

The modulus d of the product U1U2 can be expressed alternatively in terms of the angles 
6*, A, with the aid of the trigonometric form, Eq. (|3.590|) , as 

= Midi (1 cos^ cos^ 02 + sin^ 6, sin^ 62 cos^ A, cos^ A2 + sin^ 6, sin^ ^2 sin^ A, sin^ A2 

(3.592) 

3.4.5 Elementary functions of polar fourcomplex variables 

The logarithm ui of the polar fourcomplex number u, Ui = Inu, can be defined as the 
solution of the equation 

u = e"S (3.593) 



written explicitly previously in Eq. (|3.564|) , for ui as a function of u. From Eq. (p.578|) 
it results that 

Inw = Inp + ^/?ln — + ^a(cu + 0) + ^7(^ - 0)- (3.594) 

Z P-\- ^ ^ 

If the fourcomplex number u is written in terms of the amplitude p and of the angles 
6^,6^, 0, the logarithm is 

1 \/2 1 \/2 

In u = In p + - (a + + 7) In — - - (a - + 7) In — + ei0, (3.595) 

4^ ^ tan6'+ 4^ ^ tan6'_ 
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where < < 7r/2,0 < < 7i/2. If the fourcomplex number u is written in terms of 
the amphtude p and of the angles 6, A, 0, the logarithm is 

1 1 

\nu = lnp+-(a+/5+7) ln(V2tan6'cos A)--(a-/3+7) ln(V2 tan6' sin A)+ei0, (3.596) 

where < 6 < 7r/2,0 < A < 7r/2. The logarithm is multivalued because of the term 
proportional to 0. It can be inferred from Eq. ( p.595| ) that 



ln(uiM2) = Inui + lnM2, 



(3.597) 



up to multiples of 7r(a — 7). If the expressions of p, /i„ and u in terms of x, y, z, t are 
introduced in Eq. ( ^.594[ ), the logarithm of the polar fourcomplex number becomes 

1 _|_ Q, _)_ ^ _|_ ^ 1 _ Q; _(_ ^ _ ^ 

Inu = lio.{x+y+z+t)-\ ln(x—|/+z—t)+ei In /i++ei0. (3.598) 

The power function can be defined for f + > 0, w_ > and real values of m as 

= e™'"^". (3.599) 

The power function is multivalued unless m is an integer. For integer m, it can be inferred 
from Eqs. (^M§ and (|3]59|) that 



(3.600) 



Using the expression (|3.598| ) for Inu and the relations ( |3.512| )-( p.515| ) it can be shown 



that 



u 



e+v'^ + e_f!" + /i™ (ei cosm0 + ei sinmc; 



(3.601) 



For integer m, the relation ( p.601| ) is valid for any x, y, z, t. For natural m this relation 
can be written as 



= e+< + e_t;" + [ei{x - z) + ei{y - t)r , 

as can be shown with the aid of the relation 

ei cos m0 + ei sin m0 = (ei cos + ei sin 0)™ , 

valid for natural m. For m = —1 the relation ( |3.601[ ) becomes 

1 1 / l + a + /3 + 7 ^ 1 -a + /3-7 \ 

a; + a?/ + /32; + 7t 4yx + ?/ + 2; + t x — y + z — tj 
l(l-/3)(x-^)-(a-7)(y-t) 



(3.602) 



(3.603) 



+ - 



(x - 2;)2 + (y - t)2 



(3.604) 



If m = 2, it can be checked that the right-hand side of Eq. ( p. 6021 ) is equal to {x + ay + 

j3z + 7t)2 = x'^ + z"^ + 2yt + 2a{xy + zt) + f3{y'^ + + 2xz) + 2-f{xt + yz). 
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The trigonometric functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.57)-(1.60). The cosine and sine functions 
of the hypercomplex variables ay, (3z and 7t can be expressed as 

cos ay = - P942, sin ay = ag^ - 'jg^s, (3.605) 



cos Py = cos y, sin Py = P sin y, (3.606) 

cos 71/ = gio - pg^2, sin 7?/ = 75(41 - 0543. (3.607) 

The cosine and sine functions of a polar fourcomplex number x + ay + Pz + 'jt can then 
be expressed in terms of elementary functions with the aid of the addition theorems Eqs. 
(1.59), (1.60) and of the expressions in Eqs. (ICTSD - dCTTl) . 

The hyperbolic functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.62)-(1.65). The hyperbolic cosine and 
sine functions of the hypercomplex variables ay, Pz and 7^ can be expressed as 

cosh ay = g^o + pg^2, sinh ay = ag^ + 7543, (3.608) 



cosh/5?/ = coshy, sinh Py = Psinhy, (3.609) 

cosh 7?/ = 540 + Pg42, sinh 7?/ = 7541 + 0543. (3.610) 

The hyperbolic cosine and sine functions of a polar fourcomplex number x + ay + Pz + 'jt 
can then be expressed in terms of elementary functions with the aid of the addition 
theorems Eqs. (1.64), (1.65) and of the expressions in Eqs. ( p.608| )- ([3.610| ). 



3.4.6 Power series of polar fourcomplex variables 

A polar fourcomplex series is an infinite sum of the form 

ao + ai + a2-\ h + • • • , (3.611) 

where the coefficients ai are polar fourcomplex numbers. The convergence of the series 
(|3.611|) can be defined in terms of the convergence of its 4 real components. The con- 
vergence of a polar fourcomplex series can however be studied using polar fourcomplex 
variables. The main criterion for absolute convergence remains the comparison theorem, 
but this requires a number of inequalities which will be discussed further. 

The modulus of a polar fourcomplex number u = x + ay + Pz + '-ft can be defined as 

\u\ = {x^ + y^ + z^ + tY^\ (3.612) 

so that according to Eq. ( p.482| ) d = \u\. Since |a;| < \y\ < \u\, \z\ < \u\, \t\ < \u\, 
a property of absolute convergence established via a comparison theorem based on the 



modulus of the series ( |3.611| ) will ensure the absolute convergence of each real component 
of that series. 
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The modulus of the sum ui + U2 of the polar fourcomplex numbers Mi,M2 fulfils the 
inequality 



11^1 1 — 1^2 1 1 < \Ui +U2\ < \Ui \ + \U2\. 

For the product the relation is 

\UiU2\ < 2|mi||u2|, 



(3.613) 
(3.614) 



which replaces the relation of equality extant for regular complex numbers. The equality 
in Eq. ( p.614| ) takes place for Xi = yi = zi = ti,X2 = 1/2 = Z2 = t2, or xi = —yi = z\ = 
—ti,X2 = —y2 = Z2 = —t2- In particular 



\u^\ < 2{x^ + + + 
The inequality in Eq. ( |3.614| ) implies that 

From Eqs. ( ^.614] ) and p.616| ) it results that 
\au''\ < 2'|a||M|'. 

A power series of the polar fourcomplex variable m is a series of the form 

2 / 
ao + aiu + a2U + ■ ■ ■ + aiu + • • • . 



Since 



1=0 



u\ 



a sufficient condition for the absolute convergence of this series is that 



lim 



2 




\u\ 




ai\ 





< 1. 



Thus the series is absolutely convergent for 
\u\ < Co, 



where 



Co = lim 





\ai 




2| 





(3.615) 
(3.616) 
(3.617) 
(3.618) 

(3.619) 

(3.620) 
(3.621) 
(3.622) 



The convergence of the series ( p.618|) can be also studied with the aid of the formula 
(|3.602|) which, for integer values of /, is valid for any x, y, z, t. If ai = aix+aaiy+Paiz+'yait, 
and 



^1+ = dlx + O-ly + aiz + ait, 

^1- = dix — o^iy + aiz — ait, 
^11 = aix — aiz, 
All = o-iy — ait, 



(3.623) 
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it can be shown with the aid of relations (|3.512|) - (|3.515|) and ( p.602| ) that the expression 
of the series (B.618I) is 



11 ) [eivi + eiViY 



1=0 



(3.624) 



where the quantities have been defined in Eq. (|3.476|) , and the quantities vi,vi 

have been defined in Eq. ( |3.487| ). 

The sufficient conditions for the absolute convergence of the series in Eq. ( |3.624|) are 
that 



lim 





n,+ \ 











< 1, lim 

Z^oo 



\Ai- 








A- 





/ 1 1- A+if^+ ^ ^ 



where the real and positive quantity Ai_ > is given by 

Thus the series in Eq. ( p.624| ) is absolutely convergent for 
\x + y + z + t\ < c+, \x — y + z — t\ < c_, /i+ < Ci 



where 



lim 



\A 



i+\ 



Z^oo \A 



lim 



\A, 



Z^oo I A 



Cl 



Ai. 



lim 



(3.625) 



(3.626) 



(3.627) 



(3.628) 



The relations ( |3.627| ) show that the region of convergence of the series ( |3.624]) is a four- 
dimensional cylinder. It can be shown that Cq = (1/2) min(c+, c_, Ci), where min desig- 
nates the smallest of the numbers in the argument of this function. Using the expression 
of \u\ in Eq. ( |3.489 ), it can be seen that the spherical region of convergence defined in 
Eqs. ( |3.621| ), ( p.622| ) is included in the cylindrical region of convergence defined in Eqs. 

(PH). 



3.4.7 Analytic functions of polar fourcomplex variables 

The fourcomplex function f{u) of the fourcomplex variable u has been expressed in Eq. 
(|3.117|) in terms of the real functions P{x, y, z, t), Q{x, y, z, t), R{x, y, z, t), S{x, y, z, t) of 
real variables x, y, z, t. The relations between the partial derivatives of the functions 
P, Q, R, S are obtained by setting succesively in Eq. ( |3.118| ) Ax — >• 0, Ay = A2; = At = 0; 
then Ay 0, Ax = A2 = At = 0; then Az 0, Ax = Ay = At = 0; and finally 
At — s> 0, Ax = Ay = /\z = 0. The relations are 

dP _dQ _dR _ as 
dx dy dz dt ' 

dQ _ OR _ dS _ dP 
dx dy dz dt ' 
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dR 


dS 


dP 


dQ 


dx 


dy 


dz 


dt ' 


dS 


dP 


_ dQ 


dR 


dx 


dy 


dz 


~ 'dt' 



(3.631) 



(3.632) 



The relations ( |3.629|) -( |3.632| ) are analogous to the Riemann relations for the real and 
imaginary components of a complex function. It can be shown from Eqs. (|]629D-(|]632D 
that the component P is a solution of the equations 



g2p Q2p 



dx"^ dz"^ 



0, 



Q2p Q2p 



dy^ 



dt^ 



0, 



(3.633) 



and the components Q,R, S are solutions of similar equations. As can be seen from Eqs. 
(|3.633|) -( ^.633|) , the components P,Q,R,S of an analytic function of polar fourcomplex 
variable are harmonic with respect to the pairs of variables x, y and z, t. The component 
P is also a solution of the mixed- derivative equations 

Q2p ^ Q2p Q2p ^ Q2p Q2p ^ Q2p q2 p ^ q2 p 

dx"^ dydt ' dy"^ dxdz ' dz"^ dydt ' dt"^ dxdz ' 

and the components Q, R, S are solutions of similar equations. The component P is also 
a solution of the mixed-derivative equations 

dxdy dzdt' dxdt dydz' 
and the components Q,R, S are solutions of similar equations. 



3.4.8 Integrals of functions of polar fourcomplex variables 

The singularities of polar fourcomplex functions arise from terms of the form l/(u — mq)"*, 
with m > 0. Functions containing such terms are singular not only at u = uq, but also at 
all points of the two-dimensional hyperplanes passing through uq and which are parallel 
to the nodal hyperplanes. 

The integral of a polar fourcomplex function between two points A, B along a path 
situated in a region free of singularities is independent of path, which means that the 
integral of an analytic function along a loop situated in a region free from singularities is 
zero, 

£f{u)du = 0, (3.636) 

where it is supposed that a surface E spanning the closed loop T is not intersected by 
any of the hyperplanes associated with the singularities of the function f{u). Using the 
expression, Eq. ( |3.117[ ) for f{u) and the fact that du = dx + ady + (3dz + '-ydt, the explicit 
form of the integral in Eq. (|3.636| ) is 

j f{u)du = j [{Pdx + Sdy + Rdz + Qdt) + a{Qdx + Pdy + Sdz + Rdt) 

+p{Rdx + Qdy + Pdz + Sdt) + -f{Sdx + Rdy + Qdz + Pdt)]. (3.637) 
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If the functions P,Q, R, S are regular on a surface S spanning the loop F, the integral 
along the loop F can be transformed with the aid of the theorem of Stokes in an integral 
over the surface S of terms of the form dP/dy — dS/dx, dP/dz — dR/dx, dP/dt — 
dQ/dx, dR/dy — dS/dz, dS/dt — dQ/dy, dR/dt — dQ/dz and of similar terms arising 
from the a,j3 and 7 components, which are equal to zero by Eqs. ( |3.629|) - (|3.632| ), and 
this proves Eq. ( p.636[ ). 

The integral of the function {u — Mq)™ on a closed loop F is equal to zero for m a 
positive or negative integer not equal to -1, 



^ — uo)"^du = 0, m integer, m 7^ — 1. 



(3.638) 

""+7("^ + 1), and to the fact that 



This is due to the fact that J{u — UQ)'^du = {u — uq 
the function {u — Mo)"*^^ is singlevalued for m an integer. 

The integral fpdu/{u — Uq) can be calculated using the exponential form (|3.583D 



u 



Mo = pexp 



1/ O M 

- « + /3 + 7 In-— 
4 tan Ha 



/3 + 7) In 



V2 
tan 6. 



so that 



du 



u 



dp 1 , 
— + -{a 
P 4' 



/3 + 7)rfln 



V2 

tan 6*4 



4 



/3 + 7)rfln 



V2 

tan 9_ 



+ ei( 



(3.639) 



(3.640) 



Since p, tan and tan 6_ are singlevalued variables, it follows that fpdp/ p = 0, ^ (i In ^/2/ tan 9^ 
0, and ^c/lnv^/ tan^+ = 0. On the other hand, is a cyclic variables, so that it may 
give a contribution to the integral around the closed loop F. The result of the integrations 
will be given in the rotated system of coordinates 

111 1 

^ = y|(a; -z), v = -j={y -t), T = -{x + y + z + t), V = -{x - y + z - t). (3.641) 

Thus, if C|| is a circle of radius r parallel to the ^Ov plane, and the projection of the 
center of this circle on the C,Ov plane coincides with the projection of the point uq on this 
plane, the points of the circle Cy are described according to Eqs. (|3.487|) - (|3.488| ) by the 
equations 



r cos I 



V 



t;o + rsin0, r = Tq, C = C( 



0; 



(3.642) 



where Uq = Xo + ayo + Pzo + 'jIq, and ^o,Vo,tq,(o are calculated from xo,yo, ZQ,to according 
to Eqs. ( Pmi) . 
Then 



du 



Cn U 



Uo 



27rei. 



(3.643) 



The expression of fpdu/{u — uq) can be written with the aid of the functional int(M, C) 
defined in Eq. ( t3.134|) as 



r du 

IT U — Uq 



27rei int(Mo5„,F5^ 



(3.644) 
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where Uq^^ and T^y are respectively the projections of the point Uq and of the loop T on 
the plane ^v. 

If f{u) is an analytic polar fourcomplex function which can be expanded in a series as 
written in Eq. (1.89), and the expansion holds on the curve F and on a surface spanning 
r, then from Eqs. (|3^638D and j ^M^ ) it follows that 

"^^"^^^ = 27rei int(Mo^„, r^y)f{uo), (3.645) 

r U — Uq 



where T^^ is the projection of the curve T on the plane ^v, as shown in Fig. |3]^. Sub- 
stituting in the right-hand side of Eq. ( p.645| ) the expression of f{u) in terms of the real 
components P, Q, R, S, Eq. (|3.117|) , yields 



r fi^i^ = n[{f3- 1){Q -S) + {a-^){P- R)] int {uo^^, T^^) , (3.646) 



f{u)du 

IT U — Uq 

where P,Q,R, S are the values of the components of / at m = mq. If the integral is written 
as 

JT U — Uq 

it results from Eq. ( |3.646|) that 

/ + 4 + + = 0. (3.648) 

If f{u) can be expanded as written in Eq. (1.89) on F and on a surface spanning F, 
then from Eqs. ( p.638| ) and (|3.644|) it also results that 



-I w+i 2— giint(Mo5„,F5„)/(-^(Mo), (3.649) 
V [u — Uo)^ m\ 

where the fact has been used that the derivative f^"^\uo) of order m of f{u) at u = uq is 
related to the expansion coefficient in Eq. (1.89) according to Eq. (1.93). 

If a function f{u) is expanded in positive and negative powers of -u — Uj, where uj 
are polar fourcomplex constants, j being an index, the integral of / on a closed loop F is 
determined by the terms in the expansion of / which are of the form aj/{u — Uj), 

/(^) = --- + E^^ + --- (3-650) 

U — Uj 

Then the integral of / on a closed loop F is 

j> f{u)du = 27rei int(M,£t,, Fg„)a,-. (3.651) 
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Figure 3.5: Integration path F and the pole uo, and their projections and uo^v on the 
plane ^v. 
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3.4.9 Factorization of polar fourcomplex polynomials 



A polynomial of degree m of the polar fourcomplex variable u = x + ay + [3z + ^t has the 
form 



Pmiu) = m"" + aiM*" ^ H h am-lU + ttr. 



(3.652) 



where the constants are in general polar fourcomplex numbers. 

If ttm = cimx + cuamy + P^mz + ICLmt, and with the notations of Eqs. (|3.476|) and ( p.623| ) 
applied for 0, 1, ■ ■ ■ , m , the polynomial Pmiu) can be written as 



< + + ■ ■ ■ + Am-iv+ + Am e+ + v"^ + A'iv"^-' + ■■■ + Al_,v. + A', 



i//„,m— 1 



+ 



1=1 



(3.653) 



where the constants Ai^, Ai_, An, An are real numbers. The polynomial of degree m in 
(eifi + eiVi) can always be written as a product of linear factors of the form [ei{vi — 
vii) + ei{vi — vii)], where the constants Vii,vii are real. The two polynomials of degree 
m with real coefficients in Eq. (|3.653|) which are multiplied by e+ and e_ can be written 
as a product of linear or quadratic factors with real coefficients, or as a product of linear 
factors which, if imaginary, appear always in complex conjugate pairs. Using the latter 
form for the simplicity of notations, the polynomial Pm can be written as 



n( 

1=1 



+ n(^- ~" ■5z-)e- + n [^iK - ^1') + ~ ^lO] > (3.654) 



1=1 



1=1 



where the quantities si^ appear always in complex conjugate pairs, and the same is true 
for the quantities Due to the properties in Eqs. ( p.512|) -( ^.515| ), the polynomial 
Pmiu) can be 
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written as a product of factors of the form 

m 

Pm{u) = Y[ [{v+ - si+)e+ + {v^ - Si-) e_ + {ei{vi - vu) + ei{vi - vu))] . 



(3.655) 



1=1 



These relations can be written with the aid of Eq. ( |3.516|) as 



where 



Ur 



e+ + s„_e_ + eiVip + eiVip.p = 1, ...,m. 



(3.656) 



(3.657) 



The roots Sp+, Sp_,fipei + VipCi of the corresponding polynomials in Eq. ( p.654| ) may be 
ordered arbitrarily. This means that Eq. ( p.657| ) gives sets of m roots ui, ...jUm of the 
polynomial Pm{u), corresponding to the various ways in which the roots Sp+, Sp_, f ipCi + 
vipCi are ordered according to p in each group. Thus, while the hypercomplex components 
in Eq. ( p.653| ) taken separately have unique factorizations, the polynomial Pm{u) can be 
written in many different ways as a product of linear factors. The result of the polar 
fourcomplex integration, Eq. (|3.651| ), is however unique. 



If P{u) = — 1, the factorization in Eq. ( |3.656D is — 1 = (u — ui){u — U2), where 



Ui 



±e_|_ ± e_ ± ei,M2 = —Ui, so that there are 4 distinct factorizations of 
■2 1 = (m-1)(u + 1). 



u 



iu-l3)iu + /3), 

_ l+a-/3+7 
2 

_ -l+a+/3+7 
2 



l+a-/3+7 



(3.658) 



-l+a+/3+7A 



It can be checked that {±e+ ± e_ ± ei}^ 



^ e+ + e_ + ei 



1. 



3.4.10 Representation of polar fourcomplex numbers by irre- 
ducible matrices 

If T is the unitary matrix. 



(3.659) 
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"73 / 



T 

it can be shown that the matrix TUT^^ has the form 

a; + ?/ + z + t 

TUT-^ =1 x-y^z-t ^ 





(3.660) 
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where U is the matrix in Eq. (|3.514|) used to represent the polar fourcomplex number u. 
In Eq. (|3.660|), Vi is the matrix 




Vi= [ \ ^ . (3.661) 



The relations between the variables x+y+z+t, x—y+z—t, x — z, y—t for the multiplication 
of polar fourcomplex numbers have been written in Eqs. (|3.485|) ,( ^.486| ), (|3.493|) , ( p.494| ). 



The matrix TUT ^ provides an irreducible representation ^ of the polar fourcomplex 
number u in terms of matrices with real coefficients. 
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Chapter 4 

Complex Numbers in 5 Dimensions 



A system of complex numbers in 5 dimensions is described in this chapter, for which the 
multiphcation is associative and commutative, which have exponential and trigonometric 
forms, and for which the concepts of analytic 5-complex function, contour integration and 
residue can be defined. The 5-complex numbers introduced in this chapter have the form 
u = Xq + hiXi + h2X2 + h^x^ + /i4a;4, the variables Xq, Xi, x^^ 2:3, 2:4 being real numbers. If 
the 5-complex number u is represented by the point A of coordinates Xq, Xi, ^2, X3, X4, the 
position of the point A can be described by the modulus d = (xq + x'l + X2 + xl + xlY^^, 
by 2 azimuthal angles (f>i,(p2, by 1 planar angle ipi, and by 1 polar angle 

The exponential function of a 5-complex number can be expanded in terms of the polar 
5-dimensional cosexponential functions g5k{y), k = 0,1,2,3,4. The expressions of these 
functions are obtained from the properties of the exponential function of a 5-complex vari- 
able. Addition theorems and other relations are obtained for the polar 5-dimensional co- 
sexponential functions. Exponential and trigonometric forms are given for the 5-complex 
numbers. Expressions are obtained for the elementary functions of 5-complex variable. 
The functions f{u) of 5-complex variable which are defined by power series have deriva- 
tives independent of the direction of approach to the point under consideration. If the 
5-complex function f{u) of the 5-complex variable u is written in terms of the real func- 
tions Pk{xo, Xi, X2, X3, X4), k — 0,1, 2, 3, 4, then relations of equality exist between partial 
derivatives of the functions P^. The integral f{u)du of a 5-complex function between 
two points A, B is independent of the path connecting A, B, in regions where / is regu- 
lar. The fact that the exponential form of the 5-complex numbers depends on the cyclic 
variables 0i, 02 leads to the concept of pole and residue for integrals on closed paths, and 
if f{u) is an analytic 5-complex function, then f{u)du/{u — uq) is expressed in this 
chapter in terms of the 5-complex residue f{uQ). The polynomials of 5-complex variables 
can be written as products of linear or quadratic factors. 

The 5-complex numbers described in this chapter are a particular case for n = 5 of 
the polar complex numbers in n dimensions discussed in Sec. 6.1. 
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4.1 Operations with polar complex numbers in 5 di- 
mensions 

A polar hypercomplex number u in 5 dimensions is represented as 

u = xq + hiXi + h2X2 + hsXs + h^x^. (4.1) 

The multiplication rules for the bases /ii, /i2, /^s, are 

h\ = /i2, hi = hi, hi = hi, hi = h^, 

hih2 = /is, hih^ = hi, hihi = 1, h2h^ = 1, h2h4 = hi, h^h/^ = h2. (4-2) 

The significance of the composition laws in Eq. ( |4.2|) can be understood by representing 
the bases by points on a circle at the angles aj = 2nj/5,ak = 27ik/5, as shown 

in Fig. ^A\ , and the product hjhk by the point of the circle at the angle 27r(j + k)/5. If 
271 < 27r(j + k)/5 < 47r, the point represents the basis hi of angle ai = 27r(j + A;)/5 — 2n. 
The sum of the 5-complex numbers u and u' is 

u + u' = xo + x'q + hi{xi + x'l) + h2{x2 + x'2) + h^ixz + X3) + hi{xi + x'^. (4.3) 

The product of the numbers u, u' is then 

UU = XqXq ~\- XiX^ ~\- X2X3 ~1~ X3X2 ~t~ X4.X-^ 

+hi{xox[ + Xix'q + X2X4 + X3X3 + X4X2) 

+ h2{xoX2 + XiX'i + X2Xq + 0:3X4 + X4X3) (4.4) 
+ /l3(xoX3 + X1X2 + X2x'i + XsX'q + X4X4) 
+ /l4(XoX4 + X1X3 + X2X2 + XsX'i + X4Xq). 

The relation between the variables v+,vi,vi,V2, V2 and xo,xi,X2,X3, x^ can be written 
with the aid of the parameters p = {-s/b — l)/4, g = \/(5 + v^)/8 as 
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\Xa j 



(4.5) 



The other variables are fs = f2, ^"3 = — f2, = Vi,V4 = —Vi. The variables v+,Vi,Vi,V2, V2 
will be called canonical 5-complex variables. 

4.2 Geometric representation of polar complex num- 
bers in 5 dimensions 

The 5-complex number xq + hiXi + h2X2 + h^x^ + h^x^ can be represented by the point A of 
coordinates (xq, xi, X2, X3, X4). If O is the origin of the 5-dimensional space, the distance 
from the origin O to the point A of coordinates (xq, Xi, X2, X3, X4) has the expression 

d'^ = xl + xl + xl + xl + x\. (4.6) 
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Figure 4.1: Representation of the polar hypercomplex bases 1, /ii, /i2, /i3, /i4 by points on a 
circle at the angles ak — 27r/c/5. The product hjhk will be represented by the point of the 
circle at the angle 27r(j + A;)/5, i, A; = 0, 1, ...,4, where = 1. If 27r < 2n{j + k)/5 < 47r, 
the point represents the basis hi of angle ai = 27r(j + k)/5 — 27r. 
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The quantity d will be called modulus of the 5-complex number u. The modulus of a 
5-complex number u will be designated by d = \u\. The modulus has the property that 



\u 



' II \ ^ /El 'II II \ 
u I < V o|m I Im |. 



(4.7) 



The exponential and trigonometric forms of the 5-complex number u can be obtained 
conveniently in a rotated system of axes defined by the transformation 
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(4i 



The lines of the matrices in Eq. (|4.8| ) gives the components of the 5 basis vectors of the 
new system of axes. These vectors have unit length and are orthogonal to each other. 
The relations between the two sets of variables are 



^-Xk,Vk = \Wrik,k = 1,2. 



(4.9) 



' 2" V 2 

The radius pk and the azimuthal angle (pk in the plane of the axes v^, Vk are 

Pk = ^k + ^l, cos (j)k = Vk/pk, sincpk = Vk/pk, (4-10) 
< 0fc < 2??, k = 1,2, so that there are 2 azimuthal angles. The planar angle ipi is 



tampi = pi/p2, 
where < ipi < 7r/2. There is a polar angle 6'+, 
V2pi 



tan 9^ 



where < < tt. It can be checked that 

^vl+'^{pl + pl) = d\ 
The amplitude of a 5-complex number u is 



P 



1 

V+P1P2, 



If u = u'u" , the parameters of the hypercomplex numbers are related by 



/ // 



pk = p'kp'i 



tan6'_i_ = tan tan 6'", 
V2 + + 



(4.11) 
(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 
(4.17) 
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tan ■01 = tan ■0^ tan ■0'/, 



(4.18) 
(4.19) 
(4.20) 
(4.21) 



where k = 1,2. 

The 5-complex number u = xo + hiXi + h2X2 + h^x^ + h^x^ can be represented by the 
matrix 



/ Xq Xi X2 X4 \ 

X4, Xo Xi X2 X3 

Xs X4 Xq Xi X2 

X2 Xs X4 Xq Xi 

\ Xi X2 Xs X4 Xq ) 



(4.22) 



The product u — u'u" is represented by the matrix multiphcation U — U'U" . 



4.3 The polar 5-dimensional cosexponential functions 

The polar cosexponential functions in 5 dimensions are 

CXD 

^5fe(y) = E^'^'7(^ + 5p)!, (4.23) 

p=0 

for k = 0, ...,4. The polar cosexponential functions g^k do not have a definite parity. It 
can be checked that 

E^?5fc(l/)=e^ (4.24) 

k=Q 

The exponential of the quantity hkV, k — 1, can be written as 
e'''^ = 95oiy) + hig^iiy) + M52(l/) + hg^^iy) + Kg^iiy), 

e''^^ = 5-50(2/) + hig^^iy) + /i25'5i(2/) + hObiiv) + /i4fi'52(2/), 25) 
e''^^ = 5-50(2/) + hig52{y) + h2gu{y) + ^35'5i(2/) + hig^2,{y), 
e'^^^ = 5-50 (y) + hig54{y) + /i25'53(y) + /i35'52(y) + h^gsiiy)- 

The polar cosexponential functions in 5 dimensions can be obtained by calculating 
^{hi+hAjy g^j^^ g(hi-h4)y then by nultiplying the resulting expression. The series expan- 
sions for e('*i+'*4)^ and e^'^^"'**)^ are 

00 -| 

^{h,+h4)y _ ^ ^/^^ ^ /i4)™2/"', (4.26) 

m=0 
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-,ihi-h4,)y 



CO -I 



m=0 



m! 



The powers of /ii + /i4 have the form 

{hi + h^)"^ = Amih + + Bm{h2 + hs) + Cm. 



The recurrence relations for A^, B^, Cm are 



A. 



m+l 



Bm + C'mi B , 



Am ~l~ Bm^ C^ 



2A 



and = l,Bi = 0,Ci = 0,^2 = 0,^2 = 1,^2 = 2, A^ 
expressions of the coefficients are 



3,5, 



_ 2"^ 2 - 3a 



Br, 
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a — 1 



m-3 _|_ ^ + ^Ct . 



(l + a)'"-^m > 3, 



2™ 4 - 6a 
H : — a 



m-4 _|_ /I Nm-4^^2_j^6a ^ „\m-4 

5 ■ 5 " ^ ^ 5 



-(l + a)™-^m>4, 



(4.27) 



(4.28) 

(4.29) 
1,C3 = 0. The 

(4.30) 
(4.31) 
(4.32) 



where a is a solution of the equation a^ + a — 1 = 0. Substituting the expressions of 
Am, Bm, Cm froui Eqs. ( |4. 3 Op - ( 1^73^ ) in Eq. ( |4.26| ) and grouping the terms yields 



5 5 5 

+ {h2 + h3) lie 
.5 



5 5 



a + 1 



-{l+a)y 



5 5 



The odd powers oi hi — have the form 



The recurrence relations for Dm, Em are 



(4.33) 



(4.34) 



(4.35) 



Dm+l — ~^Dm — Em, Em+l 

and Di = —3, i?i = —1, D2 = 10, E2 = 5. The expressions of the coefficients are 

Dm = {b + 1)6'"-^ + (-l)™-2(5 + 4)(5 + > 1, (4.36) 



6 + 2 



6 + 2 



-(5 + 6) 



■m—l 



m > 1, 



(4.37) 



where 6 is a solution of the equation 6^ + 56 + 5 = 0. The even powers of hi — /i4 have 
the form 



{hi - hiY"" = Fm{hi + hi) + Gm{h2 + hs) + iy^. 



(4.38) 
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The recurrence relations for F^, Gm-, Hm are 



m+l 



and Fi = 0,Gi = l,Hi 
coefficients are 



-2,F2 



2G'm + Hm, Hm+1 — '2{Gm — Hm), (4.39) 

1, G2 = —4,-^2 = 6. The expressions of the 



^ b"" + (-1)"^-^ , t ^ \^ (5 + b)"^, m > 1, 
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+ (-l)™-(5 + 6)^m> 1, 
o 



(4.40) 
(4.41) 
(4.42) 



where 6 is a solution of the equation 6^ + 56 + 5 = 0. 

Substituting the expressions of Dm, Em, Fm, Gm, Hm from Eqs. ( [4.36|) -( ^l37D and 
([4.40|) - ([4.42|) in Eq. {\i.27\) and grouping the terms yields 

e^'^i-'^^)^ = 1 + 1 cos(v^y) + ^ cosiVb + by) 
5 5 5 



+ {h + hi) 
+ (/i2 + hs) 
+ {hi - hi) 
+ {h2 - h) 



1 ^ + 3 , ^ b + 2 . r- — - , 

— cos(v — 6y) H — cosf V 5 + by) 
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26 + 5 



-by) + 



V=56 



sin(v5 + 6?/) 



6 + 2 

sin(v^y) H — -j= sin(V5 + by) 



(4.43) 



On the other hand, e^'^^^ can be written with the aid of the 5-dimensional polar 
cosexponential functions as 

e^^^y = g5o{2y) + hig5i{2y) + /i2(?52(2y) + hg,3{2y) + ^54(2^/). (4.44) 

The multiplication of the expressions of e^'^i^'''')^ and e'^^^'^^^y in Eqs. ( |4.33| ) and ( [4.43[ ) 
and the separation of the real components yields the expressions of the 5-dimensional 
cosexponential functions, for a = (v^ — l)/2, 6 = —(5 + -\/5)/2, as 



^5o(2y) = le^y + le'^y cosiV^y) + le'^^+'^'^y cos{V5Tby), 



(4.45) 



95i{2y) 



-1 + V5 . ^ . ^ 5+75 . . ^ ; 

— cos[V— by) H 1=^ sm[y/— by) 



^5 



1 + V5 



cos(-\/5 + 6?/) + sin(-\/5 + 6y) 



(4.46) 
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1 + 



cos 



■1 + V5 



COS 



(V5 + hy) 



by) + \l—^sm{V-by) 



5 + V5 . , r- r ■ 

■ sm(v 5 + by) 



2V-b 



(4.47) 



g,,(2y) = ^e'y + ^e''y 



1 + V5 



cos{\^y) - \ —r sm{V^)y) 



1 



+ -e 



-1 + 



COS 



5 _|_ y/g 

(V5 + hy) H sin(V5 + hy) 



■ cos 



2V-6 



by) ~7=" sin(-\/^|/) 



(4.48) 



-{l+a)y 



1 + 



COS 



(TsTfey) 




sm 



(VsTfei/) 



The polar 5-dimensional cosexponential functions can be written as 



«=0 



?/ COS 



cos 



?/ sm 



2Tikl 



k = 0,...,4. 



(4.49) 



(4.50) 



The graphs of the polar 5-dimensional cosexponential functions are shown in Fig. 
It can be checked that 



Y.9l{y) 

k=0 



-iVE+l)y/2 



5 5 5 
The addition theorems for the polar 5-dimensional cosexponential functions are 



(4.51) 



g5o{y + z) = g^o{y)g5o{z) + gbi{y)9bA{z 
95i{y + z) = g5oiy)g5i{z) + g-,i{y)gr,o{,z 
g52iy + z) = g5oiy)g52iz) + g^i{y)g^i{z 
g^siy + z) = g5oiy)g53iz) + g5iiy)g52iz 
gbi{y + z) = g5o{y)g54{z) + gbi{y)g-,z{z 



It can be shown that 



+ g52{y)g53{z) + g53{y)g52{z) + g54{y)g5i{z), 
+ g52iy)g54iz) + g^i,{.y)gb?Xz) + g54{y)g52{z), 
+ g52iy)g5oiz) + g53iy)g54iz) + g-,i{y)g-,3{.z), 
+ g52{.y)gbi{.z) + g53iy)g5oiz) + g54iy)g54iz), 
+ g52{y)g52{z) + g-,3{y)gbi{z) + g-,4{y)gba{.z). 

(4.52) 



{5'5o(y) + hg^iiy) + hg52iy) + h^g^^iy) + hig^i{y)y 

= g^oily) + hig^iily) + h2g^2ily) + hgb3{ly) + h^g^iily), 

{gboiy) + hig53iy) + hg^iiy) + hg^iiy) + ^52(1/)}' 

= gboily) + hig53{ly) + h2g^i{ly) + hg^^ily) + Kg^2{ly), 
{g^oiy) + hig52iy) + h2g-,4{,y) + h^g^iiy) + h4g53{y)y 

= gboily) + hig^2iiy) + h2g^Aily) + hg^iily) + ^53(^1/), 

{gboiy) + hig^iiy) + /i2fi'53(l/) + ^52(1/) + M5i(l/)}' 

= gboily) + hig^iily) + h2g53ily) + h3g52ily) + Kg^iily). 



(4.53) 
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Figure 4.2: Polar cosexponential functions 5150, g^i, g^2-, 953, 954- 
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The derivatives of the polar cosexponential functions are related by 



dg. 



50 



du 



954, 



dg. 



51 



du 



950, 



dg 



52 



du 



951, 



dg. 



53 



du 



g52. 



dg! 



54 



du 



g53- 



(4.54) 



4.4 Exponential and trigonometric forms of polar 5- 
complex numbers 

The exponential and trigonometric forms of 5-complex numbers can be expressed with 
the aid of the hypercomplex bases 



(4.55) 



The multiplication relations for these bases are 

e+ = e+, e+Cfc = 0, 6+4 = 0, 

el = Cfc, el = -Cfc, CfcCfc = euei = 0, etei = 0, efcQ = 0, /c, / = 1, 2, k ^l. 
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—2pq 








h2 
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2p2 - 1 
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2j92 - 1 






hs 




V 
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2pq 
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—2pq 
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V 




J 



The bases have the property that 

e+ + Ci + 62 = 1. 
The moduli of the new bases are 
1 , , /2 



V5' 



(4.56) 



(4.57) 



(4.58) 



for k=l,2. 

It can be checked that 

Xq + hiXi + h2X2 + h^x^ + h4X4 = e+w+ + eiVi + iiVi + 621^2 + e2'y2- 



(4.59) 



The ensemble e_|_, ei, ei, 62, 62 will be called the canonical 5-complex base, and Eq. (f4.59|) 
gives the canonical form of the 5-complex number. 
The exponential form of the 5-complex number u is 



u = pexp < -{hi 



h2 + h^ + hi) In 



+ 



[hi + hi) - 



10 



10 



V2 
tan 6^ 

-{h2 + hz) 



In tan?/;! + ei0i + 6202 



(4.60) 



for < 0+ < 71/2. 
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The trigonometric form of the 5-complex number u is 



u^di-] I — + 1 + 



-1/2 



2 J \tan^6'+ ' ' tan^V'i 



+ ei + I exp (ei0i + 6202) 



tan 6'_i 



tan'^ 



(4.61) 



The modulus d and the amphtude p are related by 



2^/^ 1/5 / 1 

d = p^(tan^^tanV,) l^i^ 



1 



1/2 



tan^ -01 



(4.62) 



4.5 Elementary functions of a polar 5-complex vari- 
able 

The logarithm and power function exist for v+ > 0, which means that < ^+ < 7r/2, and 
are given by 

1 \/2 

In = In p + - (/ii + /i2 + ^3 + hi) In — 

5 tan 9+ 



+ 



+ I , X a/5 — 1 ^, , . 

(/ti + /t4) - (/t2 + /t3) 



10 



10 



IntanV'i + ei0i + 6202, 



(4.63) 



u"^ = e+v"^ + p™(ei cosm0i + eisinm0i) + p™(e2cosm02 + e2sinm02). (4.64) 
The exponential of the 5-complex variable u is 

6" = 6+6^^+ + 6^^ (6i COS til + 61 siu {;i) + 6^^ (62 COS {;2 + 62 siu V2) ■ (4.65) 
The trigonometric functions of the 5-complex variable u are 



cos u — e+ cos + (6fe cos Vk cosh {ifc — sin sinh Vfe) , 

k=l 



(4.66) 



sin 14 = 6+ sin + ^ (e^ sin cosh Vk + cos Vk sinh Vfe) 



fc=i 



The hyperbolic functions of the 5-complex variable u are 



(4.67) 



cosh u — e+ cosh t>_|_ + ^ (e^ cosh Vk cos f ^ + sinh Vk sin u^) , 

k=l 



(4.68) 



sinh 14 = 6+ sinh v+ -|- ^ (cfc sinh cos Vk + cosh sin v^) . 

k=l 



(4.69) 
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4.6 Power series of 5-complex numbers 

A power series of the 5-complex variable m is a series of the form 



Since 

\au^\ < 5'/^|a||M|', 
the series is absolutely convergent for 

\u\ < c, 

where 



If ai = I]p=o hp(^ip^ where Hq = 1, and 



ao + aiu + a2M^ + ■ ■ ■ + aiu'' + • • • . 



4 



p=0 





for k 



1,2, the series (^4.70|) can be written as 



oo r 2 



e+Ai+v^_^ + ^(cfcAifc + ekAik){ekVk + ekVkY 



1=0 L fc=i 



The series in Eq. ( 4.70 ) is absolutely convergent for 



u+l < c+, pk <Ck,k = 1,2, 



where 



c+ = lim -— - 
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4.7 Analytic functions of a polar 5-compex variable 

If f{u) = J2k=o hkPk{xo, xi, X2, X3, X4), then 

(4.80) 
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dxi 
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dPi 


_ dP2 


dxo 


dxi 


dX2 


8x3 


8x4 


dPi 


_ dPo 


dPi 


_ dP2 


_ dP3 



and 



dxo dxi dx2 dx3 8x4 



d^Pk d'^Pk d^Pk 



(4.81) 
(4.82) 
(4.83) 
(4.84) 



dx^dxi dxidxi^i dx[ii2]dxi_[i/2] 
\ d'^Pk 



d^Pk d^Pk d'^Pk 



8X1+18X4 8X1+28X3 5a;i+i+[(3_i)/2]5x4_[(3_/)/2] 



(4.85) 



for k,l = 0,...,4. In Eq. ( fl.85| ), [a] denotes the integer part of a, defined as [a] < a < 



[a] + 1. In this chapter, brackets larger than the regular brackets [ ] do not have the 
meaning of integer part. 



4.8 Integrals of polar 5-complex functions 

If f{u) is an analytic 5-complex function, then 
f fiujdu 

f = 27r/(Mo) {ei int(Mo5i,,i, r^i,,i) + ea int(Mo6'?2> r52r?2)} > (4-86) 

Jr u — uq 

where 



. , , ^ f 1 if M is an interior point of C, 

'"'(^''■^) = | it Mi= exterior to C, ' <«^' 

and Mo5fc?7fc, ^^kVk respectively the projections of the pole uq and of the loop T on the 
plane defined by the axes ^k and rjk, k = 1, 2. 
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4.9 Factorization of polar 5-complex polynomials 

A polynomial of degree m of the 5-complex variable u has the form 



Pm{u) = + aiM™ H h a^n-iu + Om, 



where ai, for / = l,...,m, are 5-complex constants. If ai = I]p=o ^p'^ip; with the 
notations of Eqs. (|4.74|) - ([4.76|) applied for / = 1, ■ ■ ■ , m, the polynomial Pm{u) can be 



written as 

m 



2 

+ E 

fc=i 



The polynomial Pm{u) can be written, as 



(4.89) 



p=l 



(4.90) 



where 



Up = e+Vp+ + [eivip + eivip) + (e2t;2p + e2t;2p) ,P = 1, 



, m. 



(4.91) 



The quantities e^ffop + e-kVkp, p = I, ...,m, k = 1,2, are the roots of the corresponding 
polynomial in Eq. ( [4.89[ ). The roots Vp+ appear in complex-conjugate pairs, and Vkp,Vkp 
are real numbers. Since all these roots may be ordered arbitrarily, the polynomial Pm{u) 
can be written in many different ways as a product of linear factors. 

If P{u) = — 1, the degree is m = 2, the coefficients of the polynomial are ai = 
0,02 = -1, the coefficients defined in Eqs. ( F^ -( F^ are A2+ = -l,v42i = -1,^21 = 
0, y422 = -1, ^22 = 0. The expression of P{u), Eq. (|4.89|) , is vl - e+ + (eifi + eiVif - 
ei + (62^2 + 62^2)^ — 62. The factorization of P{u), Eq. ( |4.9CI| ), is P{u) = {u — Ui){u — U2), 
where the roots are Ui = ±e^ ± ci ± 62, M2 = —Ui. If e+, ei, 62 are expressed with the aid 



of Eq. (^4.55|) in terms of hi, h2, h^, h^, the factorizations of P{u) are obtained as 



- 1 



{u+l){u-l), 

u + \ + + M - ^(/^2 + h] 

U+\-^ih + h,) + ^{h2 + h] 



1 + 



^ih + h^) + ^{h2 + h 



5 I '"Sj 

4^(/^2 + M 



U 



- Uh + h2 + h3 + hi) u-^ + |(/ii + /i2 + /is + hi) 



(4.92) 



It can be checked that (±e+ ± ei ± 62)^ = e+ + ei + 62 = 1. 
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4.10 Representation of polar 5-complex numbers by 
irreducible matrices 



If the unitary matrix which can be obtained from the expression, Eq. ( [4.8| ), of the variables 
^1, 771, ^fc, r/fc in terms of xq, Xi, 0:2, 0:3, 0:4 is called T, the irreducible representation 
of the hypercomplex number u is 

/ v+ \ 

TUT~^ = ^1 , (4.93) 
V V2 J 

where U is the matrix in Eq. ( ^4.22| ), and are the matrices 
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Chapter 5 

Complex Numbers in 6 Dimensions 



Two distinct systems of commutative complex numbers in 6 dimensions having the form 
u — xo + hiXi + h^x^ + h^xz + h^x^ + h^x^ are described in this chapter, for which the 
multiphcation is associative and commutative, where the variables Xq, Xi, 2:2, 2:3, 0:4, xr, are 
real numbers. The first type of 6-complex numbers described in this article is characterized 
by the presence of two polar axes, so that these numbers will be called polar 6-complcx 
numbers. The other type of 6-complex numbers described in this paper will be called 
planar n-complex numbers. 

The polar 6-complex numbers introduced in this chapter can be specified by the modu- 
lus the amplitude p, and the polar angles 6^,6-, the planar angle ifji, and the azimuthal 
angles 0i,02- The planar 6-complex numbers introduced in this paper can be specified 
by the modulus d, the amplitude p, the planar angles '4'i,'4'2, and the azimuthal angles 
<Pi,<p2,<f>3- Exponential and trigonometric forms are given for the 6-complex numbers. The 
6-complex functions defined by series of powers are analytic, and the partial derivatives 
of the components of the 6-complex functions are closely related. The integrals of polar 
6-complex functions are independent of path in regions where the functions are regular. 
The fact that the exponential form of ther 6-complex numbers depends on cyclic variables 
leads to the concept of pole and residue for integrals on closed paths. The polynomials 
of polar 6-complex variables can be written as products of linear or quadratic factors, 
the polynomials of planar 6-complex variables can always be written as products of linear 
factors, although the factorization is not unique. 

The polar 6-compIcx numbers described in this paper are a particular case for n = 6 
of the polar hypcrcomplcx numbers in n dimensions discussed in Sec. 6.1, and the planar 
6-complex numbers described in this section are a particular case for n = 6 of the planar 
hypercomplex numbers in n dimensions discussed in Sec. 6.2. 

5.1 Polar complex numbers in 6 dimensions 

5.1.1 Operations with polar complex numbers in 6 dimensions 

The polar hypercomplex number w in 6 dimensions is represented as 

xo + hiXi + h2X2 + hsXs + h^Xi h^x^,. (5.1) 
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The multiplication rules for the bases hi,h2,hs,h4, are 

hi = h\ = h4^, h\ = 1, h\ = h2, = h4^, hih2 = h^, hih-^ = h^^, hih^ = h^, 

hih^ = 1, h2h3 = h, h2hi = 1, h2h = h, h^h^ = hi, h^h^ = h2, hji^ =i^-i2) 

The significance of the composition laws in Eq. ( ^.21) can be understood by representing 
the bases hj,hk by points on a circle at the angles aj = Trj/3,ak = nk/S, as shown in 
Fig. |5T5, and the product hjhk by the point of the circle at the angle 7r(j + k)/3. If 
27r < Tr{j + k)/3 < 47r, the point represents the basis hi of angle ai = 7i{j + k)/3 — 27t. 
The sum of the 6-complex numbers u and u' is 

u + u' = Xo + Xq + hi{xi+ x'l) + hi{x2+ X2) + h3{xs+ x'^) + h4{x4 + x'^) + hr^{x5 + x'^) .{5.3) 

The product of the numbers u, u' is 

UU' = Xqx'q + X1X5 + X2X4 + X3X3 + X4X2 + x^x'i 

+hi{xox[ + xix'q + X2X5 + X3X4 + X4X3 + X5X2) 

+ h2{XoX'2 + XiX'i + X2x'q + X3X5 + X4X4 + X5X3) , . 

+ h^{xQx'^ + XiX'2 + X2x'i + XsXg + X4X5 + X5X4) 

+hi{xQx'^ + X1X3 + X2X2 + x^x'i + X4XQ + X5X5) 

+ h^{xQX'^ + X1X4 + X2X3 + X3X2 + X4x'i + X5X0). 

The relation between the variables f+, f _, f 1, -Ui, ^2, 52 and xq, Xi, X2, X3, X4, X5 are 
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(5.5) 



The other variables are f4 = f2, ^4 = —V2, = vi,v^ = —vi. The variables f+, f_, f 1, f 1, f2, V2 
will be called canonical polar 6-complex variables. 



5.1.2 Geometric representation of polar complex numbers in 6 
dimensions 

The 6-complex number u = xq + hiXi + h2X2 + h^x^ + /14X4 -|- h^x^ is represented by 
the point A of coordinates (xq, xi, X2, X3, X4, X5). The distance from the origin O of the 
6-dimensional space to the point A has the expression 

(i^ = Xq -|- x^ + X2 + X3 + X4 + X5. (5.6) 

The distance d is called modulus of the 6-complex number m, and is designated hy d = \u\. 
The modulus has the property that 

\uu"\ < VQ\u\\u"\. (5.7) 



156 



Figure 5.1: Representation of the polar hypercomplex bases 1, /ii, /i2, ^3, ^4, ^5 by points 
on a circle at the angles = 2nk/6. The product hjhk will be represented by the point of 
the circle at the angle 27r(j+A;)/6, i, A; = 0, 1, 5, where ho = 1. If 27r < 27r(j+A;)/6 < 47r, 
the point represents the basis hi of angle ai = 27r(j + k)/6 — 27r. 
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The exponential and trigonometric forms of the 6-complex number u can be obtained 
conveniently in a rotated system of axes defined by a transformation which has the form 
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The lines of the matrices in Eq. ( |5.8| ) gives the components of the 6 basis vectors of the 
new system of axes. These vectors have unit length and are orthogonal to each other. 
The relations between the two sets of variables are 



v+ = V6^+, v_ = V6^_,Vk = V^^k, Vk = VSrjk, k = l,2. 
The radius pk and the azimuthal angle (pk in the plane of the axes Vk,Vk are 
Pk = ^k + ^k, cos0fc = Vk/pk, sin0fc = Vk/pk,0 < 0fc < 27r, k = 1,2, 
so that there are 2 azimuthal angles. The planar angle ipi is 

tan-j/'i = pi/p2, < -i/^i < 7r/2. 
There is a polar angle 9+, 
V2pi 



tan 04 



,0<9,<7i, 



and there is also a polar angle 9- 
V2pi 



tan 9. 



,0<9. <7i. 



The amplitude of a 6-complex number u is 



P 



v+V-pIpI 



1/6 



It can be checked that 

If u = u'u", the parameters of the hypercomplex numbers are related by 



(5.9) 



(5.10) 



(5.11) 



(5.12) 



(5.13) 



(5.14) 



(5.15) 



(5.16) 



tan6'+ = tan 6^^ tan 6'", 
v2 



(5.17) 
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V- — v'_v'!_, 



tan ^- = ^ tan e'_ tan 9'!^ , 
v2 

tan -01 = tanip'itanipi, 
Pk = p'kP'L 



p = p'p", 



(5.18) 

(5.19) 

(5.20) 
(5.21) 
(5.22) 
(5.23) 
(5.24) 



where k = 1,2. 

The 6-complex number u = Xq + hiXi + h2X2 + h^x^ + h4X4 + h^x^ can be represented 
by the matrix 
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(5.25) 



The product u — u'u" is represented by the matrix multiphcation U — U'U" . 

5.1.3 The polar 6- dimensional cosexponential functions 

The polar cosexponential functions in 6 dimensions are 

^6fe(|/) = E?/'^'7(^ + 6p)!, 

p=0 



(5.26) 



for k = 0,...,5. The polar cosexponential functions g^k of even index k are even func- 
tions, 5'6,2p(— 2/) = g6,2p{y), and the polar cosexponential functions of odd index k are odd 
functions, 56,2^+1 (-y) = -g6,2p+i{y): 0,1,2. 
It can be checked that 



k=Q 

E(-l)'^6.(l/)=e-^ 

k=0 



(5.27) 
(5.28) 
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The exponential function of the quantity hkV is 



^h4y 

^hsy 



9m{y) + hi9(ii{y) + h2gm{y) + h^96?,{y) + Kgeiiy) + hgQ5{y), 

gmiy) + g&ziy) + higeiiy) + geiiy)} + h4{gQ2iy) + ge^iy)}, 
9m{y) + gm{y) + ^64 (y) + h^ig^iiy) + gm{y) + ^65(z/)}, 

5^60 (l/) + 6-63 (y) + h{g62iy) + 6-65 (y)} + /i4{5'6l(l/) + 6-64 (l/)}, 

5^60(1/) + hge^iy) + /i2fi'64(y) + hges{y) + /i4fi'62(y) + h^g&iiy)- 



(5.29) 



The relations for /;,2 and /;.4 can be written equivalently as e'^^^ = (730 + ^2fl'3i + ^4^732 , e'^''^ = 
^730 + ^2(732 + ^45'3i, and the relation for /13 can be written as e^^^ = g2o + /i3fi'2i, which is 
the same as e'*^^ = coshy + /13 sinhy. 

The expressions of the polar 6-dimensional cosexponential functions are 
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1 sinh 1 cos ^y, 
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1 cosh 1 cos ^y — 


^ sinh f 


sin 




965{y) = 


i sinh y + 


1 sinh 1 cos — 


^ cosh 1 
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(5.30) 



The cosexponential functions ( |5.30| ) can be written as 
1 



96k{y) = gZl^^P 



1=0 



y cos 




cos 



y sm 




2TTkl 



(5.31) 



for k = 0, 5. The graphs of the polar 6-dimensional cosexponential functions are shown 



in Fig. ^ 



It can be checked that 

^12 
Y^dlkiy) = - cosh 2?/+ - cosh?/. 

fc=0 

The addition theorems for the polar 6-dimensional cosexponential functions are 



(5.32) 



gm{y + z 

gaiiy + z 
5-62(1/ + z 

gmiy + z 
gmiy + z 
g&biy + z 



gm{.y)g&o{.z) + g&i{y)gfi^{z) + gm{.y)g&i{.z) + g&'i{y)gm{.z) + gu{y)gQ,2{,z) + gm{y)g&i{ 
gm{y)g(ii{.z) + g(ii{y)gm{.z) + gm{.y)g(i^{.z) + gm{.y)giii{.z) + g64{y)g63{z) + g&^{y)g&2( 
gm{.y)gm{.z) + g6i{y)g6i{z) + g62iy)g6oiz) + gm{.y)g%^{.z) + g64{y)g64iz) + fi'65(l/)fl'63( 
gmiy)g63iz) + g(ii{y)gm{.z) + g(i2{,y)gfii{,z) + g(i3{y)gm{.z) + g64iy)g65iz) + 5'65(2/)5'64( 
gm{y)g&A{.z) + gQi{y)gm{.z) + gQ2{.y)g&2{.z) + gQ3{y)gei{z) + gQ4{y)gm{.z) + g(>5iy)g65i 
gm{.y)g&b{.z) + g6iiy)g64iz) + gQ2{.y)g&3{.z) + g&3{y)g&2{.z) + gQA{.y)g&i{.z) + g65iy)g6oi 

(5.33) 



z), 
z), 
z), 
z), 
z). 
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Figure 5.2: Polar cosexponential functions geo, gai, 9^2, Qes, 96a, 965- 
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It can be shown that 



(5.34) 



{96o{y) + hgeiiy) + /i25'62(2/) + hgesiy) + Kg^A^y) + hge^iy)}^ 

= Qeoily) + higeiily) + /i25'62(^?/) + hz9&^{ly) + /i4^64(^?/) + hg^^ily), 

{geoiy) + 963{y) + higeiiy) + ge^iy)} + K{g62{y) + 965{y)}y 

= gmily) + gmily) + h2{g&i{ly) + gaiily)} + /i4{fl'62(/|/) + gebily)}, 

{geoiy) + 962{y) + geiiy) + h{gei{y) + ge^iy) + ^65(y)}}' 

= 96o{ly) + 9&2{ly) + 5-64 (/l/) + h{g6i{ly) + 5-63 (^y) + 96b{ly)}, 

{9m{y) + «/63(?/) + h2{gQ2{y) + «/65(Z/)} + ^4{t/6l(Z/) + t/64(?/)}}' 

= 5-60(^1/) + 5'63(^i/) + h2{g&2{ly) + g^bily)} + K{9Gii}y) + 564(^z/)}, 

{5'6o(l/) + hg65{y) + higeiiy) + hgesiy) + Kgfs2{,y) + hg6i{y)y 

= 9m{ly) + hig^^{ly) + h2gu{ly) + hsgesily) + /i4fl'62(/l/) + h^g%i{ly)- 

The derivatives of the polar cosexponential functions are related by 

£^560 _ dgQi _ dgQ2 _ dg^s _ dge^ _ dg^^ _ /p- qka 

— — 96b-, — 1 — — 5*60, — 1 — — 9'61, — 1 — — 5'62, — 1 — — 5*63, — 1 — — fi'64- (^O.JOJ 

ati au au au au au 



5.1.4 Exponential and trigonometric forms of polar 6-complex 
numbers 

The exponential and trigonometric forms of polar 6-complex numbers can be expressed 
with the aid of the hypercomplex bases 



f 
3 



1 

3 



The multiplication relations for these bases are 



( \ 




e_ 




ei 




ei 




62 




V 62 ) 
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1 


1 


1 


1 


\ 




\ 




! 




1^ 


\ 


! 




/ 




6 

73 


J 


3 



1 




^73 




\ 


\ 


? 


f 




6 
73 
6 


6 

73 
6 


3 



6 
73 

6 


6 

73 
6 


/ 





1 ^ \ 




hi 




h2 












\ h J 



(5.36) 



= e+, e?. = e_, e+e_ = 0, e+e^ = 0, 6+4 = 0, e_efe = 0, e_efe = 0, el 
el = -Cfe, CfcCfc = Sk, ekei = 0, 6^6; = 0, efeC; = 0, k,l ^ 1,2, k I. 



Cfc, 



The bases have the property that 

e+ + e_ + ei + 62 = 1. 

The moduli of the new bases are 
1 1 



Vq' ' ' ^/6' 
It can be shown that 



1,2. 



(5.37) 



(5.38) 



(5.39) 



xo + hiXi + h2X2 + hsXs + h^Xi + h^x^ 

= e+v+ + C-'U- + eiVi + ei{;i + 62^2 + e2i;2- 



(5.40) 
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The ensemble e+, e_, ei, ei, 62, 62 will be called the canonical polar 6-complex base, and 
Eq. ( p. 40 ) gives the canonical form of the polar 6-complex number. 



The exponential form of the 6-complex number u is 

f 1 1 a/2 

u = pexp < -{hi + h2 + + h4 + h^) In- -{hi - h2 + h^- h^^ h^) In ■ 



tant^+ 6 tanb'- 

+ + /;.2 - 2/i3 + /14 /is) Intan-?/'! + ei0i + e202| , (5-41) 

for < ^+ < 7r/2, < ^_ < 7r/2. 

The trigonometric form of the 6-complex number u is 



u = d\/l\- — ^ + - — ^ + 1+ ^ 



-1/2 



ytan^^^+ tan^6'_ tan^-^iy 

+r^ + ei + -^lexp(gi0i + g202). (5.42) 



tan 6*+ tan Q_ tan ■i/'i 



The modulus d and the amplitude p are related by 



d = p — ^ (tan tan tan ipi 
v6 ^ 

/II 1 y/' 

5.1.5 Elementary functions of a polar 6-complex variable 

The logarithm and power functions of the 6-complex number u exist for > 0,V- > 0, 
which means that 0<^^+<7r/2,0<^^_ <7r/2, and are given by 

1 \/2 1 a/2 

In-u = Inp + -{hi + h2 + h-i + hi + /15) In -{hi - h2 + h^- h4 + /15) In ■ 



6 tan^^+ 6 tan6'_ 

+ 7:{hi + h2- 2/i3 + /i4 + /is) In tan tpi + ei0i + 62^2, (5.44) 
6 



= e+f!^-|-e_f ™ + p™(ei cosm0i + ei sin m0i) +p™(e2 cos m02 + e2 sin m02)- (5.45) 
The exponential of the 6-complex variable u is 

e" = e+e''+ + e_e''" + e^^ (ei cos-Ui + ei sin-ui) + e""^ (62 cos ■52 + e2sin'U2) . (5.46) 

The trigonometric functions of the 6-complex variable u are 

2 

cos M = e+ cos f + + e_ cos v_ + (e^ cos t;^ cosh — sin Vk sinh -1;^) , (5-47) 

k=i 
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sin ti = e+ sin v+ + e_ sin t>_ + ^ (e^ sin cosh + cos Vk sinh -Ufc) . (5.48) 



fc=i 



The hyperbohc functions of the 6-complex variable u are 

2 

cosh M = e+ cosh w+ + e_ cosh w_ + ^ (cfc cosh f ^ cos -Ufc + sinh t>fc sin Vk) , (5.49) 



sinhw = e+ sinht>+ + e_ sinhf_ + ^ (e^ sinhf^ cost;^ + cosht;^ sinf^) . (5.50) 



k=l 



5.1.6 Power series of polar 6-complex numbers 

A power series of the 6-complex variable -u is a series of the form 



2 / 

ao + CLiU + + ■ ■ ■ + aiu + ■ ■ 



Since 

\av!\ < 6'/>||m|', 
the series is absolutely convergent for 

|n| < c, 

where 

c = lim —= . 

i^oo A/6|ai+i| 

If ai = I]p=o ^p'^ip) where Hq = 1, and 

5 

p=0 
p=0 



Ak = ^ip '^os 



Tikp 



p=0 



^zfc = 51 '^iv si"^ 

p=0 



3 



for A; = 1,2, the series ( |5.51D can be written as 



E 

/=0 L 



fc=i 



(5.51) 
(5.52) 
(5.53) 

(5.54) 



(5.55) 
(5.56) 
(5.57) 
(5.58) 



(5.59) 
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The series in Eq. (|5.51|) is absolutely convergent for 
\v+\ < c+, |f_| < c_, pk < Ck,k = 1,2, 

where 



c, = hm i^, c. 



I A 



i+i, 



lim 

i^oo L4/+1, 



-, Cfc = lim 



1/2 



Z^oo / .2 1/12 

\^^Z+l,fc + ^Z+1,, 



1/2 ■ 



(5.60) 



k = 1,2.(5.61) 



5.1.7 Analytic functions of a polar 6-compex variable 

If f{u) 



and 



) — l^k 


=0 hkPk{xo,xi, 


X2, Xs, 


X4, X5), then 


dPo _ 


dPi 


_ dP2 _ 


dPs _ 


9P4 dP5 


dxo 


dxi 


dX2 


dx3 


dx4 dx5 ' 


dPi 


dP2 


_ dp, _ 


dPi 


dP, _ dPo 


dxo 


dxi 


0X2 


dx3 


dxi 8x5 ' 


dP2 _ 


dPs 


dPi 


dP5 _ 


dPo dPi 


dxo 


dxi 


8X2 


dxs 


dxi dx^ ' 


dPs _ 


dPi 


_ dp, _ 


dPo _ 


dPi dP2 


dxo 


dxi 


dX2 


dxs 


dx4 dx^ ' 


dP4 


dP, 


_ dPo _ 


dPi 


dP2 _ dPs 


dxo 


dxi 


dX2 


dxj, 


dx4 dx^ ' 


dP, _ 


dPo 


dPi 


dP2 _ 


(9P3 dP^ 


dxo 


dxi 


dX2 


dxs 


dx4 dx^ ' 


d'Pk 




d'pk 




d^Pk 


dxodxi 


dxidxi-i 




dx^lj2]dXi_[i/2] 



(5.62) 
(5.63) 
(5.64) 
(5.65) 
(5.66) 
(5.67) 



d^Pk 



d'Pk 



d'Pk 



dx^,,dx, dx,,2dx, dx,,,,,,.,y2,dx,.^{ ^'-''^ 

for k,l = 0,...,5. In Eq. ( p.68| ), [a] denotes the integer part of a, defined as [a] < a < 
[a] + 1. In this work, brackets larger than the regular brackets [ ] do not have the meaning 
of integer part. 

5.1.8 Integrals of polar 6-complex functions 

If f{u) is an analytic 6-complex function, then 
f{u)du 



r u — uq 



where 



int(M,C) 



27r/(uo) [ei int(MoSim'r6m) + ^2 int(Mo€2'y2, r6r?2)] 



1 if M is an interior point of C, 
if M is exterior to C, 



(5.69) 



(5.70) 



and Mo^fcijfc and F^^^^ are respectively the projections of the pole uq and of the loop T on 
the plane defined by the axes ^fc and rjk, k = 1, 2. 
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5.1.9 Factorization of polar 6-complex polynomials 

A polynomial of degree m of the polar 6-complex variable u has the form 

P-miu) = + aiU"^'^ H h dm-lM + Am, 



(5.71) 



where a;, for I = l,...,m, are 6-complex constants. If ai = J^p^ohpUip, and with the 



notations of Eqs. ( |5.55| )-( |538| ) applied for / 
written as 



, m, the polynomial Pm{u) can be 



e+ 

2 



\ 1=1 



rn—l 



+ E 

k=l 



1=1 



~ ~ \m—l 



where the constants Ai_, Aik, Aik are real numbers. 
The polynomial Pm{u) can be written, as 



(5.72) 



Yl{u-Up), 

p=l 



where 

u 



m. 



(5.73) 



(5.74) 



1,2, are the roots of the cor- 



p - e+Vp+ + e_Up_ + [eiVip + eiVip) + [e2V2p + e2V2p) ,p 

The quantities Vp+, CkVkp + CkVkp, p = l,...,m,k 
responding polynomial in Eq. ( ^.72| ). The roots Vp+, Vp- appear in complex-conjugate 
pairs, and Vkp, Vkp are real numbers. Since all these roots may be ordered arbitrarily, the 
polynomial Pm{u) can be written in many different ways as a product of linear factors. 

If P{u) = — 1, the degree is m = 2, the coefficients of the polynomial are ai = 
0,02 = —1, the coefficients defined in Eqs. ( p.55| )- (|53^ ) are A2+ = —l,A2^ = —1,^421 = 
-1, A21 = 0, A22 = -1, A22 = 0. The expression of P{u), Eq. ( pT2D , is vl - e+ + - 
e_ + (eifi + eiVi)'^ — ei + (62^2 + e2'y2)^ — 62. The factorization of P{u), Eq. (|5.73|) , is 
P{u) = {u — Uijiu — U2), where the roots are ui = ±e+ ± e_ ± ei ± 62,^2 = —ui. If 
e+,e_, 61,62 are expressed with the aid of Eq. ( |5.36| ) in terms of hi, h2, h^, h^, h^, the 
factorizations of P(u) are obtained as 



u — 



u — 



u 



u 



u — 



u — 



u 



u — 



u + l){u - 1), 

u + \{l + hi + h2- 2/l3 + /l4 + /i5 
u+\{l-hi + h2 + 2h^ + hi-h^ 
u+ 1(2 + hi- h2 + h- h4 + h) 



M - 1(1 + /ii + /i2 - 2/l3 + hi + /15) 
u 



u 



u 



u 



M + |(-1 + 2/i2 + 2/i, 
u+\{2hi - /i3 + 2/15 
u + h'i){u-h^), 

u + i(-2 + /ll + /l2 + /is + /i4 + /is 



1 + 2/l2 + 2/l4 



- i(l -hi + h2 + 2h3 + hi- /is) 
1(2 + hi - /l2 + /is - /i4 + /is) 



\{2hi 



/is + 2h^ 

\{-2 + hi + h2 + 



u 



h^ + hi + /is) 
(5.75) 



It can be checked that (±6+ ± 6_ ± 61 ± 62)^ = 6+ + 6_ + 61 + 62 = 1. 
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5.1.10 Representation of polar 6-complex numbers by irreducible 
matrices 



If the unitary matrix which appears in the expression, Eq. ( ^.81) , of the variables .^_|.,^_, 
ii,Viy ^k,Vk in terms of xq, Xi, X2, X3, 0:4, 0:5 is called T, the irreducible representation of 
the hypercomplex number u is 



TUT- 



f v+ \ 



Vi 

V V2 J 



(5.76) 



where U is the matrix in Eq. ( |5.25| ), and 14 are the matrices 

5.2 Planar complex numbers in 6 dimensions 

5.2.1 Operations with planar complex numbers in 6 dimensions 

The planar hypercomplex number m in 6 dimensions is represented as 

u = Xq + hiXi + h2X2 + h^xs + h^x^ + /15X5. (5.78) 

The multiplication rules for the bases hi, h2, h^, h4, are 

hi = h2, hi = h/i, h\ = 1, h\ = —h2, hi = —h^^, hih2 = h^, hih^ = h^, /11/14 = h^, 
hih^ = -1, /i2/i3 = h5, h2hi = -1, h2h5 = -hi, h2,hi = -hi, h^h^ = -/12, 
h^h^ = -h^. (5.79) 



The significance of the composition laws in Eq. ( ^.79|) can be understood by representing 



the bases 1, hi, h2, h^, h^, h^ by points on a circle at the angles = 7rk/6, as shown in 
Fig. |5]^. The product hjh^ will be represented by the point of the circle at the angle 
7i{j + k)/12, j, k = 0,1, 5. If TT < 7r(j + k)/12 < 2tt, the point is opposite to the basis 
hi of angle ai = n{j + k)/6 — n. 

The sum of the 6-complex numbers u and u' is 

u+u = xo+XQ + hi{xi+x[) + hi{x2+X2) + h3{x3+x'^) + h4{x4+x'4) + h5{x5+x'^).{5.80) 
The product of the numbers u, u' is 

ULXL — jCqXq X'2X^ X^OC^ ^4^2 X^X^ 

+ hi{xoX[ + XiX'q — X2X'^ — X3X4 — X4X3 — X5X2) 

~\~h2(^XQX2 ~\~ XiX-^ -\- X2Xq X^Xr^ X4X4 X52J3) 81) 

XqX^ ~\~ X\X'2 ~\~ X2iX-^ ~\~ X^Xq X/^X^ X^X^J 
+ /l4(XoX4 + X'^X^ ~\~ X'2X^ ~\~ X^X-^ ~\~ X^Xq x^x^^ 
+ h^{XoX'^ + X1X4 + X2X3 + X3X2 + X4X[ + x^x'q). 
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4 



Figure 5.3: Representation of the planar hypercomplex bases 1, hi, h2, h^, h^, by points 
on a circle at the angles = nk/6. The product hjhk will be represented by the point 
of the circle at the angle n{j + k)/12, i, A; = 0, 1, 5. If tt < n{j + k)/12 < 27r, the point 
is opposite to the basis hi of angle ai = 7r(j + k)/6 — tt. 
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The relation between the variables fi, f i, f2, f2, fs, fs and xq, Xi, 0:2, 0:3, X4, are 



( \ 
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V3 
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2 






X4 




\V3 J 
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1 
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V3 
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1 
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V 


X5 


/ 



(5.82) 



The other variables are V4 = ^3,^4 = — fa, f5 = V2,V5 = — f2,f6 = vi,vq = —vi. The 
variables f 1, wi, f2, ^2, ^^3, ^^s will be called canonical planar 6-complex variables. 



5.2.2 Geometric representation of planar complex numbers in 6 
dimensions 

The 6-complex number u = xq + hiXi + h2X2 + h^x^ + h^x^ + h^x^ is represented by 
the point A of coordinates (xq, xi, 0:2, X3, X4, X5). The distance from the origin O of the 
6-dimensional space to the point A has the expression 



Xq ~t~ X^ ~t~ X2 ~t~ ^3 ~1~ X^ ~t~ '^S? 



is called modulus of the 6-complex number u, and is designated hy d = \u\ 
has the property that 



u u 



u 



(5.83) 
The modulus 

(5.84) 



The exponential and trigonometric forms of the 6-complex number u can be obtained 
conveniently in a rotated system of axes defined by a transformation which has the form 
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1 
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~2 
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Xi 




X2 




X3 




X4 




\X5 / 



(5.85) 



The lines of the matrices in Eq. ( |5.85D give the components of the 6 vectors of the new 
basis system of axes. These vectors have unit length and are orthogonal to each other. 
The relations between the two sets of variables are 



Vk 



(5.86) 



for k = 1,2,3. 

The radius pk and the azimuthal angle (j)k in the plane of the axes Vk,Vk are 



Pk = '"k + ^ki cos0fc = Vk/pk, sin0fc = Vk/pk, 



(5.87) 
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where < (f)k < 27r, A; = 1, 2, 3, so that there are 3 azimuthal angles. The planar angles 
V'fe-i are 



tan^i = pi/p2, tanV'a = Pi/Pa, 



(5.88) 



where 0<V'i<7r/2, O<'02<7r/2, so that there are 2 planar angles. The amplitude of 
an 6-complex number u is 



It can be checked that 

d'^^^ipl + pl + pl). 
li u — u'u", the parameters of the hypercomplex numbers are related by 
Pk = p'kP'k, 

tan ipk — tan ip'i^ tan ip^, 

(l>k = 4''k + (t>'L 

/ // 

P = PP , 



(5.89) 

(5.90) 

(5.91) 
(5.92) 
(5.93) 
(5.94) 
(5.95) 



where /c = 1, 2, 3. 

The 6-complex planar number u — Xq -\- hiXi + h2X2 + h^x^ + h^x^ + h^x^ can be 
represented by the matrix 



U 



/ 




Xi 


X2 




Xi 


X5 \ 




-X5 


Xo 


Xi 


X2 


Xz 


X4 




-.X4 


-,T5 


Xq 


Xi 
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X3 




-X3 


—X4 


-3^5 


Xq 


Xi 


X2 




-X2 


-X3 


— a;4 


-x-> 


Xo 


Xl 
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-Xi 


-X2 


-a^3 


— X4 


-X5 


Xo J 



(5.96) 



The product u = u'u" is represented by the matrix multiplication U = U'U". 



5.2.3 The planar 6-dimensional cosexponential functions 

The planar cosexponential functions in 6 dimensions are 

00 yk + Sp 

hk{y) = U-^rjkT6py_, 



(5.97) 



170 



for A; = 0, ...,5. The planar cosexponential functions of even index k are even functions, 
f6,2i{—y) = f6,2i{y), and the planar cosexponential functions of odd index are odd func- 
tions, /6,2Z+i(— = — f%,2i+i{y) , I = 0, 1, 2. The exponential function of the quantity hky 
is 



gmiy) - gmiy) + h2{gQi{y) - g&i{y)} + hi{gQ2{,y) - gabiy)}, 
' (y) - fmiy) + hM + h,{hM - fUy) + fM}, 



s'*"^ = geoiy) + gmiy) - h2{ge2iy) + g^biy)} + Kigeiiy) + g&i{.y)}, 

e'''^ = fm{y) + hif65{y) - hfeAiy) + hfesiy) - h^fmiy) + hhi{y)- 



(5.9^ 



/20 + ^3/21, which is 



The relations for /i2 and /14 can be written equivalently as e^^^ = /30 - 
gso — ^2/32 + h^gsi, and the relation for /13 can be written as e^^^ = 
the same as e'^^^ = cos y + sin y. 

The planar 6-dimensional cosexponential functions fekiy) are related to the polar 6- 
dimensional cosexponential function g^kiy) by the relations 



(5.99) 



for k = 0, ...,5. The planar 6-dimensional cosexponential functions f&k{y) are related to 
the polar 6-dimensional cosexponential function g^kiy) also by the relations 



Ukiy) = e''^"^g,Sy), 



(5.100) 



for k = 0, ...,5. The expressions of the planar 6-dimensional cosexponential functions are 



feoiy) 

f&i{y) 
fmiy) 
fesiy) 
f&A{y) 
f&b{y) 



I cosy 



■ cosh ^ycos I 



2' 



\smy + ^ sinh ^y cos | + I cosh ^y sin | 



-| cos ?/ + I cosh cos I + ^ sinh ^ 
— I sin ?/ + I cosh ^y sin |, 



2' 



(5.101) 



3 COS y — 3 cosn ^y cos 2 
i sin ?/ — ^ sinh cos - 



+ 



3 sinh sin I , 



3 y 3 ""j^" 2 y 2 ' 3 '^'-'^^ ^ y 2 ■ 

The planar 6-dimensional cosexponential functions can be written as 



hkiy) 



1 ^ 



ycos 



'7r(2/- 1) 
6 



cos 



TT 



?/ sm 



(2/ 



6 



7r(2/ - l)k 
6 



(5.102) 



for k = 0, ...,5. The graphs of the planar 6-dimensional cosexponential functions are 
shown in Fig. E^. 



It can be checked that 



Y.flk{y) 

k=0 



- + - cosh V3y. 



(5.103) 
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The addition theorems for the planar 6-dimensional cosexponential functions are 



96oiy + z) = g&o{y)g&o{z 
96i{y + z) ^g6o{y)96i{z 

6-62 + z) = gm{.y)gfs2{,z 

gmiy + z) = gm{.y)gfsz{.z 

gQiiy + z) = gm{.y)g&A{.z 
gQbiy + z) = gm{.y)g&b{z 



- g(ii{y)g&b{z) - g&2{y)g&i{z) - gm{y)g&z{z 
+ gQi{y)gm{z) - g&2{y)gfib{z) - gQ^{y)gQA{z 

+ gfii{.y)g&i{.z) + g&2{y)gm{.z) - gm{y)gQ^{.z 
+ g&i{.y)gm{.z) + g(i2{,y)g&i{,z) + gm{.y)gm{.z 
+ g&i{.y)gm{.z) + g62iy)g62iz) + gm{.y)g&i{z 
+ g&i{.y)g&A{z) + gQ2{.y)gQz{z) + gQz{y)g&2{z 



- g&i{y)g&2{z) - 

- gQi{y)g&i{z) - 

- g&A{y)gm{z) - 

- g&i{.y)g&^{.z) - 
+ g64{y)gm{z) - 
+ g&A{.y)g&i{.z) + 

(5.104) 



g(ib{y)g&i{z), 
g&b{y)gQ2{z), 
g&b{.y)gm{z), 
g65{y)g64{z), 
g&5{y)gQb{z), 
gm{y)gm{z). 



It can be shown that 

{hoiy) + hhi{y) + h2h2{y) + h^h2.{y) + h4^f&i{y) + hfe5{y)y 

= feoily) + hifeiily) + h2h2{ly) + h^fm{ly) + hifu{ly) + hfe^ily), 

{gaoiy) - gasiy) + h2{g6i{y) - geiiy)} + h4{g62{y) - g65{y)}y 
= gmily) - gmily) + higeiily) - g&Sy)} + KigmiJ-y) - g&bily)}, 

{ho{y) - fUy) + hM + h,{hr{y) - fUy) + UM}}' 
= fm{ly) - fm^ly) + hA{ly) + hiMly) - Miy) + Mly)}, 

{geoiy) + gesiy) - h2{g&2{y) + g&b{y)] + hA{g&i{y) + ^64(1/)}}' 
= gm{hj) + gm{ly) - h2{g&2{iy) + g&^iiy)} + /''4{5'6i(/y) + ga^ily)}, 

{feoiy) + hife5{y) - /i2/64(y) + hfesiy) - /i4/62(y) + hfeiiy)y 

= fmily) + hif65{ly) - h2fQA{ly) + family) - h4f62{ly) + h^hiily)- 

The derivatives of the planar cosexponential functions are related by 

dfm n df^i dfQ2 n dfes dfQ4 df^^ 



du 



65, 



du 



fi 



60, 



du 



fi 



61, 



du 



fi 



62, 



du 



f 



63, 



du 



-fi 



64- 



(5.105) 



(5.106) 



5.2.4 Exponential and trigonometric forms of planar 6-complex 
numbers 

The exponential and trigonometric forms of planar 6-complex numbers can be expressed 
with the aid of the hypercomplex bases 



(5.107) 
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The multiplication relations for the bases ek,ek are 



6fc, el 



ek,ekei 

The moduli of the bases e^, are 




0, CkCi = 0, CkCi = 0, k, / = 1, 2, 3, k^l. (5.108) 



(5.109) 
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for /c = 1, 2, 3. It can be shown that 

3 

xo + hixi + h2X2 + hxs + h^X4, + /isXs = ^(cfct^fc + CkVk). (5.110) 

fc=i 

The ensemble 61,61,62,62,63,63 will be called the canonical planar 6-complex base, and 
Eq. ( p.llOD gives the canonical form of the planar 6-complex number. 
The exponential form of the 6-complex number u is 

u = pexp |-(/i2 — ^4) Intan-i/^i H — (VShi — /i2 + /i4 — VSh^) lntan'?/'2 
13 6 

+6101 + 6202 + 6303}- (5.111) 

The trigonometric form of the 6-complex number u is 
u = dV^ 1 + ^ + 



Y tan tpi tan ?/'2 / 

(62 ^3 \ ~ ~ ~ 

61 + + exp (6101 + 6202 + 6303) • (5.112) 

tan -01 tan -02 / 

The modulus d and the amplitude p are related by 

21/3 / -J. 1 

(i = /O^^ (tan'01 tan'02)^''^ f 1 H ^— — I ^— I ■ (5.113) 

^/Q \ tan^ ipi tan^ ip2 J 

5.2.5 Elementary functions of a planar 6-complex variable 

The logarithm and power functions of the 6-complex number u exist for all xq, X5 and 
are 

1 1 

In M = In p H — (h2 — h^) In tan ipi -\ — (Vshi — h2 + — Vsh^) In tan ?/'2 
3 6 

+6101 + 6202 + 6303, (5.114) 



m"^ = ^ p™(6fc cosm0fc + Ck sinm0fc). (5.115) 

k=l 

The exponential of the 6-complex variable u is 

3 

6" = ^e"'' {ekcosvk + eksinvk) . (5.116) 

k=l 

The trigonometric functions of the 6-complex variable u are 

3 

cosM = ^ (6fc cosffc cosh-Ufc — Ck sinvk sinh-u^) , (5.117) 

k=l 
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sin M = ^ (cfc sin Vk cosh Vk + cos Vk sinh Vk) ■ 



k=l 



The hyperbohc functions of the 6-complex variable u are 

3 

cosh M = ^ (cfc cosh Vk cos Vk + sinh Vk sin Vk) , 



sinh M = ^ (cfc sinh Vk cos f ^ + cosh f ^ sin t>fc) 



fc=i 



5.2.6 Power series of planar 6-complex numbers 

A power series of the 6-complex variable m is a series of the form 
+ aiu + a2V^ + ■ ■ ■ + ajw' + • • • . 

Since 

\au^\ < 3'/>||u|^ 
the series is absolutely convergent for 
|m| < c, 

where 

1. 

c = hm . 

V3|az+i| 

If ai = J2l=o hpttip, and 

J. 7r(2A;-l)p 
= 2^ aip cos - 

p=0 



6 



5 ^ Tr(2k-l)p 
Ak = 2^ aip sm , 



p=0 



where k = 1,2, 3, the series ( [5.121[ ) can be written as 



E 



1=0 lk=l 

The series is absolutely convergent for 
pk <Ck,k = 1,2,3, 

where 



Ck = lim — 



42 I 4 



1/2 



42 I 42 



1/2' 
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5.2.7 Analytic functions of a planar 6-complex variable 

If f{u) 



) = 


=0 ^kPk 


( Xr, Xk) thpn 


f)Pr, 

UJTq 




r)Po <9Po f^P. f)Pr 


dxn 


dxi 


dx2 dx^ (9x4 dx^ ' 


ur\ 


riPn 


r)Po <9P. <9Pr: <9Pn 

C-Ta (7/^4 C-Ts C-To 


dXn 


dxi 


(9X2 "9X4 (9X5 ' 




riPn 


(9 P. <9Ptr (9Pn (9P, 


dxo 


dxi 


(9x2 f^a^3 f^a;4 9x5 ' 


dPs _ 


dPi 


dP^ dPo dPi dP2 


dxo 


dxi 


dx2 9X3 9X4 9X5 ' 


dP4 


dP5 


dPo dPi dP2 dPs 


dxo 


dxi 


9X2 9X3 9X4 9X5 ' 


dP, _ 


dPo 


9Pi 9P2 9P3 9P4 



and 



9xo 



d'Pk 
dxodxi 



9xi 



9X2 



9x3 



9X4 



9X5 



(5.130) 
(5.131) 
(5.132) 
(5.133) 
(5.134) 
(5.135) 



d'Pk 



d^Pk 



dxidxi^i 



9X[,/2]9Xi_[//2] 



92R 



d^pk 



d'pk 



9x^+1 9x5 



dx 1+28x4 



9x/+i+[(4„/)/2] 9x5_[(4_/)/2] 



(5.136) 



5.2.8 Integrals of planar 6-complex functions 

If f{u) is an analytic 6-complex function, then 

/r u-uq " ^^•^*^"o) {ei int(Moeim' Teim) + ^2 int(Mo6'?2> r6r?2) + ^3 int(Mo53'?3> r?3r?3)} > (5.137) 

where wogfcjjs. and T^^,^^ are respectively the projections of the point wq and of the loop V 
on the plane defined by the axes and 77^, k = 1, 2, 3. 

5.2.9 Factorization of planar 6-complex polynomials 

A polynomial of degree m of the planar 6-complex variable u has the form 

Pm{u) =U"' + aiM™"^ H h flm-lM + Am, (5.138) 



where a;, for Z = l,...,m, are 6-complex constants. If ai = J^t^ohpaip, and with the 



notations of Eqs. ( ^.125| )- ([5.126|) applied for Z = 1, ■ ■ ■ , m, the polynomial Pm{u) can be 
written as 



3 

E 

k=l L 



{ekVk + ekVk)"" + J^i'^kAik + ekAik){ekVk + CkVk 



~ ~ \m—l 



(5.139) 
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where the constants Aik,Aik are real numbers. 

The polynomial Pm{u) can be written as a product of factors 



p 

± rr 



[u 



u 



p=l 



where 



3 

E 

fc=i 



(5.140) 



(5.14i; 



for p = 1, m. The quantities Cfct^^p + (ikVkp, p = I, ...,m, k = 1,2,3, are the roots of the 
corresponding polynomial in Eq. ( p.l39| ) and are real numbers. Since these roots may 
be ordered arbitrarily, the polynomial Pm{u) can be written in many different ways as a 
product of linear factors. 



If Piu) 



u 



+ 1, the degree is m = 2, the coefficients of the polynomial are oi 



0. 02 = 

1, ^2 



1, the coefficients defined in Eqs. ( 1^1^ )- ( pT^ ) are A21 = I, A21 = 0,^22 



0,v423 = 1,^23 = 0. The expression, Eq. ( |5.139|) , is P(u) = (eit;i +61^71)^ + 



ei + (e2V2 + 62^2)^ + 62 + 



63^3 + 63^3)^ + 63. The factorization of P{u), Eq. ( |5.140|) , is 



P(u) 



ui){u — U2), where the roots are ui = ±ei ± 62 ± 63,^2 -- 
are expressed with the aid of Eq. (|5.107|) in terms of hi,h2,h^,hi,h^, 
of Piu) are obtained as 



= -Ml. If 61,62,63 

the factorizations 



M+|(2/ii + /i3 + 2/i5jj yu 

u + l{hi + \/3h2 - hs + y/Shi + 
u + h^){u - hs), 

u + \{-hi + v^/l2 + /i3 + V^hi - /15 



i(2/ii + /l3 + 2/l5) 



u 



\{hi + 73/12 - /i3 + V^K + h 



u — 



-hi + \/?>h2 + /is + 73/^4 - /is) 
(5.142) 



It can be checked that (±61 ± 62 + ±63)^ 



-61 - 62 - 63 



-1. 



5.2.10 Representation of planar 6-complex numbers by irreducible 
matrices 

If the unitary matrix written in Eq. ( |5.85| ) is called T, the matric TUT^^ provides an 
irreducible representation of the planar hypercomplex number u, 

( Vi \ 

TUT-^ = ^2 , (5.143) 

V vj 

where U is the matrix in Eq. ( ^.96| ) used to represent the 6-complex number u, and the 
matrices are 

= f '0 ' (5.144) 
for = 1, 2, 3. 
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Chapter 6 

Commutative Complex Numbers in 
n Dimensions 

Two systems of complex numbers in n dimensions are described in this chapter, for which 
the multiphcation is associative and commutative, which can be written in exponential 
and trigonometric forms, and for which the concepts of analytic n-complex function, 
contour integration and residue can be defined. The n-complex numbers introduced in 
this chapter have the form u = Xo + h^Xi + h2X2 + • • • + hn-iXn-i, the variables Xq, ...,Xn-i 
being real numbers. 

The multiplication rules for the complex units /ii, discussed in Sec. 6.1 are 
hjhk — hj+k if < J + k < n — 1, and hjhk = hj^k-n ii n < j + k < 2n — 2. The product 
of two n-complex numbers is equal to zero if both numbers are equal to zero, or if the 
numbers belong to certain n-dimensional hyperplanes described further in this chapter. If 
the n-complex number u = xo + hiXi + h2X2 + • — h hn-iXn-i is represented by the point 
A of coordinates Xo,Xi, the position of the point A can be described, in an even 
number of dimensions, by the modulus d = {xl + x1-\ — • + by n/2 — 1 azimuthal 

angles 0^, by n/2 — 2 planar angles ipk-i, and by 2 polar angles 6^,6_. In an odd number 
of dimensions, the position of the point A is described by d, by {n — l)/2 azimuthal angles 
(pk, by (n — 3)/2 planar angles ipk-i, and by 1 polar angle 6'+. An amplitude p can be 
defined for even n as — v^V-pf ■ ■ ■ Pn/2-iJ and for odd n as p" = f +Pi • • • P(n-i)/2' where 

— Xo + • • ■ + Xn-1, = Xq — Xi + ■ ■ ■ + Xn^2 — ^^n-i, and Pfc are radii in orthogonal two- 
dimensional planes defined further in Sec. 6.1. The amplitude p, the variables the 
radii p^, the variables (l/\/2) tan^_|_, (l/y^) tan^^_, tan-(/'jfc_i are multiplicative, and the 
azimuthal angles 0^ are additive upon the multiplication of n-complex numbers. Because 
of the role of the axis Vj^ and, in an even number of dimensions, of the axis v^, in the 
description of the position of the point A with the aid of the polar angle ^+ and, in an 
even number of dimensions, of the polar angle the hypercomplex numbers studied 
in Sec. 6.1 will be called polar n-complex number, to distinguish them from the planar 
n-complex numbers, which exist in an even number of dimensions. 

The exponential function of a polar n-complex number can be expanded in terms 
of the polar n-dimensional cosexponential functions Qukiv) — Y,^=Qy^^^^ I {k -\-pn)\, k — 
0, l,...,n— 1. It is shown that = ^ X^5!ZQ^exp{ycos (27rZ/n)}cos{ysin (27rZ/n) — 27rkl/n}, 
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A; = 0, — 1. Addition theorems and other relations are obtained for the polar n- 

dimensional cosexponential functions. 

The exponential form of a polar n-complex number, which in an even number of di- 
mensions n can be defined for + ■ ■ ■ + Xn-i > 0, — a:i + ■ ■ ■ + Xn-2 — ^n^i > 0, is 
u = pexp{Ep=i/ip [(1/^^) lnV2/tan^+ + ((-If/n) InV2/tan^_ 

-(2/n) T,k=2^ cos {2'Rkp/n) Intan V'fc-i } exp (eI~V^ 6^0^) , where Cfc = (2/n) Ep=i K sin(27rpA;/n). 
In an odd number of dimensions n, the exponential form exists for Xo + ■ ■ ■ + Xn-i > 0, and 
is u = pexp hp (l/n) In ^/2/ tan6'+ — (2/n) J^^^J^^^"^ cos {27rkp/n) Intanipk-i } 

exp (Z^fcl^^''^^ ^k'Pk)- A trigonometric form also exists for an n-complex number m, when u 
is written as the product of the modulus of a factor depending on the polar and planar 
angles 9^,ipk-i ^-nd of an exponential factor depending on the azimuthal angles (pk- 

Expressions are given for the elementary functions of polar n-complex variable. The 
functions f{u) of n-complex variable which are defined by power series have derivatives 
independent of the direction of approach to the point under consideration. If the n- 
complex function f{u) of the n-complex variable u is written in terms of the real functions 
Pk{xo, ■■■,Xn-i),k — 0, ...,n — 1, then relations of equality exist between partial deriva- 
tives of the functions Pk- The integral f{u)du of an n-complex function between two 
points A, B is independent of the path connecting A, 5, in regions where / is regular. If 
f{u) is an analytic n-complex function, then §jp f(u)du/{u — Uq) = 27rf{uo)Y}k=i^^^'^^^k 
int(Mo{j,,,j., r{fe»7fe), where the functional int takes the values or 1 depending on the relation 
between woCfcT?^ and r^^^,^^ , which are respectively the projections of the point uq and of the 
loop r on the plane defined by the orthogonal axes ^k and rjk, as expained further in this 
work. 

A polar n-complcx polynomial can be written as a product of linear or quadratic 
factors, although the factorization may not be unique. 

Particular cases for n — 2,3, 4, 5, 6 of the polar n-complex numbers described in Sec. 
6.1 have been studied in previous chapters. 

The multiplication rules for the complex units hi, hn-i discussed in Sec. 6.2 are 
hjhk = hj^k ifO<j + A;<n — 1, and hjh^ = ~hj^k-n if n < j + k < 2n — 2, where ho = 1. 
The product of two n-complex numbers is equal to zero if both numbers are equal to zero, 
or if the numbers belong to certain n-dimensional hyperplanes described further in Sec. 
6.2. If the n-complex number u — Xq + h^Xi + h2X2 -l- • • • -l- hn-iXn-i is represented by 
the point A of coordinates Xo,Xi, ...,Xn-i, the position of the point A can be described, 
in an even number of dimensions, by the modulus d = {xq + xl + ■ ■ ■ + x\_^Y^'^, by n/2 
azimuthal angles (pk and by n/2 — 1 planar angles ipk-i- An amplitude p can be defined as 
P" = Pi ■ ■ ■Pn/2' where pk are radii in orthogonal two-dimensional planes defined further 
in Sec. 6.2. The amplitude p, the radii pk and the variables tanV'fc-i are multiplicative, 
and the azimuthal angles (pk are additive upon the multiplication of n-complex numbers. 
Because the description of the position of the point A requires, in addition to the azimuthal 
angles 0^, only the planar angles ipk-i^ the hypercomplex numbers studied in Sec. 6.2 
will be called planar n-complex number, to distinguish them from the polar n-complex 
numbers, which in an even number of dimensions required two polar angles, and in an 
odd number of dimensions required one polar angle. 
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The exponential function of an n-complex number can be expanded in terms of the 
planar n-dimensional cosexponential functions fnkiv) = Z]^o(~-'-)^?/^^^"/(^ +pn)\,k = 
0, 1, n — 1. It is shown that fnkiy) = i^/n) J2?=iexp {y cos (7r(2/ — l)/n)} 
cos {ysin (7r(2Z — l)/n) — 'Kk{2l — l)/n} , k = 0,1, n — 1. Addition theorems and other 
relations are obtained for the planar n-dimensional cosexponential functions. 

The exponential form of a planar n-complex number, which can be defined for all Xq, 
Xn-i, isu = pexp {Ep=i hp -(2/ra) J^l^J^ cos (7r(2A; - l)p/n) Intan^/'fc.i } exp {j2k=i ^k<Pi 
where = (2/n) I]p=i Zip sin(7r(2A; — l)p/n). A trigonometric form also exists for an n 

complex number, u = d [njT^^'^ [l + 1/ tan^ + 1/ tan^ '?/'2 + ■ ■ ■ + 1/ tan^ '?An/2-i^ ^ 



/2-1 

ei + Efcf=2 efc/ tan?/;fe_i) exp (Efc=i 



Expressions are given for the elementary functions of planar n-complex variable. The 
functions f{u) of planar n-complex variable which are defined by power series have deriva- 
tives independent of the direction of approach to the point under consideration. If the 
n-complex function /(m) of the n-complex variable u is written in terms of the real func- 
tions Pfc(xo, Xn-i), /c = 0, ...,n — 1, then relations of equality exist between partial 
derivatives of the functions P^. The integral f{u)du of an n-complex function between 
two points A, B is independent of the path connecting A,B, in regions where / is regu- 
lar. If f{u) is an analytic n-complex function, then ^ f{u)du/ {u — Uq) = 27r/(uo) J2k=i 
int(Mogj.,yj., r$fc%), where the functional int takes the values or 1 depending on the relation 
between uqi^^j^^ and r^^.^^., which are respectively the projections of the point uq and of the 
loop r on the plane defined by the orthogonal axes and rjk, as expained further in Sec. 
6.2. 

A planar n-complex polynomial can always be written as a product of linear factors, 
although the factorization may not be unique. 

For n = 2, the n-complex numbers discussed in this paper become the usual 2- 
dimensional complex numbers x + iy. Particular cases for n = A and n = 6 of the planar 
n-complex numbers described in this paper have been studied in previous chapters. 



6.1 Polar complex numbers in n dimensions 

6.1.1 Operations with polar n-complex numbers 

A complex number in n dimensions is determined by its n components {xq,Xi, ...,Xn-i)- 
The polar n-complex numbers and their operations discussed in this section can be repre- 
sented by writing the n-complex number (xq, Xi, Xn-i) as u = xq + hiXi + h2X2 + ■ • ■ + 
hn-iXn-i, where hi,h2, - ■ ■ , hn-i are bases for which the multiplication rules are 

hjhk = hi, I = j + k- n[{j + k)/n], (6.1) 

for j, k,l = 0, 1, n — 1. In Eq. (|6.1|) , [(j + k)/n] denotes the integer part of (j + k)/n, 
the integer part being defined as [a] < a < [a] + l, so that < j + k — n[{j + k)/n] < n — 1. 
In this chapter, brackets larger than the regular brackets [ ] do not have the meaning of 
integer part. The significance of the composition laws in Eq. ( |6.1| ) can be understood by 
representing the bases hj, hk by points on a circle at the angles aj = 27rj/n, ak = 27ik/n, as 



181 



shown in Fig. |6.1| , and the product hjhk by the point of the circle at the angle 27r(j + A;)/n. 
If 2tt < 2TT{j + k)/n < An, the point represents the basis hi of angle ai = 27c{j + k — n)/n. 

Two n-complex numbers u = Xq + hiXi + h2X2 + ■ ■ ■ + hn-iXn^i, u' = x'q + hix[ + 
h2X2 + • ■ ■ + hn-ix'j^_i are equal if and only if Xi = x'^ji = 0,1, ...,n — 1. The sum of the 
n-complex numbers u and u' is 

U + U = Xo + x'q + hi{xi + x'l) H h hn~l{Xn-l + x'n-i)- (6.2) 

The product of the numbers u, u' is 

uu' = XqX'q + XiX'^_^ + X2X'^_2 + ^i^'n-Z H ^ ^n-\^'\ 

+/ii(xoa;'i + XiXg + X2<_i + x^^x'^^.^ H h Xn-\x'^ 

+ h2{xoX'2 + Xix'i + X2x'q + X3X^_i H h X^-iXg) (6.3) 

The product mm' can be written as 

n—l n—1 
fc=0 1=0 

If M, m', m" are n-complex numbers, the multiplication is associative 

{uu')u" = u{u'u") (6.5) 
and commutative 

uu = u'u, (6.6) 



because the product of the bases, defined in Eq. (|0|), is associative and commutative. 
The fact that the multiplication is commutative can be seen also directly from Eq. ( |6.3| ). 
The n-complex zero is + /ii ■ + ■ ■ ■ + hn-i ■ 0, denoted simply 0, and the n-complex 
unity is 1 -f- /ii ■ + ■ ■ ■ + hn-i ■ 0, denoted simply 1. 

The inverse of the n-complex number u = Xq + hiXi + h2X2 + ■ ■ ■ + hn^iXn-i is the 
n-complex number u' = x'q + hix'^ + h2x'2 + ■ ■ ■ + /in-i^^^-i having the property that 

uu' = 1. (6.7) 

Written on components, the condition, Eq. ( |6.7| ), is 



Xqx'^ + Xix'q + X2X'^_1 + Xzx'n_2 H V Xn-ix'2 = 0, 

0:0X2 + Xix'i + X2x'q + X3X^_i H h Xn-ix'^ = 0, (Q.g) 

The system ( |6.8| ) has a solution provided that the determinant of the system, 

V = det{A), (6.9) 
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Figure 6.1: Representation of the hypercomplex bases 1, hi, hn-i by points on a circle 
at the angles = 2Trk/n. The product hjhk will be represented by the point of the 
circle at the angle 27r(j + k)/n, i,k = 0, 1, ...,n — 1. If 27r < 27r(j + k)/n < Att, the point 
represents the basis hi of angle ai — 2n{j + k)/n — 27r. 
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Xn-2 ■ 


■ ■ Xi 


Xi 


Xo 
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Xi 
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is not equal to zero, jy ^ 0, where 
/ 

A = 

\ Xn—l Xn—2 Xn—3 

If z/ > 0, the quantity 
p = v^l- 



(6.10) 



Xo j 



(6.11) 



will be called amplitude of the n-complex number m = xq + h^Xx + h2X2 H — ■ + /i„_ix„_i. 
The quantity v can be written as a product of linear factors 



n-\ 



n (^0 + ^kX\ + efcX2 H Ve\ ^Xn-\ 



(6.12) 



A;=0 



where = e^'^*'^/", i being the imaginary unit. The factors appearing in Eq. ( |6.12| ) are 
of the form 



Xo + €kX\ + 6^X2 H Ve\ ^Xn-\ = Vk \ iVk, 



where 



n-l 



Xp COS ■ 



n-l 

Vk = '^Xp sin 

p=0 



27rkp 



n 



27ikp 



n 



(6.13) 

(6.14) 
(6.15) 



for /c = 1, 2, n — 1 and, if n is even, k ^ n/2. For /c = the factor in Eq. ( |6.13| ) is 

Vj^ = Xo+ Xi^ V Xn-l-, (6.16) 

and if n is even, for k = n/2 the factor in Eq. ( |6.13|) is 

V-=Xo-Xi^ VXn-2-Xn-l- (6-17) 

It can be seen that Vk = Vn-k,Vk = —Vn-k, k = l,...,[(n — l)/2]. The variables 
v^,V-,Vk,Vk, k = l,...,[{n — l)/2] will be called canonical polar n-complex variables. 
Therefore, the factors appear in Eq. ( |6.12|) in complex-conjugate pairs of the form Vk + ivk 
and Vn-k + ivn-k = Vk — iVk, where k = 1, [{n — l)/2], so that the product z/ is a real 
quantity. If n is an even number, the quantity u is 



n/2-l 
k=l 



(6.18) 
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and if n is an odd number, u is 



(n-l)/2 

iy = v^ Yl {vl + vl). (6.19) 

k=0 

Thus, in an even number of dimensions n, an n-complex number has an inverse unless it hes 
on one of the nodal hypersurfaces Xo+Xi + - ■ = 0, or xo—Xi + - ■ ■+Xn-2—Xn-i = 0, 

or vi = 0,vi = 0, or Vn/2-1 = 0,Vn/2-i = 0. In an odd number of dimensions n, 
an n-complex number has an inverse unless it lies on one of the nodal hypersurfaces 

Xo + Xi^ h Xn-1 = 0, or Vi = 0, {;i = 0, or V^n-l)/2 = 0, W(n-l)/2 = 0. 



6.1.2 Geometric representation of polar n-complex numbers 

The n-complex number xo + hiXi + h2X2 + - ■ ■ + can be represented by the point A 

of coordinates (xq, Xi, Xn-i)- If O is the origin of the n-dimensional space, the distance 



from the origin O to the point A of coordinates {xo,Xi, 

d — Xq ~r X-^ i ' ' ' i X^_-^. 



,Xn-i) has the expression 



(6.20) 



The quantity d will be called modulus of the n-complex number u = xq + hiXi + h2X2 + 
■ ■ ■ + hn-iXn-i- The modulus of an n-complex number u will be designated by ci = \u\. 

The exponential and trigonometric forms of the n-complex number u can be obtained 
conveniently in a rotated system of axes defined by a transformation which, for even n, 
has the form 



where k = 1,2, 







1 



^COS^ 

n 

n n 



1 



2 27r(n-2)fc 

COS — '— 

n 

2 ■ 27r(n-2)fc 

- sm — — 

n n 



1 



2 27r(n-l)fc 

COS — '— 

n 

2 ■ 27r(n-l)fc 

- sm — — 

n n 



I 



Xq 



(6 



,n/2 — l. For odd n the rotation of the axes is described by the relations 



ik 

V '■■ ) 



I 



1 

^2 



^COS^ 



2 sin^ 



2cos^ 
2sin^ 



2 27r(n-l) 

COS — - 

n 

2 ■ 2n(n-l) 

sm — - 



2 27r(n-l)fc 
COS — 5^ '— 

n 

2 ■ 2n(n-l)k 

sm — 5^ '— 



( 



Xi 
^2 



\ 



I 



\ Xn-1 J 



(6.22) 



where k = 0,1, {n — l)/2. The lines of the matrices in Eqs. ( |6.21D or ( |6.22| ) give the 
components of the n basis vectors of the new system of axes. These vectors have unit 
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length and are orthogonal to each other. By comparing Eqs. ( |6.14|) -( |6.17|) and ( |6.21|) - 
( |6.22| ) it can be seen that 



i.e. the two sets of variables differ only by scale factors. 

The sum of the squares of the variables v^, Vk is, for even n, 



(6.23) 



n/2-l 



n 



(xqH hx^_i)-2(a;oX2H VXn-AXn-2+xiX:>,^ ha;„_3X„_i), (6.24) 



k=l 



and for odd n the sum is 



(n-l)/2 
k=l 



n — 1 



(a;o H h xl_^) - {XqXi H h Xn-2Xn~l)- 



(6.25) 



The relation (|6.24|) has been obtained with the aid of the identity, valid for even n. 



"^""^ 27r pk 
E cos 

A;=l 



n 



—1, for even p, 
0, for odd p. 



(6.26) 



The relation ( |6.25|) has been obtained with the aid of the identity, valid for odd values of 
n, 



(n-l)/2 

E 

k=l 



COS ■ 



27cpk 



n 



(6.27) 



From Eq. ( |6.24| ) it results that, for even n. 



n/2-l 



n 



n 



n 



(6.28) 



k=l 



and from Eq. (|6.25|) it results that, for odd 



n, 



(n-l)/2 



n n 



E pI 



(6.29) 



k=l 



The relations ( |6.28|) and (|6.29| ) show that the square of the distance d, Eq. ( |6.2(]| ), is the 



sum of the squares of the projections v+/ ^Jn, pk^2/n and, for even ra, of the square of 
v^l^Jn. This is consistent with the fact that the transformation in Eqs. (|6.21| ) or (|6.22|) 
is unitary. 

The position of the point A of coordinates (xq, xi, x^-i) can be also described with 
the aid of the distance d, Eq. (|6.20|) , and of — 1 angles defined further. Thus, in the 
plane of the axes Vk,Vk, the radius pk and the azimuthal angle (pk can be introduced by 
the relations 



Pk = Vk + Vk^ cos (j)k = Vk/pk, sin (f)k = Vk/pk,0 < (f)k < 2tt, 



(6.30) 
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so that there are [{n — l)/2] azimuthal angles. If the projection of the point A on the 
plane of the axes Vk-,Vk is A^, and the projection of the point A on the 4-dimensional 
space defined by the axes fi, -ui, f^, Wfe is Aik, the angle ipk-i between the line OAik and 
the 2-dimensional plane defined by the axes Vk , Vk is 

tan?/'fc_i = pi/pfc, (6.31) 

where < ■j/'fc < 7r/2, k = 2, [{n — l)/2], so that there are [{n — 3)/2] planar angles. 
Moreover, there is a polar angle 6^, which can be defined as the angle between the line 
OAi^ and the axis f+, where Ai^ is the projection of the point A on the 3- dimensional 
space generated by the axes vi,vi,v^, 

tan^+ = ^^, (6.32) 

where < 6*+ < tt , and in an even number of dimensions n there is also a polar angle 6'_ , 
which can be defined as the angle between the line OAi^ and the axis f_, where Ai^ is 
the projection of the point A on the 3-dimensional space generated by the axes vi,vi,V-, 

tan^_ = ^^, (6.33) 



where < ^_ < tt . In Eqs. {^^) and (|03D , the factor ^2 appears from the ratio of the 



normalization factors in Eq. ( |6.23| ). Thus, the position of the point A is described, in an 
even number of dimensions, by the distance rf, by n/2 — 1 azimuthal angles, by n/2 — 2 
planar angles, and by 2 polar angles. In an odd number of dimensions, the position of 
the point A is described by {n — l)/2 azimuthal angles, by in — 3)/2 planar angles, and 
by 1 polar angle. These angles are shown in Fig. 22. 

The variables pk can be expressed in terms of d and the planar angles i\}k as 

= ^ ^] , (6.34) 
tan^fc_i 

for k = 2, [{n — l)/2], where, for even n, 

^ ndP ( I 1 1 1 1 



tan^ tan^ 9^ tan^ ipi tan^ 1P2 tan^ 'ipn/2-2 , 



(6.35) 



and for odd 

^ nd^ f 1 1 1 1 , , 

2 Ytan^t^+ ta.n'^ipi taxr %p2 taxr ilJ(n~z)/2 J 

If U' = x'q + hiX'i + h2X'2 + ■ ■ ■ + hn-lX'n_i, U" = Xq + hix'( + h2X2 + • ■ ■ + hn-.ix'^_i 
are n-complex numbers of parameters v'_^, v'_, p'f., 6'_,ip'f., 0'^ and respectively f " , t>" , p'^, 
6'[, 6'_, ip'^, (p'l, then the parameters f+, f_, pk, 9+, 9_, ipk, <Pk of the product n-complex 
number u = u'u" are given by 

v+ = «, (6.37) 
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Figure 6.2: Radial distance pk and azimuthal angle 0^ in the plane of the axes Vk,Vk, 
and planar angle ipk-i between the line OAik and the 2- dimensional plane defined by the 
axes Vk, Vk- is the projection of the point A on the plane of the axes v^, v^, and Ai^ is 
the projection of the point A on the 4-dimensional space defined by the axes Vi,Vi,Vk,Vk. 
The polar angle ^+ is the angle between the line OAi^ and the axis v+, where Ai+ is 
the projection of the point A on the 3-dimensional space generated by the axes vi,vi,v+. 
In an even number of dimensions n there is also a polar angle which is the angle 
between the line OAi_ and the axis f_, where Ai_ is the projection of the point A on 
the 3-dimensional space generated by the axes Vi,Vi,v^. 
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pk = p'kp'L 



(6.38) 



for A; = l,...,[(n-l)/2], 

tan 9+ = tan^^'i tan^^" , 

for/c = l,...,[(n-3)/2], 

for /c = 1, [{n — l)/2], and, if n is even, 



/ // 

V- = v_v_. 



tan 9^ = ^tan6'' tan 6*". 
V2 



(6.39) 
(6.40) 

(6.41) 

(6.42) 
(6.43) 



The Eqs. (|6.37|) and (|6.42|) can be checked directly, and Eqs. ( p.38| )- (|6.41| ) and (|6.43| ) are 
a consequence of the relations 



(6.44) 



and of the corresponding relations of definition. Then the product u in Eqs. ( |6.18| ) and 
(|6.19|) has the property that 



/ // 

V = V V 



and, if v' > 0, u" > 0, the amplitude p defined in Eq. (|6.11| ) has the property that 



P = PP 



(6.45) 



(6.46) 



The fact that the amplitude of the product is equal to the product of the amplitudes, as 
written in Eq. ( |6.46| ), can be demonstrated also by using a representation of the n-complex 
numbers by matrices, in which the n-complex number u = XQ + hiXi + h2X2 + - ■ ■ + hn-iXn-i 
is represented by the matrix 



U 



( Xq X\ X2 
Xn-1 Xo Xi 
Xn-2 Xn-1 Xq 



X2 X3 



Xn-1 \ 
Xn-2 
Xn—3 

Xo J 



(6.47) 



The product u = u'u" is represented by the matrix multiplication U = U'U" . The relation 
( |6.45| ) is then a consequence of the fact the determinant of the product of matrices is equal 
to the product of the determinants of the factor matrices. The use of the representation 
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of the n-complex numbers with matrices provides an alternative demonstration of the fact 
that the product of n-complex numbers is associative, as stated in Eq. ( |S.5| ). 

According to Eqs. (WM , (HH), ( |02D , ( lO^ ) and ( IOqD , the modulus of the product 
uu' is, for even n, 

1 1 9 n/2-l 

\uuf = + -i^-^-f + - E (PfcPl)'' (6-48) 

k=l 



and for odd n 



1. 2 



(n-l)/2 



„K<)' + - E (p^pI)'- (6-49) 

k=i 



Thus, if the product of two n-complex numbers is zero, uu' = 0, then = 0,pkp'k = 

0,k = 1,..., [{n — l)/2] and, if n is even, V-v'_ = 0. This means that either u = 0, or 
u' = 0, or u, u' belong to orthogonal hypersurfaces in such a way that the afore-mentioned 
products of components should be equal to zero. 



6.1.3 The polar n-dimensional cosexponential functions 

The exponential function of a hypercomplex variable u and the addition theorem for the 
exponential function have been written in Eqs. (1.35)-(1.36). lfu = xo+hiXi+h2X2 + - ■ ■+ 
hn-iXn-i, then expw can be calculated as expu = expxo ■ exp(/iiXi) ■ • ■ exp(/i„_ix„_i). 
It can be seen with the aid of the representation in Fig. |6.1| that 



= h^, p integer, (6.50) 
for k = 1, ...,n — 1. Then e'**^ can be written as 

n-l 



e 



hkV 



E hkp-n[kp/n]gnp{y), (6.51) 



p=0 



where the expression of the functions Qnk, which will be called polar cosexponential func- 
tions in n dimensions, is 

oo 

9nk{y) = T.y'''''Vik + pn)\, (6.52) 
for k = 0,1, ...,n — 1. 

If n is even, the polar cosexponential functions of even index k are even functions, 
9n,2p{.—y) = gn,2p{y), P = 0, 1, ...,n/2 — 1, and the polar cosexponential functions of odd 
index are odd functions, gn,2p+i{—y) = —gn,2p+i{y), P = 0, 1, ...,n/2 — 1. For odd values 
of n, the polar cosexponential functions do not have a definite parity. It can be checked 
that 

n-l 

J2gnkiy) = ey (6.53) 

fc=0 
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and, for even n, 

n-l 



Y,{-lfgnk{y)=e-y. 

k=0 

The expression of the polar n-dimensional cosexponential functions is 



(6.54) 



n— 1 

9nk{y) = - ^exp 



y cos 



'2nl\ 



cos 



27r/\ 2Tikl 



y sm 



n 



n 



(6.55) 



for A; = 0, 1, ...,n — 1. In order to check that the function in Eq. ( |6.55| ) has the series 
expansion written in Eq. ( |6.52|) , the right-hand side of Eq. ( |6.55|) will be written as 



9nk{y) 



— > Ke < exp cos h i sm 

nf^^ \ [\ n n 



\y-^- 



2nkl 



n 



(6.56) 



for k = 0,1, ...,n — 1, where Re (a + ib) = a, with a and b real numbers. The part of the 
exponential depending on y can be expanded in a series, 



(6.57) 



gnkiy) = - ^ ^ Re <^ — exp 



fl 












n 





for = 0, 1, n — 1. The expression of gnkiy) becomes 



oo n— 1 



gnkiy) = - i -r 



cos 



n 



p=0 1=0 



pi 



— ip-k) 
n 



i<6.hi 



for A; = 0, 1, n — 1 and, since 



1 



n-l 



2'kI 



— ^ COS ip — k) 



n 



1=0 



n 



1, if p — is a multiple of n, 
0, otherwise, 



(6.59) 



this yields indeed the expansion in Eq. ( |6.52D . 
It can be shown from Eq. (|6.55| ) that 



n-l 



n-l 



T^alkiy) = -Eexp 

k=0 "' 1=0 



/2nr 

2?/ cos 

\ n . 



(6.60) 



It can be seen that the right-hand side of Eq. ( |6.6U| ) does not contain oscillatory terms. 
If n is a multiple of 4, it can be shown by replacing y by iy in Eq. ( |6.60| ) that 



n-l 



n/4-1 



E(-i)VL(^/) = - i + cos2y+ y: 

1. r\ If'l 1-1 



COS 



A;=0 



1=1 



(2tiV 

2ycos 

\ n , 



(6.61) 



which does not contain exponential terms. 

Addition theorems for the polar n-dimensional cosexponential functions can be ob- 
tained from the relation exp hiiy + z) = exp hiy ■ exp hiz, by substituting the expression 
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of the exponentials as given in Eq. (|6.51|) for k = 1, e^^^ = Qnoiy) + hig^iiy) + • ■ ■ + 

hn-ign,n-l{y), 

9nkiy + z) = gnoiy)9nkiz) + gniiy)gn,k-iiz) H h gnkiy)gnoiz) 

+9n,k+liy)9n,n~l{z) + gn,k+2{y) 9n,n-2{z) H h gn,n~l{y) gn,k+l{z) , (6.62) 

where k = 0,1, ...,n — 1. For y = z the relations ( |6.62D take the form 

gnki'^y) = gno{y)9nk{y) + gni{y)gn,k-i{y) H h gnk{y)gno{y) 

+gn,k+i{y)gn,n-i{y) + gn,k+2{y)gn,n-2{y) H h gn,n-i{y)gn,k+iiy)^ (6-63) 

where = 0, 1, n — 1. For ?/ = —z the relations (|6.62|) and ( |6.52|) yield 

gnoiy)gnoi-y)+gniiy)gn,n-ii-y)+gn2iy)gn,n-2i-y)^ hgn,n~iiy)gnii-y) = l, (6.64) 



gno{y)gnk{-y) + gni{y)gn,k-i{-y) H h gnk{y)gno{-y) 

+gn,k+li.y)gn,n-l{-y) + gn,k+'2{y)gn,n-2{-y) H h 5'n,n-l (l/)5'n,fc+l(-Z/) = 0, 

(6.65) 

for k = 1 n — 1. 



From Eq. (|6.51|) it can be shown, for natural numbers I, that 



'n-l \ n-1 

^ ^ hkp—n[kp/n\gnp{y) ] ^ ^ hf;p^fi[kp/n]gnp(^^y) j 

^p=0 / p=0 

where = 0, 1, n — 1. For k = 1 the relation 



(6.66) 



IS 



{gno{y) + higniiy) H h (z/)} = gno{iy)+higni{ly)-\ \-hn,n~ign,n-i{ly)-{Q-Q7) 



If 



n-l 



J29npiy) COS I J 

p=0 V ^ / 



for /c = 0, 1, n — 1, and 



Ofc = 2^gnp[y) sm 

p=0 \ ^ / 



(6.68) 



(6.69) 



for = 1, ...,n — 1, where gnk{y) are the polar cosexponential functions in Eq. ( |6.55D , it 
can be shown that 



(6.70) 





f27rk\ 




. f27ik\ 


ttk = exp 


n )\ 


cos 


r"[ n )\ 











where fc = 0, 1, n — 1, 



bk = exp 



y cos 



27Tk 



n 



sm 



ysm. 



'2'Kk" 



n 



(6.71) 
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where k = 



l,...,n- 1. If 



Gl = al + h 



(6.72) 



for A; = 1, n — 1, then from Eqs. (|6.7CI| ) and (|6.71|) it results that 



Gl = exp 



2y cos 



'2nk" 



n 



(6.73) 



where /c = 1, n — 1. If 



G+ = gno + 9ni-\ \- 9 



?i,n— 1) 



(6.74) 



from Eq. ( |6.68| ) it results that = Oq, so that G+ = e^, and, in an even number of 
dimensions n, if 



G- — QnO — 9nl + ■ ■ ■ + gn,n-2 ~ 9n,n-l, 



(6.75) 



from Eq. ( |6.68| ) it results that G^ = an/2, so that G„/2 = e~^. Then with the aid of 
Eq. ( |6.26| ) applied for p = 1 it can be shown that the polar n-dimensional cosexponential 
functions have the property that, for even n, 



n/2-l 

G+G- W G^ = 1, 

k=l 



(6.76) 



and in an odd number of dimensions, with the aid of Eq. ( |6.27| ) it can be shown that 



(n-l)/2 

G+ Y\. G,, = 1. 

k=l 



(6.77) 



The polar n-dimensional cosexponential functions are solutions of the n^'^-order differ- 
ential equation 



c, 



(6.78) 



whose solutions are of the form ({u) = AoQnoiu) + ^i5'ni(w) + • — I- An-ign,n-i{u) ■ It can 
be checked that the derivatives of the polar cosexponential functions are related by 



dg: 



nO 



du 



5'n,n— 1) 



dgni 
du 



gno, 



dgn,n-2 dgn^n~l 
~ gn,n—3, 



du 



du 



gn,n~2- 



(6.79) 



193 



6.1.4 Exponential and trigonometric forms of polar n-complex 
numbers 

In order to obtain the exponential and trigonometric forms of n-complex numbers, a 
canonical base e+, e_, ei, ei, e„/2-i, e„/2-i for the polar n-complex numbers will be in- 
troduced for even n by the relations 



e_ 



V '■ J 



1 

n 



2 IcOS^ 
n n n 

^ sin ^ 

n n 



n , n ^ 

2 gin 27r(n-2)fc 
n n 



2cos^l(!^ 
n , , 

2si„M!i^ 
n n 



V hn-1 ) 



(6.80) 



where k = 1, 2, n/2 — 1. For odd n, the canonical base e+, Ci, Ci, ...e(„_i)/2, e(„_i)/2 for 
the polar n-complex numbers will be introduced by the relations 



( \ 




ei 




ei 












V '■■ ) 





\ I 

n n 

2 2 2n 

- - cos — 

n ti n 

^ sin ^ 

n n 



2 IcOS^ 

n n n 

^ sin ^ 
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2 27r(n-l) 
- COS — ^ 

2sinHZ[(Zizi) 

n n 



2 27r(n-l)fe 

- COS — — 

n n 

2 • 2iT(n-l)k 

- sm — 5^ — 

n n 



\ 



( 1 \ 

hi 
h2 



I 



\ hn-l j 



(6.81) 



where /c = 0, 1, (n — l)/2. 

The multiplication relations for the new bases are, for even n. 



e\ = e+, = e_, e+e_ = 0, e+e^ = 0, e+Cfe = 0, e_efe = 0, 6-4 = 0, 



(6.82) 



where A;,/ = l,...,n/2 — 1. For odd n the multiplication relations are 



e+, e+Cfc = 0, e+Cfc = 0, 



e'i = Cfe, = -Cfe, efeCfc = 4, 6^6; = 0, CkCi = 0, ^6/ = 0, A; 7^ /, 



(6.83) 



where k,l — 1, (n — l)/2. The moduli of the new bases are 



1 



1 



'2 , , 



(6.84) 



It can be shown that, for even n. 



n/2-1 

xo + hxXx H h hn-iXn-i = e+v+ + e_v_ + ^ (cfcVfc + Cfc^fc), 

fe=i 



(6.85) 
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and for odd n 



(n-l)/2 



xo + hixi H h hn-iXn-^i = e+f+ + i^kVk + ekVk) 



(6.86) 



k=l 



The relations ( |6.85D , (|6.86|) give the canonical form of a polar n-complex number. 
Using the properties of the bases in Eqs. ( |6.82|) and (|6.83| ) it can be shown that 



exp(efc0fc) = 1 - efc + Cfc cos (pk + sin 0^, 
exp(efc Inpfc) = 1 - + CkPk, 
exp(e+lnt>+) = 1 — e+ + e+f+ 
and, for even n, 

exp(e_ lnt>_) = 1 — e_ + e_z;_. 



(6.87) 
(6.88) 
(6.89) 

(6.90) 



In Eq. (|6.89| ), lnt>+ exists as a real function provided that v+ = xq + xi + ■ ■ ■ + Xn-i > 0, 
which means that < 6+ < n /2, and for even n, In f _ exists in Eq. ( |6.90 ) as a real function 
provided that f_ = Xq — xi + ■ ■ ■ + x„_2 — Xn-i > 0, which means that < 9_ < tt/2. By- 
multiplying the relations (|6.87|) - (|6.90|) it results, for even n, that 



exp 



n/2-l 



e+lnt;+ + e_ lnw_ + ^ (e^ Inp^ + 6^0^) 



k=l 



where the fact has ben used that 

n/2-l 

e+ + e_ + efc = 1, 

k=l 



n/2-1 

e+v++e_v_+ J2 (ekVk+ekVk), (6.91) 

k=l 



(6.92) 



the latter relation being a consequence of Eqs. ( |6.80| ) and ( p.26| ). Similarly, by multiplying 
the relations ( |6.87|) -( |6789D it results, for odd n, that 



exp 



(n-l)/2 

e+\nv++ Y (efclnpfc + efc0fc) 

k=l 



(n-l)/2 

e+v+ + Y i^kVk + ekVk) 



(6.93) 



fc=i 



where the fact has ben used that 

(n-l)/2 

e+ + 51 efc = 1, 

fc=i 

the latter relation being a consequence of Eqs. ( |6.81D and ( |6.27| ). 

By comparing Eqs. ( |6.85| ) and (|6.91| ), it can be seen that, for even n. 



(6.94) 



Xo + hiXi + ■ ■ ■ + hn^iXn-l = GXp 



n/2-1 



e+lnt;+ + e_ lnt;_ + ^(cfclnpfc + Cfc^ 



k=l 



(6.95) 
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and by comparing Eqs. ( |6.86|) and (|6.93| ), it can be seen that, for odd n, 



xo + hixi H h hn-iXn-i = exp 



(n-l)/2 

e+lnf++ (cfelnpfc + Cfcf^fc) 

k=l 



(6.96) 



Using the expression of the bases in Eqs. ( |6.80| ) and ( |6.81| ) yields, for even values of n, 
the exponential form of the n-complex number u = Xq + hiXi + ■ ■ ■ + /?.„_ix„_i as 



{n-l 
p=i 

2 n/2-l 



1, V2 
in ■ 



n tan 9^ 



m 



n 



tan^_ 



n 



cos [ -] Intan^/'fc-i 

k=2 \ 



n J 



n/2-l 
k=l 



(6.97) 



where p is the amplitude defined in Eq. ( |6.11 ), which for even n has according to Eq. 

(6.98) 



l/n 



( |6.18| ) the expression 

p = (v+v^pj ■ ■ ■ pI/2-i) 
For odd values of n, the exponential form of the n-complex number u is 



n-l 

u = pexp <! hp 
p=i 



1 , V2 
in ■ 



(n-l)/2 



n tan 9^ 



n 



E cos 

k=2 \ 



( 2TTkp\ 
n j 



In tan %pk- 



where for odd n, p has according to Eq. ( |6.19| ) the expression 



P = ('«+P? • ■ ■ P?n-i)/2) 



l/n 



(n-l)/2 

+ Y ^k(t>k 
k=l 

(6.99) 



(6.100) 



It can be checked with the aid of Eq. ( |6.87| ) that the n-complex number u can also be 
written, for even n, as 

n/2-l \ /n/2-1 \ 

Xq + hiXi H h hn-iXn^i = \ e+v^ + e_i;„ + ^ etpk exp ^ (6.101) 



k=l 



k=l 



and for odd n, as 



(n-l)/2 \ /(n-l)/2 

Xo + hiXi H h hn-lXn-l = | 6+17+ + ^kPk exp ^ Cfc^fc ) . (6.102) 

k=l j \ k=l 



Writing in Eqs. (|6lOTD and ( glO^ ) the radius pi, Eqs. (lOl and ( |06D , clS cl factor 
and expressing the variables in terms of the polar and planar angles with the aid of Eqs. 
(|6.31| )- (|6.33|) yields the trigonometric form of the n-complex number u, for even n, as 

\ -1/2 



_,,'n\^/^( 1 1 
,2j tan2 0, +tan2^^_ 



1 + 



tan^_i_ tan^^_ ^ tan^/'fc-i 



tan^ t/;! tan^ ip2 

/n/2-1 

exp ^ efc<^fc 



+ 



1 



tan^ ipn/2- 



(6.103) 
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and for odd n as 
u = a 



2 

e+V2 
tan 9, 



1.1 1 
+ 1 + - — ^ + 



-1/2 



^tan2 6', 

(n-l)/2 



tan^ ^/^i tan^ ip^ 



+ ■ ■■ + 



+ ei 



fc=2 



an 



fc-i 



2 

(n-l)/2 

exp I dkcpk 



tan^ V^{n-3)/2, 



(6.104) 



k=l 



In Eqs. ( |6.103| ) and |6.104| ), the n-complex number u, written in trigonometric form, 
is the product of the modulus d, of a part depending on the polar and planar angles 
O^jO^jipi, 4'[{n-3)/2], and of a factor depending on the azimuthal angles 0i, 4>[{n-i)/2]- 
Although the modulus of a product of n-complex numbers is not equal in general to the 
product of the moduli of the factors, it can be checked that the modulus of the factor in 
Eq. ( |O0^ ) is 

n/2-l 



tan6'+ tan6'_ fr^ tan-^/^fc.! 



k=2 



2^1/2 



1 



1 



1 



1 



1/2 



tan^ 9+ tan^ 9. 



tan tan ip2 



+ 



(6.105) 



and the modulus of the factor in Eq. ( |6.104| ) is 

■ + ei + 

k=2 

•2^1/2 



tan 6'+ ^ tanV'fc-i 



1.1 1 
+ 1 + - — ^ + 



1/2 



tan^ 9^ tan^ -^/^i tan^ ip2 



+ ■■■ + 



tanV(„_3)/2_ 



Moreover, it can be checked that 

1. 





-[(n-l)/2] 




exp 


ek4>k 






k=l 





. (6.106) 



(6.107) 



The modulus d in Eqs. ( |6.103| ) and ( |6.104| ) can be expressed in terms of the amplitude 
p, for even n, as 



d = p- 



2(n-2)/2n 



n 



tan 9+ tan 9- tan^ ipi - ■ ■ tan^ -ipn/ 



2-2 



l/n 



1 1 

+ 



1/2 



ytan^6'+ tan^ 6'_ 
and for odd n as 

2(n-l)/2 



1 + 



tan ipi tan ip2 



+ 



tan^ 1pn/2-2, 



(6.108) 



d = p- 



n 



tan 9+ tan^ ipi - ■ ■ tan^ ^(n-s) /2) 
1 1 



l/n 



tan^ ^4 



tan^ ifji ta.Y? ip2 



+ 



1 



1/2 



tan^ ^(n-3)/2 , 



(6.109) 
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6.1.5 Elementary functions of a polar n-complex variable 

The logarithm ui of the n-complex number u, Ui = \nu, can be defined as the solution of 
the equation 



u = e 



ui 



(6.110) 



For even n the relation (|6.91|) shows that \nu exists as an n-complex function with real 
components if v+ = Xq + Xi + ■ ■ ■ + Xn~i > and f_ = Xq — Xi + ■ ■ ■ + x„_2 — Xn-i > 0, 
which means that < < 7r/2, < 6^ < tt/2. For odd n the relation ( |6.93|) shows that 
Inti exists as an n-complex function with real components if f + = Xo + Xi + ■ ■ ■ + > 0, 
which means that < 6+ < it /2. The expression of the logarithm, obtained from Eqs. 
(|6.95|) and (|6.96D, is, for even n, 



n/2-l 



\nu = e+\nv+ + e-\nv- + ^ (cfc Inp^ + Cfc^fc), 



(6.111) 



k=l 



and for odd n the expression is 

(n-l)/2 

lnu = e+lnw++ ^ (e^ Inp^ + 6^0^). 
fc=i 



(6.112) 



An expression of the logarithm depending on the amplitude p can be obtained from the 
exponential forms in Eqs. ( |6.97| ) and ( |6.99D , for even n, as 



n-l 

liau = In p + y^hp 

p=i 

n/2-l 
k=l 

and for odd n as 

n-l 

\ia u = In p + y^hp 

p=i 



1, V2 ^ (-l)P V2 2 
— In — \ In 

n tanfc'.L n tant'- n 



n/2-l 



J2 cos 

k=2 \ 



( 2nkp^ 



n 



2 ("-i)/2 

^ ' — cos 

n tany_|_ n ^ 



1 , V2 
— m 



n 



In tan ip 



k-l 



In tan ipk-i 
(6.113) 



(n-l)/2 
k=l 



(6.114) 



The function Inw is multivalued because of the presence of the terms 6^0^. It can be 
inferred from Eqs. (|6.37|) - (|6.43| ) and ( |6.46|) that 



In(uu') = Inw + Inu', 

up to integer multiples of 27refc, = 1, [(n — l)/2]. 

The power function can be defined for real values of m as 



(6.115) 



(6.116) 
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Using the expression of In u in Eqs. ( |6.111|) and ( p.ll2| ) yields, for even values of n, 

(6.117) 



u 



n/2-l 

e+v"^ + e-v"" + pT {<^k cos m(f)k + h sin m(j)k), 

k=l 



and for odd values of n 

(n-l)/2 

= e+f!^ + ^ p^(efc cosm0fc + Cfc sin m0fc). 
fc=i 



(6.118) 



For integer values of m, the relations ( |6.117|) and ( |6.118| ) are valid for any xq, ...,Xn-i- 
The power function is multivalued unless m is an integer. For integer m, it can be inferred 
from Eq. (|6]TT5|) that 

(6.119) 



The trigonometric functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.57)-(1.60). In order to obtain expressions 
for the trigonometric functions of n-complex variables, these will be expressed with the 
aid of the imaginary unit i as 

1 , ... 1 , 

. (6.120) 



cosM = -[e + e~ 



smu 



2i 



The imaginary unit i is used for the convenience of notations, and it does not appear in 
the final results. The validity of Eq. ( |6.120| ) can be checked by comparing the series for 
the two sides of the relations. Since the expression of the exponential function e'^''^ in 
terms of the units 1, hi, given in Eq. ( |6.51|) depends on the polar cosexponential 

functions gnpiv), the expression of the trigonometric functions will depend on the functions 
gliiv) = {l/2)[gnp{iy) + Qnpi-iy)] and gl'^liy) = {l/2{)[gnp{iy) - gnp{-iy)], 



n-l 



COs{hky) = J2 hkp-n[kp/n]gp\iy), 
p=0 



(6.121) 



n-l 



sm{hky) = J2 hkp-n[kp/n]gpl{y), 

p=0 



where 



n-l 



1=0 I 



/27r/\ 
,cos 1 



— sm 



y cos 



'27fV 



n 



sinh 



cosh 
ysin i — 



ysm 



sm 



'27d\ 

. ^ ). 
/2nlp 
\ n 



cos 



'27r/p\ 



(6.122) 



(6.123) 



n-l 



1=0 I 

(2-kI\ 
,cos(^— j 



+ cos 



y cos 
sinh 



27r/ 
n 



cosh 
(2txI 



y sm 



y sm 



sm 



n 



'2tiV 
n 

'2nlp 

n 



cos 



'2^lp' 



n 



(6.124) 
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The hyperbolic functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.62)-(1.65). In order to obtain expressions 
for the hyperbolic functions of n-complex variables, these will be expressed as 



coshw = i(e" + e"""), sinhw = i(e" - e~") 



(6.125) 



The validity of Eq. (|6.125|) can be checked by comparing the series for the two sides 
of the relations. Since the expression of the exponential function e'**^ in terms of the 
units 1, /ii, given in Eq. ( |6.51|) depends on the polar cosexponential functions 

dnpiy), the expression of the hyperbolic functions will depend on the even part gp+{y) = 
{l/2)[gnpiy) + gnp{-y)] and on the odd part Qp-iy) = {l/2)[gnpiy) - gnpi-y)] of gnp, 



n-l 



cosh{hky) = hkp-n[kp/n\gp+{y), 



p=0 



(6.126) 



sinh(/ifcy) = ^ hkp-n[kp/n]gp-{y), 

p=0 



(6.127) 



where 



n-l 



gp+iy) = -J2 ^cosh 

'27ll 



n 



1=0 



+ sinh 



y cos 



y cos 



sm 



'27lV 



n 



n 



cos 



ysin \ — \ 



f2nl\ 
ysini — 



cos 



'2Trlp' 



n 



sm 



'2nlp" 



n 



(6.128) 



n-l 



gp~{y) 



n 



+ cosh 



"I sinh 

^27r/ 



ycos 



y cos 



sm 



n 



2tiV 
n 

y sin 



cos 



y sm 



27rZ 



n 



sm 



27r/ 

n 

'2'Klp 



cos 



'27rZp' 



n 



n 



(6.129) 



The exponential, trigonometric and hyperbolic functions can also be expressed with 
the aid of the bases introduced in Eqs. (|6.80|) and (|6.81| ). Using the expression of the 
n-complex number in Eq. ( |6.85| ), for even ra, yields for the exponential of the n-complex 
variable u 



n/2-l 

e_|_e''+ -|- e_e^~ + ^ e^'= (e^ cos Vk + sin Vk) 

k=l 



(6.130) 



For odd n, the expression of the n-complex variable in Eq. ( |6.86| ) yileds for the exponential 

(n-l)/2 



e'" = 6+6"+ -|- ^ e"" (^Cfc cosffc + Cfc sm t>fcj . 

k=l 



(6.131) 
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The trigonometric functions can be obtained from Eqs. ( |6.130|) and ( p.l31| with the 
aid of Eqs. ( |6.120| ). The trigonometric functions of the n-complex variable u are, for even 



ra/2-l 



cosM = e+ cosf+ + e_ cosf_ + (cfc cos cosh t>fe — sin i;^ sinhw^) , (6.132) 



n/2~l 



sin ti = e+ sin t>+ + e_ sin + ^ (e^ sin cosh + cos Wfc sinh t>fe) , (6.133) 



k=i 



and for odd n the trigonometric functions are 



(n-l)/2 



COS u = e+ cos v+ + 



(cfc cos Vk cosh Vk — Ck sin Vk sinh Vk) 



k=l 



(n-l)/2 



sin M = e+ sin + ^ (e^ sin t>fc cosh t>fc + cos sinh f^) 



k=l 



(6.134) 



(6.135) 



The hyperbohc functions can be obtained from Eqs. (|6.13CI|) and (|6.131| with the aid 
of Eqs. ( |6.125| ). The hyperbohc functions of the n-complex variable u are, for even n, 



n/2-l 



cosh u = e+ cosh t>+ + e_ cosh t>_ + ^ (cfc cosh Vk cos Vk + sinh sin Vk) , (6.136) 



k=l 



n/2-l 



sinh M = e+ sinh t>+ + e_ sinh w_ + (cfc sinh cos + cosh sin w^) , (6.137) 



fe=i 



and for odd n the hyperbolic functions are 



(n-l)/2 

cosh u = e+ cosh f + + ^ (e^ cosh t>fc cos Vk + sinh f ^ sin Vk) 

k=l 



(6.138) 



(n-l)/2 

sinh M = e+ sinh f+ + ^ (cfc sinh cos -Ufc + cosh sin Wfc) . 

A:=l 



(6.139) 
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6.1.6 Power series of polar n-complex numbers 

An n-complex series is an infinite sum of tlie form 

ao + ai + a2-\ h ctn H , (6.140) 

wfiere tlie coefficients a„ are n-compIex numbers. Tfie convergence of tlie series ( |t).140 ) 
can be defined in terms of tlie convergence of its n real components. The convergence 
of a n-complex series can also be studied using n-complex variables. The main criterion 
for absolute convergence remains the comparison theorem, but this requires a number of 
inequalities which will be discussed further. 

The modulus d = \u\ of an n-complex number u has been defined in Eq. ( |6.20| ). Since 
|a;o| < I""!) kil < \xn~i\ < \u\, a property of absolute convergence estabhshed via a 

comparison theorem based on the modulus of the series ( |6.140| ) will ensure the absolute 
convergence of each real component of that series. 

The modulus of the sum ui + U2 of the n-complex numbers Ui, U2 fulfils the inequality 

I l^^'l — |^^"| I ^ W + u"\ < \u \ + \u"\. (6.141) 

For the product, the relation is 

|mV'| < v^|m'||m"|, (6.142) 

as can be shown from Eqs. (|6.28|) and ( |6.29| ). The relation ( p.l42| ) replaces the relation 
of equality extant between 2-dimensional regular complex numbers. The equality in Eq. 
(|6.142|) takes place for pip\ = 0, P[{n-i)/2]Pj(n-i)/2] — ^^^^ even n, for v+v'_ = 0, 
v-v'_^ = 0. 

From Eq. (|6.142|) it results, for u = u', that 

< Vn\u\\ (6.143) 

The relation in Eq. ( |6.143[ ) becomes an equality for pi = 0, p[(„_i)/2] = and, for even 
n, v+ = or = 0. The inequality in Eq. (|6.142|) implies that 

|^/| <^(n)/2|^|;^ (6.144) 
where / is a natural number. From Eqs. ( |6.142| ) and ( |6.144| ) it results that 

\au^\<n^/'^\a\\u\K (6.145) 
A power series of the n-complex variable u is a series of the form 

ao + aiu + a2U^ + ■ ■ ■ + a/w' (6.146) 

Since 



1=0 



<Y.n'l^\ai\\u\\ (6.147) 

(=0 
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a sufficient condition for tlie absolute convergence of this series is that 

hm :M^i±M < 1. 

l^oo I a; I 

Thus the series is absolutely convergent for 

\u\ < c, 



where 



c = lim 



\ai\ 



(6.148) 



(6.149) 



(6.150) 



The convergence of the series (|6.146|) can be also studied with the aid of the formulas 
( |6.117D , ( |6.118D which for integer values of m are valid for any values of Xq, ...,Xn-i, as 
mentioned previously. If ai = J2pZo hpttip, and 



n-l 
p=0 



n-l 



^Ik — X! 



COS ■ 



27rkp 



p=0 



n-l 



n 



Alk — 5Z ^^P 



sm 



2TTkp 



p=0 



n 



for k = 1, [{n — l)/2], and for even n 



p=0 



pi 



the series ( p.l46| ) can be written, for even n, as 



E 

1=0 



n/2-1 



e+Ai+v\ + e_Ai_t;L + ^ {euAik + ekAik){ekVk + CkVk 

k=l 



and for odd n as 



E 

1=0 



(n-l)/2 



e+Ai+t/:^+ {ckAik + ekAik){ekVk + ekVk''^ 



k=l 



The series in Eq. ( |6.146|) is absolutely convergent for 

\v+\ < c+, \v_ \ < C_, Pk < Ck, 



(6.151) 



(6.152) 



(6.153) 



(6.154) 



(6.155) 



(6.156) 



(6.157) 
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for k = 1, [(n — l)/2], where 



1/2 



^+ = 1 ' ^- = r ' = ^ ,1/2 - (6.158) 



The relations ( 6.157| ) show that the region of convergence of the series ( 6.146| ) is an n- 



dimensional cyhnder. 

It can be shown that, for even ra, c = (I/a/ti) min(c+, c_, Ci, c„/2-i), and for odd 
n c = (l/^n) niin(c+, ci, C(„_i)/2), where min designates the smallest of the numbers 
in the argument of this function. Using the expression of |m| in Eqs. ( |6.28|) or ( |6.29| ), it 
can be seen that the spherical region of convergence defined in Eqs. (|6.149|) , ( |6.15CI|) is a 
subset of the cylindrical region of convergence defined in Eqs. ( |6.157|) and (|6.158|) . 

6.1.7 Analytic functions of polar n-complex variables 

The analytic functions of the hypercomplex variable u and the series expansion of functions 
have been discussed in Eqs. (1.85)-(1.93). If the n-complex function /(m) of the n-complex 
variable u is written in terms of the real functions Pk{xo, ■■■,Xn-i), k = 0,1, ...,n — 1 of 
the real variables xo,xi, ...,Xn-i as 

n-l 

/(^) = H hkPk{xo, ...,Xn-i), (6.159) 

fc=0 

then relations of equality exist between the partial derivatives of the functions Pk- The 
derivative of the function / can be written as 



1 n-l / n-l op 

liin y V ^Axi ) , (6.160) 



where 

n-l 

Am = y hi/\xi. (6.161) 

fc=0 

The relations between the partials derivatives of the functions Pk are obtained by setting 
successively in Eq. ( |6.160|) Am = hiAxi, for Z = 0, 1, ...,n — 1, and equating the resulting 
expressions. The relations are 

dPk ^ dPk+i ^ ^ dPn-i ^ dPo ^ ^ dPk-i 
dxo dxi dxn-k^i 
for k = 0,1, ...,n — 1. The relations ( |6.162| ) are analogous to the Riemann relations for 



the real and imaginary components of a complex function. It can be shown from Eqs. 
( |6.162| ) that the components Pk fulfil the second-order equations 

d^Pk d^Pk d^Pk 



dxodxi dxidxi^i dx[i/2]dxi-[i/2] 

d^Pk d'Pk d'Pk 



dXi+idXn-l dXi^2dXn-2 dXi^i+[(^n-l-2)/2]dXn-l-[(n-l-2)/2] 



(6.163) 



for fc, / = 0, 1, n — 1. 



204 



6.1.8 Integrals of polar n-complex functions 



The singularities of n-complex functions arise from terms of the form l/(n — Mq)", with 
n > 0. Functions containing such terms are singular not only at u = uq, but also at 
all points of the hypersurfaces passing through the pole Uq and which are parallel to the 
nodal hypersurfaces. 

The integral of an n-complex function between two points A, B along a path situated 
in a region free of singularities is independent of path, which means that the integral of 
an analytic function along a loop situated in a region free of singularities is zero, 



f{u)du = 0, 



(6.164) 



where it is supposed that a surface S spanning the closed loop T is not intersected by 
any of the hypersurfaces associated with the singularities of the function f{u). Using the 
expression, Eq. ( |6.159| ), for f{u) and the fact that 



n-l 



k=0 



the explicit form of the integral in Eq. ( |6.164| ) is 

„ n— 1 n—l 

f{u)du = f J2^kYl PldXk~^l+n[{n~k-l+l)/n]- 



(6.165) 



(6.166) 



If the functions Pk are regular on a surface S spanning the loop F, the integral along 
the loop F can be transformed in an integral over the surface S of terms of the form 
dPi/ dxk-ra+ n[{n^k+m-i)/n] - dPm/ dxk-i+ n[{n--k+i-i)/n\ ■ Thcsc tcrms are cqual to zero by 
Eqs. ( |6.162| ), and this proves Eq. ( |6.164| ). 

The integral of the function {u — mq)™ on a closed loop F is equal to zero for m a 
positive or negative integer not equal to -1, 



^ (m — Uo)"^du = 0, m integer, m ^ —1. 



(6.167) 



This is due to the fact that J{u — uo)"^du = [u — uq)"^^^ /{m + 1), and to the fact that 
the function {u — uq)'^^^ is singlevalued for m an integer. 

The integral §j.du/{u — Uq) can be calculated using the exponential form, Eqs. ( |6.97|) 
and ( |6.99| ), for the difference u — Uq, which for even n is 



U — Uq 




2 '"-i^^^ f27ikp\ 

COS ( j \ntanijjk-i 



^ k=2 

and for odd n is 

{n-l 




V2 



n tan a. 



9 («-l)/2 



( '2nkp\ , 

cos intanipk-i 

\ n J 



(6.168) 



(n-l)/2 

E ^k4>k 
k=l 

(6.169) 
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Thus for even n the quantity du/ {u — Uq) is 
du 



U — Uq 



n tan 64 



n 



tan6'_ 



n 



n/2-1 

E 

fc=2 



COS 



2TTkp 



n 



d In tan t/^, 



•k-i 



n/2-1 



and for odd n 

0?M 



n-1 



U — Uq 



p=l 



—din ^ 

n tan t'j 



(n-l)/2 

5 E 



cos 



'2TTkp^ 



n 



k=2 



n 



d In tan ip^ 



'k-i 



(6.170) 



(n-l)/2 

+ E 

k=l 



(6.171) 

bmce p, ln(y2/tan6'+),ln(v/2/tan6'_),ln(tanV'fc _i) are singlevalued variables, it follows 
that §^dp/p = 0,i^4ln V^/tan^+) = 0, ij, (i(ln v^/ tan0_) = 0, (i(lntan V^fc_i) = 0. 
On the other hand since, 0^ are cyclic variables, they may give contributions to the 
integral around the closed loop F. 

The expression of §j.du/{u — Uq) can be written with the aid of a functional which 
will be called int(M, C), defined for a point M and a closed curve C in a two-dimensional 
plane, such that 



int(M,C) 



1 if M is an interior point of C, 
if M is exterior to C. 



(6.172) 



With this notation the result of the integration on a closed path F can be written as 

du 



r U — Uq 



[{n-l)/2] 

E 27rgfc int(Mo5,^,,F5^^J, 

k=l 



(6.173) 



where uo^fcr?*, and F^^,^^ are respectively the projections of the point uq and of the loop F 
on the plane defined by the axes and rjk, as shown in Fig. ^]3[ 

If f{u) is an analytic n-complex function which can be expanded in a series as written 
in Eq. (1.89), and the expansion holds on the curve F and on a surface spanning F, then 
from Eqs. ( |6.167| ) and ( p.l73| ) it follows that 



f(u)du ^^""'^/'^ 

W(^o) E efc int(Moc,r,,,F5,^J 



r u — uq 



(6.174) 



k=l 



Substituting in the right-hand side of Eq. (|6.174|) the expression of f{u) in terms of 
the real components Pk, Eq. (|6.159|) , yields 



f{u)du _ 2 
n 



[(n-l)/2] n-1 

E E ^'Sin 

fe=l i,m=0 



27r(Z — m)k 



/r u — Uq 

It the integral in Eq. ( |6.175D is written as 
/ f(u)du 



n 



Pm{uQ) int(Mo5fc%,F5, 



IT U — Uq 



n-1 

E hih, 
1=0 



(6.175) 



(6.176) 
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Figure 6.3: Integration path F and pole uo, and their projections F^,, and uq^^jj^, on the 
plane ^kVk- 



207 



it can be checked that 

n-l 



(6.177) 



If f{u) can be expanded as written in Eq. (1.89) on F and on a surface spanning F, 
then from Eqs. ( |6.167| ) and (|6.173|) it also results that 



(6.178) 



where the fact has been used that the derivative (mq) is related to the expansion 
coefficient in Eq. (1.89) according to Eq. (1.93). 

If a function f{u) is expanded in positive and negative powers of m — m;, where ui are 
n-complex constants, / being an index, the integral of / on a closed loop F is determined 
by the terms in the expansion of / which are of the form ri/{u — Ui), 



/(«) 



Then the integral of / on a closed loop F is 

J. [("-i)/2] 

f f{u)du = 27rJ2 J2 int(Mz5,^,, F^.^Jn. 

■'^ I k=i 

6.1.9 Factorization of polar n-complex polynomials 

A polynomial of degree m of the n-complex variable u has the form 

Pm{u) =vJ^ + aiM™"^ H h am-iu + am, 

n-l 



(6.179) 



(6.180) 



(6.181) 



where a;, for / = 1, m, are in general n-complex constants. If ai = Y,p=o hpdip, and with 



the notations of Eqs. ( |6.151| )- ([6.154|) applied for / = 1, ■ ■ ■ , m, the polynomial Pm{u) can 
be written, for even n, as 



(m 
1=1 



m—l 



m—l 



1 = 1 



n/2-1 



+ E 



k=l 



{ckVk + CkVk)'^ + E(efc^ifc + ekAik){ekVk + CkVk''"'' 



1=1 



(6.182) 



where the constants Ai^, Ai^, Aik, Aik are real numbers. For odd n the expression of the 
polynomial is 



m—l 



(n-l)/2 



+ E 



k=l 



[ckVk + Cfcffc)™ + Y^ickAik + ekAik){ekVk + CkVk 



~ ~ \m—l 



1=1 



(6.183) 
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The polynomials of degree m in e^ffc + Ck^k in Eqs. ( |6.182|) and ( |6.183| ) can always 
be written as a product of linear factors of the form ek{vk — v^p) + (ikivk — Vkp), where 
the constants Vkp, Vkp are real. The polynomials of degree m with real coefficients in Eqs. 
(|6.182| ) and ( |6.183| ) which are multiplied by e+ and e_ can be written as a product of 
linear or quadratic factors with real coefficients, or as a product of linear factors which, 
if imaginary, appear always in complex conjugate pairs. Using the latter form for the 
simplicity of notations, the polynomial Pm can be written, for even n, as 

m m n/2~l rri 

Pm = e+ Yl{v+-Vp+)+e_ Y[{v--Vp_)+ J2 11 {^fcK " ^kp) + h{vk - Vkp)} , (6.184) 

p=l p=l k=l p=l 

where the quantities Vp+ appear always in complex conjugate pairs, and the quantities 
Vp- appear always in complex conjugate pairs. For odd n the polynomial can be written 
as 

m (n-l)/2 m 

Pm = e+Y[{v+ - Vp+) + Y[{(^k{vk-Vkp) + ekivk-Vkp)}, (6.185) 

p=l k=l p=l 

where the quantities appear always in complex conjugate pairs. Due to the relations 
(|6.82|) , (|6783| ), the polynomial Pm{u) can be written, for even n, as a product of factors of 
the form 

m ( n/2-l 

Pm{u) = Yl \ e+{v+ - Vp+) + e_(f_ - Vp-) + ^ {ek{vk - Vkp) + ek{vk - Vkp)] 
p=l I fe=l 



(6.186) 



For odd n, the polynomial Pm{u) can be written as the product 



m ( (n-l)/2 \ 

Pm{u) = n { e+(^+ - Vp+) + {'^kivk - Vkp) + ek{vk - Vkp)} > . (6.187) 

p=l [ k=l J 

These relations can be written with the aid of Eqs. ( |6.85 ) and ( 6.86| ) as 

m 

Pm{u) = l[(^-Up), (6.188) 

p=l 

where, for even n, 

n/2-l 

Up = e+Vp+ + e-Vp_ + J2 (ekVkp + CkVkp) , (6.189) 

k=l 

and for odd n 

(n-l)/2 



U 



p = e+Vp++ Y i<^kVkp + CkVkp) , (6.190) 



k=l 



for p = l,...,m. The roots Vp+, the roots Vp- and, for a given k, the roots CkVki + 
CkVki, ■■■,ekVkm + (ikVkm defined in Eqs. (|6.184|) or (|6.185|) may be ordered arbitrarily. 



209 



This means that Eqs. (|6.189|) or (|6.19(]|) give sets of m roots Ui, ...^Um of the polynomial 
Pm{u), corresponding to the various ways in which the roots CkVkp + e^Vkp are 

ordered according to p in each group. Thus, while the n-complex components in Eq. 
( |6.183| ) taken separately have unique factorizations, the polynomial Pm{u) can be written 
in many different ways as a product of linear factors. 

If P{u) = u"^ — 1, the degree is m = 2, the coefficients of the polynomial are 
ai =0,02 = the n-complex components of 02 are 020 = — l,a2i = 0,...,a2,n-i = 
0, the components A2+, A2-, A2k, calculated according to Eqs. ( |6.151|) - ([6.154]) are 
A2+ = —1,^2- = —l,A2k = — l,^2fc = 0, A; = l,...,[(n — l)/2]. The expression of 
P{u) for e ven n, Eq. ( |6.182| ), is e+{vl - 1) + e_(t;^ - 1) + J2k=i^{i(^kVk + ekVkY - ^fc}, 
and Eq. (|6.184|) has the form - I = e+(t;+ + l){v+ - 1) + e_(t;_ + l){v^ - 1) + 
Yi!k=i^ {^k{vk + 1) + efcWfc} {ek{vk — 1) + (ikVk}- For odd n, the expression of P{u)^ Eq. 
(|6^) , is e+{vl - 1) + Y:t=i^''^{{ekVk + ekVkf - ej, and Eq. (|085|) has the form 

- I = e+{v+ + l) {y+ - 1) + eIT/^^^ {ek{vk + 1) + Cfc^fc} {efc(t;fc - 1) + ekVk). The 
factorization in Eq. (|6.188| ) is — 1 = {u — Ui){u — U2), where for even n, Ui = 
±e_|_ ± e_ ± ei ± 62 ± • ■ ■ ± e„/2-i7 ^2 = —Mi, so that there are 2"/^ independent sets 
of roots Ml, ^2 of — 1. It can be checked that (±e+ ± e_ ± ei ± 62 ± ■ ■ • ± e„/2-i)^ = 

e+ + e_+ei + e2H he„/2-i = 1. For odd n, ui = ±e+±ei±e2±- ■ ■±e(„_i)/2, M2 = -ui, 

so that there are 2("'~^)/^ independent sets of roots ui,U2 of — 1. It can be checked that 
(±e+ ± ei ± 62 ± • • ■ ± e(.„_i)/2)^ = e+ + ei + 62 H h e(„_i)/2 = 1. 



6.1.10 Representation of polar n-complex numbers by irreducible 
matrices 



If the unitary matrix written in Eq. ( |6.21| ), for even n, is called Tg, and the unitary matrix 
written in Eq. ( |6.22| ), for odd n, is called To, it can be shown that, for even n, the matrix 



TellTg ^ has the form 



f+ 

M_ 

1^1 











Vn/2-l 1 



(6.191) 



and, for odd n, the matrix ToUT^ ^ has the form 



/ M+ 

1^1 

^2 











^(n-l)/2 / 



(6.192) 
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where U is the matrix in Eq. (|6.47|) used to represent the n-complex number u. In Eqs. 
( |6.191| ) and ( p.l92| ), are the matrices 



for k = 1,..., [{n — l)/2], where Vk,Vk are the variables introduced in Eqs. ( |6.14|) and 



( |6.15| ), and the symbols denote, according to the case, the real number zero, or one of 













or 




I) 



the matrices 

/ n n \ 

(6.194) 

The relations between the variables Vk,Vk for the multiplication of n-complex numbers 
have been written in Eq. ( |6.44D . The matrices TJJT'^ and ToUT~^ provide an irreducible 
representation H of the n-complex numbers u in terms of matrices with real coefficients. 



6.2 Planar complex numbers in even n dimensions 

6.2.1 Operations with planar n-complex numbers 

A hypercomplex number in n dimensions is determined by its n components (xq, xi, 
The planar n-complex numbers and their operations discussed in this section can be rep- 
resented by writing the n-complex number {xo,xi, ...,Xn-i) as m = xq + hiXi + h2X2 + 
• ■ ■ + hn-iXn-i, where hi,h2, - ■ ■ , hn~i are bases for which the multiplication rules are 

h^hk = (-l)[(^+'^)/"]/ii, l = j + k- n[{i + k)/n], (6.195) 

for j, k,l = 0, 1, n — 1, where ho = 1. In Eq. ( |6.195D , [(j -|- k)/n] denotes the integer 
part of (j -|- k)/n, the integer part being defined as [a] < a < [a] -|- 1, so that < 
j + k — n[{j + k)/n\ < n — 1. As already mentioned, brackets larger than the regular 
brackets [ ] do not have the meaning of integer part. The significance of the composition 



laws in Eq. (|6.195|) can be understood by representing the bases hj,hk by points on a 
circle at the angles aj = 7rj/n,ak = vrfc/n, as shown in Fig. |6.4| , and the product /ij/ifc 
by the point of the circle at the angle 7r{j + k)/n. If vr < 7r(j + k)/n < 27r, the point is 
opposite to the basis hi of angle a/ = 7r(j + k)/n — vr. 

In an odd number of dimensions n, a transformation of coordinates according to 

X2l = X'l, X2m~l = -x[r,-i)/2+m^ (6.196) 

and of the bases according to 

h2l = h'l, /l2m-l = -h[n-l)/2+m^ (6.197) 

where I = 0, {n — l)/2, m = 1, [n — l)/2, leaves the expression of an n-complex 
number unchanged, 

n—l n—1 

J2 ^kXk = J2 K^'k, (6.198) 

A;=0 A:=0 
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Figure 6.4: Representation of the hypercomplex bases 1, hi, hn-i by points on a circle 
at the angles = nk/n. The product hjhk will be represented by the point of the circle 

at the angle 7r(j + k)/2n, j, k = 0,1, ...,n — 1. If tt < 7r{j + k)/2n < 27r, the point is 
opposite to the basis hi of angle ai = 7r(j + k)/n — tt. 



212 



and the products of the bases /i'^ are 

h% = h[J = j + k- n[{j + k)/n], (6.199) 

for j, k,l = 0, 1, n — 1. Thus, the n-complex numbers with the rules ( |6.195|) are equiv- 
alent in an odd number of dimensions to the polar n-complex numbers described in the 
previous chapter. Therefore, in this section it will be supposed that n is an even number, 
unless otherwise stated. 

Two n-complex numbers u = Xq + hiXi + h2X2 + ■ ■ ■ + hn-iXn^i, u' = x'q + hix[ + 
h2X2 + ••■-!- hn-ix'j^_^ are equal if and only if Xj = x'j,j = 0, 1, n — 1. The sum of the 
n-complex numbers u and u' is 

U + U' = Xq + x'q + hi{xi + x\) ^ h hn-.l{Xn-l + x'^^^). (6.200) 

The product of the numbers u, u' is 

uu — XqXq X\X^_^ "^S'^fi— 2 "^3"^n— 3 ' ' ' ^^n— l^^l 

+hi{xQx\ + 

+ h2ixoX2 + XiX[ + X2Xq - X3a;'„_i Xn-lX'^) (6.201) 

'^hn-l{XQX'^_-^ + XiX'^_2 + ^^x'n-s + X3X'^_^ + ■ ■ ■ + X„_iXq). 

The product uu' can be written as 



n— 1 n—1 

UU 

k=0 1=0 



If M, ti', u" are n-complex numbers, the multiplication is associative 

{uu')u" = u{u'u") (6.203) 
and commutative 

uu' = u'u, (6.204) 

because the product of the bases, defined in Eq. ( |6.195| ), is associative and commutative. 
The fact that the multiplication is commutative can be seen also directly from Eq. ( |6.201| ). 
The n-complex zero is + /ii • -|- • • • -f hn-i ■ 0, denoted simply 0, and the n-complex 
unity is 1 + /ii ■ + ■ ■ ■ + hn-i ■ 0, denoted simply 1. 

The inverse of the n-complex number u = xq + hiXi + + ■ ■ ■ + hn-iXn-i is the 
n-complex number u' = Xq + hix'i + h2x'2 -!-■■■ + hn-ix'^_i having the property that 

uu = 1. (6.205) 

Written on components, the condition, Eq. ( |6.205| ), is 

XqXq XiX^_-^ X2X^_2 ^3^n-3 ' ' ' Xn^iX-^ = 1, 
XqX^ ~t~ X^Xq X2X^_^ XsX^_2 ' ' * -^n— 1^2 ~ 0, 

Xox'2 + XiX'i + X2x'q - X3X'„_1 Xn-ix'^ = 0, (6.206) 
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The system (|6.206|) has a solution provided that the determinant of the system, 

V = det{A), (6.207) 
is not equal to zero, z/ 7^ 0, where 



A 



Xo 




—Xn-2 ■ 


■ —Xi ^ 


Xi 


Xo 




■ -X2 


X2 


Xi 


Xo 


■ -xz 



(6.208) 



\ Xn-l Xn-2 Xn-3 " " " Xo J 

It will be shown that u > 0, and the quantity 

p = v^l- 



(6.209) 



will be called amplitude of the n-complex number m = xq + h^Xx + 112X2 + ■ ■ ■ + hn-\Xn-\- 
The quantity v can be written as a product of linear factors 



(xo + efcXi + e^X2 H h 



k=\ 



(6.210) 



Xo + CfcXi + e^X2 H h ^x„_i = t;^ + ^^fc, 



where 



where = e*'^*^^'^ ^^Z", A; = 1, n, and % being the imaginary unit. The factors appearing 
in Eq. ( |6.210| ) are of the form 

(6.211) 

(6.212) 
(6.213) 



n-l 



Xp cos 



7r(2fc - l)p 



p=0 
n-l 



^ sin 

p=0 



7r(2A; - l)p 



n 



for k = 1, n. The variables f^, A; = 1, n/2 will be called canonical polar n-complex 
variables. It can be seen that V}^ = Vn-k+i,Vk = —Vn-k+i, for k = l,...,n/2. Therefore, 
the factors appear in Eq. ( |6.210| ) in complex-conjugate pairs of the form Vk + ivk and 
Vn-k+i + iVn-k+1 = Vk — ivk, whcrc k = 1, ...n/2, so that the determinant z/ is a real and 
positive quantity, u > 0, 



n/2 
k=l 



where 



2 2 I ~2 

Pk = % 



(6.214) 



(6.215) 



Thus, an n-complex number has an inverse unless it lies on one of the nodal hypersurfaces 
pi = 0, or p2 = 0, or ... or pn/2 = 0. 
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6.2.2 Geometric representation of planar n-complex numbers 

The n-complex number xo + hiXi + h2X2 + ■ ■ ■ + /i„_ix„_i can be represented by the point A 
of coordinates (a;o, xi, If O is the origin of the n-dimensional space, the distance 
from the origin O to the point A of coordinates {xq, Xi, has the expression 



Xq + Xi + ■ ■ ■ + 



(6.216) 



The quantity d will be called modulus of the n-complex number u = Xq + hiXi + h2X2 + 
■ ■ ■ + hn-iXn-i- The modulus of an n-complex number u will be designated hjd= \u\. 

The exponential and trigonometric forms of the n-complex number u can be obtained 
conveniently in a rotated system of axes defined by a transformation which has the form 



/ : \ 



W ^0 \ 



2 7r(2fc-l) 

- COS '- 

n n 
2" • 7r(2A;-l) 

- sm -^^ - 

n n 



2 7r(2fc-l)(n-2) 

- COS -^^ - 

n n 

2 ■ 7r(2fe-l)(n-2) 

- sm -^^ - 

n n 



2 7r(2fc-l)(n-l) 

- COS -^^ - 

n n 

J ■ 7r(2fc-l)(?i-l) 

- sm -'^ - 

n n 



V 



1,2, ...,n/2. The lines of the matrices in Eq. (|6.2171) give the components of 



where k 

the n vectors of the new basis system of axes. These vectors have unit length and are 
orthogonal to each other. By comparing Eqs. ( |6.212|) -( |6.213| ) and (|6.2171) it can be seen 
that 



^k,Vk 



(6.218) 



i.e. the two sets of variables differ only by a scale factor. 
The sum of the squares of the variables Vk, Vk is 



n/2 

U^l + vl) = ^d^. 

k=l 



(6.219) 



The relation (|6.219|) has been obtained with the aid of the relation 

7r{2k - l)p 



n/2 

^cos- 

k=\ 



n 



0, 



(6.220) 



for p = 1, n — 1. From Eq. (|6.219|) it results that 



n/2 



n 



(6.221) 



fc=i 



The relation (|6.221|) shows that the square of the distance ci, Eq. ( |6.216| ), is equal to the 



sum of the squares of the projections pk^jl/n. This is consistent with the fact that the 
transformation in Eq. (|6.217|) is unitary. 



(6.217) 
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The position of the point A of coordinates (xq, Xi, x„_i) can be also described with 
the aid of the distance d, Eq. ( 6.21(j| ), and of n — 1 angles defined further. Thus, in the 
plane of the axes Vk,Vk, the azimuthal angle (pk can be introduced by the relations 

cos0yt = Vk/pk, sin0fc = Vk/pk, (6.222) 

where < (pk < 27r, k = l,...,n/2, so that there are n/2 azimuthal angles. The radial 
distance pk in the plane of the axes Vk, Vk has been defined in Eq. ( |6.215|) . If the projection 
of the point A on the plane of the axes Vk-, Vk is Ak-, and the projection of the point A on 
the 4- dimensional space defined by the axes vi,vi, Vk,Vk is Aik, the angle ipk-i between 
the line OAik and the 2-dimensional plane defined by the axes Vk,Vk is 

tcmi)k-i = pi/pk, (6.223) 

where < ■j/'^ < 7r/2, k = 2, ...,n/2, so that there are n/2 — 1 planar angles. Thus, the 
position of the point A is described by the distance d, by n/2 azimuthal angles and by 
n/2 — 1 planar angles. These angles are shown in Fig. |6.5| . 

The variables pk can be expressed in terms of d and the planar angles tpk as 

Pk = ^ ^] , (6.224) 
tanV^fc.i 

for /c = 2, n/2, where 

Pi = ^fl + -^ + -^ + --- + -^^ ] ■ (6.225) 

2 y tan^'?/'i tan^'?/'2 tan^ '?/'„/2-i / 

If u' = Xq + hix'i + h2X2 H — ■ + hn-ix'^_i,u" = Xq + hix'l + h2X2 + ■ ■ ■ + hn-ix'n^i are n- 
complex numbers of parameters p'^, ip'f,, (j)'^. and respectively p'^, 4>'l, then the parameters 
v+, pkyi'k, 4>k of the product n-complex number u = u'u" are given by 

Pk = p'kPl (6.226) 
for k = 1, n/2, 

tanipk = tan?/'^ tan?/'^', (6.227) 
for k = l,...,n/2- 1, 

(pk = <P'k + <Pl (6.228) 
for k = 1, ...,n/2. The Eqs. ( |6.226|) -( |6.228| ) are a consequence of the relations 

Vk = v^Vj, - v^v^, Vk = v^Vk + v^vj,, (6.229) 

and of the corresponding relations of definition. Then the product v in Eq. ( |6.214[ ) has 
the property that 

u = u'u", (6.230) 
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Figure 6.5: Radial distance pk and azimuthal angle (f)^ in the plane of the axes Vk-, Vk, and 
planar angle ipk-i between the line OAi^ and the 2-dimensional plane defined by the axes 
Vk,Vk- Ak is the projection of the point A on the plane of the axes Vk,Vk, and Aik is the 
projection of the point A on the 4-dimensional space defined by the axes vi,vi, Vk, Vk- 
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and the amplitude p defined in Eq. ( |6.209|) has the property that 



P = PP 



(6.231) 



The fact that the amplitude of the product is equal to the product of the amplitudes, 
as written in Eq. ( |6.231D , can be demonstrated also by using a representation of the 
n-complex numbers by matrices, in which the n-complex number u = Xo + hiXi + h2X2 + 
• • • + hn-iXn~i is represented by the matrix 



U 



\ 



Xq 


Xi 


X2 ■ 


Xn—1 




Xq 


Xi ■ 


■ ■ Xn-2 




•^71—1 


Xq ■ 


Xn—3 


-Xi 


-X2 


-X3 ■ 


■ ■ Xq 



\ 



(6.232) 



The product u = u'u" is be represented by the matrix multiplication U = U'U" . The 
relation (|6.230|) is then a consequence of the fact the determinant of the product of 
matrices is equal to the product of the determinants of the factor matrices. The use 
of the representation of the n-complex numbers with matrices provides an alternative 
demonstration of the fact that the product of n-complex numbers is associative, as stated 
inEq. ( [OO^ ). 



According to Eqs. ( |6.219| and ( |6.215D , the modulus of the product uu' is given by 



n/2 



\UU 



i\2 



-EiPkP'kf- 



n 



(6.233) 



fc=i 



Thus, if the product of two n-complex numbers is zero, uu' = 0, then Pkp'k = 0,k = 
1, n/2. This means that either u = 0, or u' = 0, or u, u' belong to orthogonal hyper- 
surfaces in such a way that the afore-mentioned products of components should be equal 
to zero. 



6.2.3 The planar n-dimensional cosexponential functions 

The exponential function of a hypercomplex variable u and the addition theorem for the 
exponential function have been written in Eqs. (1.35)-(1.36). It can be seen with the aid 
of the representation in Fig. |6.4| that 

hl^P = {-If hi, p integer, (6.234) 

where k = 1 n — 1. For k even, e^''^ can be written as 



- , . . . , 

n-l 



^h,y ^ J2i-^y'''^''^K-n[kp/n]gnAy), (6.235) 

where = 1, and where Qnp are the polar n-dimensional cosexponential functions. For 

odd k, 6^*=^ is 

^h,y ^ J2{-lfP/''Kp-nlkp/n]fnp{y), (6.236) 
p=0 
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where the functions fnk, which will be called planar cosexponential functions in n dimen- 
sions, are 



oo ^ k+pn 

^0 {k + pn)\ 



(6.237) 



for = 0, 1, 72 — 1. 

The planar cosexponential functions of even index k are even functions, fn,2i{—y) = 
fn,2i{y), and the planar cosexponential functions of odd index are odd functions, fn,2i+i{—y) 
-/n,2/+i(l/), I = 0, ...,n/2 - 1 . 

The planar n-dimensional cosexponential function fnkiv) is related to the polar n- 
dimensional cosexponential function gnk{y) discussed in the previous chapter by the rela- 
tion 



fnkiv) 



-ink/n 



nk (e^'^/"!/) 



(6.238) 



for k = 0, n — 1. The expression of the planar n-dimensional cosexponential functions 
is then 



fnkiv) 



n 



^exp 



1=1 



y cos 



'7r(2/ - r 



n 



cos 



y sm 



'7r(2/-l)\ 7r(2/-l)A; 



n 



n 



(6.239) 



for k = 0,l,...,n — 1. The planar cosexponential function defined in Eq. ( |6.237| ) has the 
expression given in Eq. (|6.239|) for any natural value of n, this result not being restricted 
to even values of n. In order to check that the function in Eq. (|6.239|) has the series 
expansion written in Eq. ( |6.237| ) , the right-hand side of Eq. ( |6.239D will be written as 



fnkiv) 



7r(2/-l) 7r(2/-l) 
cos h i sin 



n 



n 



y-i- 



.7iki2l - 1] 



n 



(6.240) 



for fc = 0,l,...,n — 1, where Re (a + ih) = a, with a and b real numbers. The part of the 
exponential depending on y can be expanded in a series. 



fnkiv) 



n 



p=0 1=1 



exp 



n 



(6.241) 



for k = 0, 1, n — 1. The expression of fnkiv) becomes 



fnkiv) 



1 



n 



EE 

p=0 1=1 



■ COS 



7r(2/- 1) 



n 



ip-k) 



(6.242) 



where = 0, 1, n — 1 and, since 
"7r(2/ - 1) 



1 " 

~ 51 cos 



n 



n 



ip-k) 



1, if p — A; is an even multiple of n, 

— 1, if p — /c is an odd multiple of n, (6.243) 

0, otherwise. 



this yields indeed the expansion in Eq. ( |6.237| ). 
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It can be shown from Eq. ( |6.239| ) that 



n-l 



A:=0 



n 



1=1 



2?/ COS 



'tx{21 - 1) 



n 



(6.244) 



It can be seen that the right-hand side of Eq. ( p.244| ) does not contain oscillatory terms. 
If n is a multiple of 4, it can be shown by replacing y by iy in Eq. (|6.244 ) that 



n-l 



n/4 



E(-i)Vi(z/) = -Ecos 



fc=0 



1=1 



2?/ COS 



\{2l - I] 



n 



(6.245) 



which does not contain exponential terms. 

For odd n, the planar n-dimensional cosexponential function fnk{y) is related to the 
n-dimensional cosexponential function gnk{y) discussed in the previous chapter also by 
the relation 



fnkiv) 



-l)Vfc(-2/), 



(6.246) 



as can be seen by comparing the series for the two classes of functions. For values of the 
form n = Ap + 2, p = 0,1,2, the planar n-dimensional cosexponential function fnkiv) 
is related to the n-dimensional cosexponential function Qnkiy) by the relation 



fnk{y) = e ^"^/^fe («!/)• 



(6.247) 



Addition theorems for the planar n-dimensional cosexponential functions can be ob- 
tained from the relation exp hi{y + z) = exp hiy ■ exp hiz, by substituting the expression 
of the exponentials as given in Eq. ( |6.236| ) for k = 1, e'^^^ = fnoiv) + ^i/ni(y) + • • • + 

hn-lfn,n-l{y), 



fnkiy + Z) = fno{y)fnk{z) + fnl{y)fn,k-l{z) H h fnk{y)fno{z) 

-fn,k+l{y)fn,n-l{z) - fn,k+'i{y)fn,n-2{z) fn,n-l{y) fn,k+l{z) 



(6.248) 



where k = 0,l,...,n — 1. For y = z the relations ( |6.248| ) take the form 

fnki2y) = fno{y)fnk{y) + fnliv) fn,k-l{y) H V f nkiv) f noiv) 

-fn,k+l{y)fn,n-l{y) " fn,k+2{y) fn,n-2{y) /„,„_! (?/) /n,fc+l (l/) , 



(6.249) 



where k = 0,1, ...,n — 1. For y = —z the relations (|6.248|) and ( p.237| ) yield 

fno{y)fnoi-y)-fnliy)fn,n-li-y)-fn2iy)fn,n-2i-y) /«,n-l (y) /nl ("Z/) = 1, (6.250) 



fno{y)fnk{-y) + fni{y)fn,k-i{-y) H ^ fnk{y)fno{-y) 

- fn,k+l{y) fn,n-l{-y) " fn,k+2{y)fn,n-2{-y) fn,n-l{y) fn,k+l{-y) = 0, 

(6.251) 
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where k = 1, n — 1. 

From Eq. ( |6.235| ) it can be shown, for even k and natural numbers /, that 



'n-l 



n-1 



where = 0, 1, — 1. For odd k and natural numbers /, Eq. (|6.236| ) implies 



(6.252) 



n-l 



,p=0 / p=0 



(6.253) 



where = 0, 1, n — 1. For k = 1 the relation (|6.253|) is 

{fnoiy) + hfnliy) H h hn-lfn,n-liy)y = fnoily) + hfnlily) H h /i„-l/„,„-l (/?/) • 

(6.254) 



If 



and 



n-l 

«fc = E /'^p(^) COS 
p=0 



n-l 

^fc = E sin 

p=0 



'■K{2k - l)p' 



n 



''K{2k - \)v 



n 



(6.255) 



(6.256) 



for k = l,...,n, where fnp{y) are the planar cosexponential functions in Eq. (|6.239|) , it 
can be shown that 



Ofc = exp 



bk = exp 



y cos 



y cos 



'7r(2A; - 1)~ 



n 



'7i{2k- 1] 



n 



cos 



sm 



y sm 



y sm 



'7r(2A;- 1) 



n 



''K{2k-l) 



n 



for = 1, n. If 



from Eqs. ([OSTD and (lOSSP it results that 

'7r(2A; - 1)^ " 



Gk = exp 



2?/ cos 



n 



(6.257) 
(6.258) 

(6.259) 
(6.260) 



for k = 1, ...,n. Then the planar n-dimensional cosexponential functions have the property 
that 



n/2 

p=i 



(6.261) 
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The planar n-dimensional cosexponential functions are solutions of the n^'^-order dif- 
ferential equation 



-c, 



(6.262) 



whose solutions are of the form ^iu) = Ao/„o(m) + ^i/n,i(w) + ■ ■ ■ + ^n-i/n,n-i(w). It can 
be checked that the derivatives of the planar cosexponential functions are related by 



nO 



du 



fn, 



df, 



nl 



71— 1 ) 



du 



dfn, 



71—2 n dfn^n—1 n 

T Jn,n—3y ; Jn,n—2- 

du du 



(6.263) 



6.2.4 Exponential and trigonometric forms of planar n-complex 
numbers 

In order to obtain the exponential and trigonometric forms of n-complex numbers, a 
canonical base ei, ei, e„/2, e„/2 for the planar n-complex numbers will be introduced by 
the relations 



/ : \ 
V : ) 



( 



2 2 7r(2fc-l) 

- - COS -^^ '- 

n n ~ 



-sin 



7r(2fc-l) 



2 7r(2A:-l)(n-2) 2 7r(2A:-l)(n-l) 

- COS -^^ - COS -^^ - 

n n n n 

2 • 7r(2fc-l)(n-2) 2 • 7r(2fc-l)(n-l) 

- sm -^^ - sm - 

n n n n 



V hn-l J 



(6.264) 



where k = 1,2, n/2. 

The multiplication relations for the bases ek,ek are 

4 = Cfc, el = -Ck, CkCk = Cfc, GkCi = 0, CfcC/ = 0, CkCi = 0,k^l. 



where k, I 



n/2. The moduli of the bases 6^,6^ are 



'2 , , 



It can be shown that 



n/2 



Xo + hXi H h = J^i'^^Vk + GkUk). 

k=l 

The relation (|6.267 gives the canonical form of a planar n-complex number. 
Using the properties of the bases in Eqs. (|6.264|) it can be shown that 

exp(efc0fc) = 1- Ck + Ck cos (pk + 4 sin 0^, 
exp(efclnpfc) = 1 - Ckpk, 
By multiplying the relations ( |6.268| ), ( |6.269| ) it results that 



(6.265) 



(6.266) 



(6.267) 



exp 



n/2 

^(cfclnpfc + ek(f)k) 

k=l 



n/2 

"^{ekVk + CkVk) 

k=l 



(6.268) 
(6.269) 

(6.270) 
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where the fact has ben used that 



n/2 
k=l 

the latter relation being a consequence of Eqs. (|6.264D and (|6.22CI| ). 
By comparing Eqs. ( |6.2671) and (|6.270|) , it can be seen that 



(6.271) 



Xq + hiXi H h hn-iXn-i = exp 



'n/2 
k=l 



(6.272) 



Using the expression of the bases in Eq. ( |6.264| ) yields the exponential form of the n- 
complex number u = Xq + hiXi + ■ ■ ■ + hn-iXn-i as 



n-l 

u = p exp <! ^ /ip 

p=i 



n 



k=2 



n 



k-l 



n/2 
k=l 



(6.273) 



where p is the amplitude defined in Eq. ( |6.209| ), and has according to Eq. ( |6.214| ) the 
expression 



l/n 



(6.274) 



It can be checked with the aid of Eq. (|6.268|) that the n-complex number u can also 
be written as 



'n/2 



'n/2 



Xq + hixi H h K-iXn-i = J2 ^kpk exp ^ efc<; 



(6.275) 



,fc=i 



Writing in Eq. (|6.275|) the radius pi , Eq. (|6.225|) , as a factor and expressing the variables 
in terms of the planar angles with the aid of Eq. ( |6.223|) yields the trigonometric form of 
the n-complex number u as 

\ -1/2 



u = d 



n/2 



1 1 

1 + : — ^ + 



ei + E 



tan^ ipi tan^ 'ip2 

n/2 



+ ■•■ + 



1 



tan^ ipn/2-i, 



^ tan %l)k- 



exp E efc0fc 



(6.276) 



,fc=i 



In Eq. (|6.276|) , the n-complex number m, written in trigonometric form, is the product 
of the modulus (i, of a part depending on the planar angles V'l, •••,'^n/2-i, and of a factor 
depending on the azimuthal angles 0i,...,0„/2. Although the modulus of a product of 
n-complex numbers is not equal in general to the product of the moduli of the factors, it 
can be checked that the modulus of the factors in Eq. (|6.276|) are 



n/2 

^ tanV'fc-i 



2^1/2 



1/2 



1 



tan^ ipi tan^ ip2 



tan^ ipn/2-i. 



(6.277) 



223 



and 



n/2 

exp \J2^k(pk 

k=l 



1. 



(6.278) 



The modulus d in Eqs. ( |6.276|) can be expressed in terms of the amphtude p as 

2(n-2)/2n ^ 2/n 



d = p- 



n 



(tanV'i ■ ■ ■tan'?/'„/2_i 



1 1 

+ 



tan ijji tan '?/'2 



+ ■■■ + 



1 



1/2 



tan^ 



(6.279) 



2-1 



6.2.5 Elementary functions of a planar n-complex variable 

The logarithm ui of the n-complex number m, u\ = \nu, can be defined as the solution of 
the equation 



u = e 



Ul 



(6.280) 



The relation ( |6.270 ) shows that \nu exists as an n-complex function with real components 
for all values of Xq, ...,Xn-i for which p ^ 0. The expression of the logarithm, obtained 
from Eq. ([OT^) is 



n/2 



\nu = J2 (^fc In pk + ek(f)k)- 



(6.281) 



k=l 



An expression of the logarithm depending on the amplitude p can be obtained from the 
exponential forms in Eq. ( |6.273| ) as 



n-l 

In u = \ia p + y^hp 



n/2 



cos 



'n{2k - l)p" 



n 



k=2 



n 



In tan ipk-i 



n/2 
k=l 



(6.282) 



The function Inw is multivalued because of the presence of the terms ek(t)k- It can be 
inferred from Eqs. (p:^ )-( |0^ ) and (jH]^) that 



In(uu') = Inw -|- Inu', 

up to integer multiples of 27refc, k = 1, n/2. 

The power function -u™ can be defined for real values of m as 

Using the expression of In u in Eq. ( |6.281| ) yields 



u 



n/2 

Pk (efc cos m0fc + Cfc sin m0fc) • 

fc=i 



(6.283) 



(6.284) 



(6.285) 
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The power function is multivalued unless m is an integer. For integer m, it can be inferred 
from Eq. that 



(6.286) 



The trigonometric functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.57)-(1.60). In order to obtain expressions 
for the trigonometric functions of n-complex variables, these will be expressed with the 
aid of the imaginary unit i as 



cosM = -(e + e" 



sinw = -fe*"-e-™) 



2i 



(6.287) 



The imaginary unit i is used for the convenience of notations, and it does not appear in 
the final results. The validity of Eq. ( |6.28?| ) can be checked by comparing the series for 
the two sides of the relations. Since the expression of the exponential function 6^*=^ in 
terms of the units I, hi, ...hn-i given in Eq. ( |6.236| ) depends on the planar cosexponential 
functions fnp{y), the expression of the trigonometric functions will depend on the functions 
f^%) = (l/2)[/„,(zy) + fnpHy)] and /^iHy) = il/2t)[Upity) - fnpi-iy)], 



cos{hky) 



n-l 



p=0 



-1)' ^hkp-n[kp/n]fp+{y), 



(6.288) 



n-l 



smih.y) = E(-l)^''^"'V-n[fcp/n]/;-^(?/), 

p=0 



where 



cos 



n 



1=1 



y cos 



— sm 



y cos 



'7r(2Z - 1) 



n 



'7r(2/- 1) 



n 



cosh 



y sm 



'7r(2/ - 1)~ 



sinh 



y sm 



'7r(2/- 1) 



n 



n 



sm 



cos 



(6.289) 



'71(21 - l)p" 



n 



'ti{21 - l)p' 



n 



(6.290) 



"' 1=1 I 



+ cos 



ycos 



y cos 

7r(2/- 1) 

n 



'n{2l 



n 



sinh 



y sm 



cosh 
(ti{21 



TX 



ysm 

11 



(2/ - 1) 



n 



n 



sm 



cos 



'tt{21 - l)p' 



n 



'71(21 - l)p" 



n 



(6.291) 



The hyperbolic functions of the hypercomplex variable u and the addition theorems 
for these functions have been written in Eqs. (1.62)-(1.65). In order to obtain expressions 
for the hyperbolic functions of n-complex variables, these will be expressed as 



cosh ti = - (e" + e "*), sinh -u = -(e" 
2^ ^ 2^ 



(6.292) 



The validity of Eq. ( |6.292| ) can be checked by comparing the series for the two sides 
of the relations. Since the expression of the exponential function e'**^ in terms of the 
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units 1, hi, ...hn-i given in Eq. (|6.236|) depends on the planar cosexponential functions 
fnpiy), the expression of the hyperbohc functions will depend on the even part fp+{y) = 
(l/2)[/np(z/) + fnpi-y)] and on the odd part fp-{y) = (l/2)[/„,p(?/) - fnpi-y)] of fnp, 

n— 1 

cosh(/i,y) = Y.i-lfP/^^hkp.n[kp/n]fp+{y), (6.293) 
p=0 



n-1 



smh{hky) = ^(-l)[''^/"]/ifcp_„[fcp/„]/p_(2/), 

p=0 



where 



fp+{y) = - J2 "^cosh 



n 



{2l-l)=l 



ycos 



V(2/ - 1)~ 



n 



cos 



ysm 



'7r(2/ - 1)^ 



n 



cos 



(6.294) 

'7r(2/ - l)p' 



n 



+ sinh 



7r 



y cos 



{21 - I] 



fp-iv) = - II i sinh 



n 



+ cosh 



1=1 



ycos 



n 



y cos 



TT 



sm y sm 

'7r(2/ - 1 
n 



(2/-1) 



sm 



'tt{21 - l)p 



n 



cos 



'■k{21 



n 



sm 



?/ sm 



y sm 

7r(2/ - 1) 
n 



'■k{2i - ly 



n 



sm 



cos 



j|, (6.295) 
7r(2/ - l)j9\ 



'7r(2/- l)p' 



n 



(6.296) 



The exponential, trigonometric and hyperbolic functions can also be expressed with 
the aid of the bases introduced in Eq. ( |6.264| ). Using the expression of the n-complex 
number in Eq. (|6.267| ) yields for the exponential of the n-complex variable u 



n/2 



fik cosvk + Ck sinffc) . 



(6.297) 



k=i 



The trigonometric functions can be obtained from Eq. ( |6.297|) with the aid of Eqs. 
(|6.287|) . The trigonometric functions of the n-complex variable u are 



n/2 



COS M = ^ (cfc COS Vk cosh Vk — Ck sin Vk sinh Vk) 



k=l 



n/2 



sin M = ^ (cfc sin Vk cosh Vk + cos Vk sinh Vk) 

k=l 



(6.298) 



(6.299) 



The hyperbolic functions can be obtained from Eq. ( |6.297|) with the aid of Eqs. 
(|6.292|) . The hyperbolic functions of the n-complex variable u are 



n/2 



cosh M = ^ (cfc cosh Vk cos Vk + sinh Vk sin Vk) 



k=l 



n/2 



sinh M = ^ (cfc sinh Vk cos Vk + Ck cosh Vk sin Vk) ■ 

k=l 



(6.300) 



(6.301) 
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6.2.6 Power series of planar n- complex numbers 

An n-complex series is an infinite sum of tlie form 

ao + ai + a2 + h a„ + ■ ■ ■ , 



(6.302) 



wliere tlie coefficients a„ are n-compIex numbers. Tlie convergence of tlie series ( 5.302 ) 
can be defined in terms of tlie convergence of its n real components. The convergence 
of a n-complex series can also be studied using n-complex variables. The main criterion 
for absolute convergence remains the comparison theorem, but this requires a number of 
inequalities which will be discussed further. 

The modulus d = \u\ of an n-complex number u has been defined in Eq. ( [6.2161 ). Since 
|a^o| < \u\, \xi\ < \u\, \xn~i\ < \u\, a property of absolute convergence established via a 
comparison theorem based on the modulus of the series ( |6.302| ) will ensure the absolute 
convergence of each real component of that series. 

The modulus of the sum ui + U2 of the n-complex numbers ui,U2 fulfils the inequality 



II 'I I " 1 1 ^ I ' I "1^1 'I 
\\u \ — \u \ \ < \u -\- u \ < \u \ 

For the product, the relation is 

I / "I ^ \ / 1 1 "\ 
\uu \ < \l — \u \\u 



\u 



(6.303) 



(6.304) 



as can be shown from Eq. (|6.221|) . The relation ( |6.304| ) replaces the relation of equality 
extant between 2-dimensional regular complex numbers. 
For u = u' Eq. ( |6.304D becomes 



, n 
\u < \ —\u 



and in general 



w < I - 



(Z-l)/2 



\U\ 



(6.305) 



(6.306) 



where I is a natural number. From Eqs. (|6.304|) and ( |6.306| ) it results that 



aw'l < ( - 



y/2 
7 



a \u\ 



A power series of the n-complex variable m is a series of the form 



Oo + aiu + + ■ ■ ■ + aiu 



Since 



(=0 



1/ 



(6.307) 



(6.308) 



(6.309) 
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a sufficient condition for the absolute convergence of this series is that 



hm 



^Jn/2\al+l\\u\ ^ ^ 



\ai\ 



Thus the series is absolutely convergent for 
\u\ < c, 



where 



\ai\ 



c = lim ■ 



(6.310) 



(6.311) 



(6.312) 



The convergence of the series (|6.308|) can be also studied with the aid of the formula 
( |6.285| ) which is valid for any values of xo, ■■■,Xn-i, as mentioned previously. If ai = 



Ep=o K^-ip^ and 



A 



Ik 



Ik 



n-1 

n-1 
p=0 



COS ■ 



n{2k - l)p 



n 



sm 



7r(2fc - l)p 



n 



(6.313) 
(6.314) 



where k = 1, ...,n/2, the series ( |6.308| ) can be written as 



E 

1=0 



n/2 



J2{(^kAk + ekAik){ekVk + ekVkY 



k=i 



(6.315) 



The series in Eq. (|6.315|) can be regarded as the sum of the n/2 series obtained from each 

is absolutely convergent for 



value of /c, so that the series in Eq. 

Pk < Ck, 

for k = 1, n/2, where 



Ck = lim - 



Ik 



1/2 



l—^00 



1/2- 



(6.316) 



(6.317) 



The relations ( 6.316|) show that the region of convergence of the series ( 6.308|) is an n- 
dimensional cylinder. 



It can be shown that c = y2/n min(c+, c_, Ci, c„/2-i), where min designates the 
smallest of the numbers in the argument of this function. Using the expression of |m| 
in Eq. (|6.221|) , it can be seen that the spherical region of convergence defined in Eqs. 
( |6.311| ), ( |6.312D is a subset of the cylindrical region of convergence defined in Eqs. ( |6.316| ) 
and ( IOTTD . 
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6.2.7 Analytic functions of planar n-complex variables 



The analytic functions of the hypercomplex variable u and the series expansion of functions 
have been discussed in Eqs. (1.85)-(1.93). If the n-complex function f{u) of the n-complex 
variable u is written in terms of the real functions Pk{xo, Xn-i), k = 0, 1, n — 1 of 
the real variables Xo,Xi, Xn-i as 

n-1 

/(w) = XI hkPk{xo, ...,Xn-i), (6.318) 

k=0 

where = 1, then relations of equality exist between the partial derivatives of the 
functions Pk- The derivative of the function / can be written as 

1 n-1 / "^1 /^P \ 

lim {hkY ^Axi , (6.319) 

where 

n-1 

Au = J2 hi^^i- (6.320) 

fc=0 

The relations between the partials derivatives of the functions Pk are obtained by setting 
successively in Eq. (|6.319|) Am = hiAxi, for / = 0, 1, ...,n — 1, and equating the resulting 
expressions. The relations are 

dPt dPM 9P,.-i SPo dPt-i 

for k = 0,1, ...,n — 1. The relations ( |6.321| ) are analogous to the Riemann relations for 
the real and imaginary components of a complex function. It can be shown from Eqs. 
( |6.321D that the components Pk fulfil the second-order equations 

d'Pk d^Pk d'Pk 



dxodxi dxidxi-i dx[i/2]dxi-[i/2] 
\ d'^Pk 



d'Pk d^Pk d'Pk 



dXl+idXn-l dXl+2dXn-2 dXl+i+[(n-l-2)/2]dXn~l-[(n-l-2)/2] 

for k,l = 0, 1, ...,n — 1. 



(#^322) 



6.2.8 Integrals of planar n-complex functions 

The singularities of n-complex functions arise from terms of the form l/{u ~ mq)™, with 
m > 0. Functions containing such terms are singular not only at m = Uq, but also at 
all points of the hypersurfaces passing through the pole Uq and which are parallel to the 
nodal hypersurfaces. 

The integral of an n-complex function between two points A, B along a path situated 
in a region free of singularities is independent of path, which means that the integral of 
an analytic function along a loop situated in a region free of singularities is zero, 

£f{u)du = 0, (6.323) 
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where it is supposed that a surface S spanning the closed loop T is not intersected by 
any of the hypersurfaces associated with the singularities of the function f{u). Using the 
expression, Eq. (|6.318| ), for f{u) and the fact that 



n-l 



(6.324) 



k=0 



the explicit form of the integral in Eq. ( p. 323 ) is 

1 n— 1 



/> /> I t J- ( t _L 

f f{u)du= f 5:/ifc^(-l)[("-^-i+')/"lp,da;fc_,+„[(„_fc-i+o/n]. 



(6.325) 



k=0 1=0 



If the functions are regular on a surface E spanning the loop F, the integral along 
the loop r can be transformed in an integral over the surface S of terms of the form 

dPi/dXk-m+n[{n-k+m-l)/n]-i-'^ydPm/dXk-l+n[{n-k+l-l)/n], w hcrC S = [{u- k + m-1) / u]- 

[{n — k + I — l)/n]. These terms are equal to zero by Eqs. (|6.321|) , and this proves Eq. 
(p2|). 

The integral of the function {u — uq)"^ on a closed loop F is equal to zero for m a 
positive or negative integer not equal to -1, 



^ (m — Uo)"^du = 0, m integer, m ^ —1. 



(6.326) 



This is due to the fact that J{u — uo)"^du = (m — UQ)"^^^/{m + 1), and to the fact that 
the function {u — uq)"^^^ is singlevalued for n an integer. 

The integral §^du/{u — uq) can be calculated using the exponential form, Eq. ( |6.273D , 
for the difference u — uq, 



u-Uo = pexp^Y^K 

p=l 



n/2 



cos I ) In tan ipk-i 

t^2 \ J 



Thus the quantity du/{u — uq) is 



du 



n-l 



U — Uq P 



p=i 



9 n/2 



COS 



2TTkp 



n 



In tan 



k-i 



n/2 
k=l 



n/2 

+ E ^kd(j)k- 
k=l 



(6.327) 



(6.328) 



Since p and \ia(ta.nipk-i) are singlevalued variables, it follows that fpdp/p = 0, and 
d{lnta.nipk-i) = 0. On the other hand, since (pk are cyclic variables, they may give 
contributions to the integral around the closed loop F. 

The expression of §Y.du/{u — Uq) can be written with the aid of a functional which 
will be called int(M, C), defined for a point M and a closed curve C in a two-dimensional 
plane, such that 



int(M,C) 



1 if M is an interior point of C, 
if M is exterior to C. 



(6.329) 
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Figure 6.6: Integration path F and pole uo, and their projections F^,, and uq^^jj^, on the 
plane ^krjk- 
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With this notation the result of the integration on a closed path T can be written as 
du 



r U — Uq 



n/2 

^27rgfc int(Mo€fcr,fe,r5,,?J, 

k=l 



(6.330) 



where Wo^fc^ and F^^^^ are respectively the projections of the point uq and of the loop T 
on the plane defined by the axes and rjk, as shown in Fig. ^]6[ 

If f{u) is an analytic n-complex function which can be expanded in a series as written 
in Eq. (1.89), and the expansion holds on the curve F and on a surface spanning F, then 
from Eqs. (|6T326D and ( p^30| ) it follows that 



f{u)du ^ _ , 
27r/(Mo) 2^ ek int(MoCfer,,, Fg,^,^ 



T U — Uq 



(6.331) 



k=l 



Substituting in the right-hand side of Eq. (|6.331|) the expression of f{u) in terms of 
the real components Pk, Eq. (|6.318|) , yields 

r, n/2 n-1 



f{u)du 



n 



k=l 1=0 



r U — Uq 

n-1 

sin 

p=l 



7i{2k-l)p' 



n 



Pn-p+l-n[{n-p+l)/n]{uo) iut (^0^^,,^^ , Fg^^^ J . (6.332) 



It the integral in Eq. (|6.332|) is written as 



it can be checked that 



n-1 

Ell 

1=0 



0. 



(6.333) 



(6.334) 



If f{u) can be expanded as written in Eq. (1.89) on F and on a surface spanning F, 
then from Eqs. ( |6.326|) and (|6.330|) it also results that 

[(n-l)/2] 

l^^oj J2 int(uo^,^,,Fg^^J, (6.335) 



f{u)du 



\n+l 



n\ 



IT - Uq) ... 

where the fact has been used that the derivative f^"\uo) is related to the expansion 
coefficient in Eq. (1.89) according to Eq. (1.93). 

If a function f{u) is expanded in positive and negative powers of u — m;, where ui are 
n-complex constants, / being an index, the integral of / on a closed loop F is determined 
by the terms in the expansion of / which are of the form ri/{u — ui), 

ri 



fiu) 



■■ + E 



+ 



l U-Ui 

Then the integral of / on a closed loop F is 

f f{u)du = 27vJ2J2^k int(M«?fe„fe, F^.^Jn. 



(6.336) 



(6.337) 



I k=l 
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6.2.9 Factorization of planar n-complex polynomials 

A polynomial of degree m of the n-complex variable u has the form 

Pm{u) = u"' + aiu""-^ + ■■■ + a^-iu + a^, (6.338) 

where a/, for / = 1, m, are in general n-complex constants. If ai = YlpZo hpaip, and with 
the notations of Eqs. ( |6.313| ), ( |6.314| ) applied for / = 1, ■ ■ ■ , m, the polynomial Pmiu) can 
be written as 

Pm = Y.\ i^kVk + hvkT + II(efcAfc + ekAik){ekVk + hvkT'^ \ , (6.339) 
fc=i I 1=1 J 

where the constants Aik,Aik are real numbers. 

The polynomials of degree m in CkVk + ekVk in Eq. ( |6.339| ) can always be written as 
a product of linear factors of the form ek{vk — Vkp) + ek{vk — Vkp), where the constants 
Vkp, Vkp are real, 



(cfcffc + ekVk)'^ + "^{ckAik + ekAik){ekVk + ekVk)"^~ 
1=1 



= n {(^kivk - Vkp) + ek{vk - Vkp)} . (6.340) 
p=i 

Then the polynomial Pm can be written as 

n/2 m 

^rn = J2]l {'^kiVk - Vkp) + hiVk " Vkp)} ■ (6.341) 
k=lp=l 

Due to the relations (|6.265 ), the polynomial Pm{u) can be written as a product of factors 
of the form 

m (n/2 1 

Pm{u) = Y[\Y1 {<^k{vk - Vkp) + ek{vk - Vkp)} \ . (6.342) 
p=i [fc=i J 

This relation can be written with the aid of Eq. ( |6.267| ) as 

ni 

Pm{u) = X{{u-Up), (6.343) 
p=i 



where 

n/2 



U. 



P 

k=l 



i^kVkp + ekVkp) , (6.344) 



for p = 1, m. For a given fc, the roots CkVki + e^ffci, CkVkm + ^kVkm defined in Eq. 
(16.340 ) may be ordered arbitrarily. This means that Eq. ( lOiiD gives sets of m roots 
til, ■■■,Um of the polynomial Pm{u), corresponding to the various ways in which the roots 
efcffcp + (ikVkp are ordered according to p for each value of k. Thus, while the n-complex 
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components in Eq. (|6.340|) taken separately have unique factorizations, the polynomial 
Pm{u) can be written in many different ways as a product of linear factors. 

If P{u) = + the degree is m = 2, the coefficients of the polynomial are ai = 0, 02 = 
1, the n-complex components of 02 are 020 = l,ct2i = 0, ...,a2,n-i = 0, the components 
^2fc5 ^2fc calculated according to Eqs. ( |6.313|) , (|6.314]) are = 1, ^2fc = 0, A; = 1, n/2. 
The left-hand side of Eq. ( |6.34CI| ) has the form {ckVk + 6^?)^)^ + e^, and since = 
—e\, the right-hand side of Eq. (|6.340| ) is {e^ffc + ek{vk + 1)} {e^ffc + 6^(5^ — 1)}, so that 
Vkp = 0,Vkp = ±l,k = 1, ...,n/2,p = 1,2. Then Eq. ( |6.341| ) has the form -u^ + 1 = 

J2k=i {^kVk + (^k{vk + 1)} {efcffc + ek{vk — 1)}. The factorization in Eq. ( |6.343| ) is + 1 = 
{u — Ui){u — U2), where Ui = ±ei ± 62 ± ■ ■ ■ ± e„/2,M2 = —Ui, so that there are 2"/^"-*^ 
independent sets of roots Mi, M2 of -|- 1. It can be checked that (±ei ± 62 ± • • • ± e„/2)^ = 
-ei - 62 en/2 = -1- 



6.2.10 Representation of planar n-complex numbers by irre- 
ducible matrices 



If the unitary matrix written in Eq. ( |6.217[ ) is called T, it can be shown that the matrix 
TUT~^ has the form 



TUT 



-1 



/ Vi 
V2 

V 



where U is the matrix in Eq 



\ 


Vn/2 I 



(6.345) 



( |6.232| ) used to represent the n-complex number u. In Eq. 



( |6.345| ), the matrices Vk are the matrices 



Vk Vk 
-Vk Vk 



(6.346) 




for k = 1, ...,n/2, where Vk,Vk are the variables introduced in Eqs. (|6.212|) and ( |6.213D 
and the symbols denote the matrix 



(6.347) 



The relations between the variables Vk,Vk for the multiplication of n-complex numbers 
have been written in Eq. ( |6.229| ). The matrix TUT~^ provides an irreducible representa- 
tion [0 of the n-complex number u in terms of matrices with real coefficients. For n = 2, 
Eqs. ( |6.212| ) and ( |6.213D give Vi = Xo,Vi = Xi, and Eq. (|6.264|) gives Ci = l,ei = hi, 
where according to Eq. ( |6.195 ) hf = —1, so that the matrix Vi, Eq. (|6.346 ), is 



Vl 




(6.348) 



which shows that, for n = 2, the hypercomplex numbers Xq + hiXi are identical to the 
usual 2-dimensional complex numbers x + iy. 
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cosexponential functions, planar 6-complex 

addition theorems, 173 

definition, 170 



differential equations, 173 
expressions, 171 
parity, 171 
cosexponential functions, planar fourcom- 
plex 

addition theorems, 96 
definitions, 96 
differential equations, 98 
expressions, 98 
parity, 96 

cosexponential functions, planar n-complex 

addition theorems, 220 

definition, 219 

differential equations, 222 

expressions, 219 

parity, 219 
cosexponential functions, polar 5-complex 

addition theorems, 146 

differential equations, 148 

expressions, 144, 145 
cosexponential functions, polar 6-complex 

addition theorems, 160 

definitions, 159 

differential equations, 162 

expressions, 160 

parity, 159 
cosexponential functions, polar fourcom- 
plex 

addition theorems. 120 

differential equations, 122 

expressions, 122 

parity, 120 
cosexponential functions, polar n-complex 
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definition, 17 
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planar n-complex, 215 

polar 5-complex, 142 

polar 6-complex, 156 

polar fourcomplex, 115 
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divisors of zero 

hyperbolic fourcomplex, 78 

planar n-complex, 218 
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polar n-complex, 204 
tricomplex, 44 
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twocomplex, 9 
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polar n-complex, 189 
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modulus, definition 
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polar 5-complex, 142, 150 
polar 6-complex, 164 
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polar n-complex, 202 
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twocomplex, 15 
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planar n-complex, 214 
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polar n-complex, 185 
nodal line, tricomplex, 23 
nodal lines 

twocomplex, 9 
nodal plane, tricomplex, 23 

planar angle 

circular fourcomplex, 57 
planar fourcomplex, 92 
polar 5-complex, 142 
polar 6-complex, 158 

planar angles 

planar 6-complex, 170 
planar n-complex, 216 
polar n-complex, 187 

polar angle 

polar 5-complex, 142 
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polar angles 

polar 6-complex, 158 
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polar n-complex, 187 
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planar n-complex, 232 
polar 5-complex, 151 
polar 6-complex, 165 
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polynomial, canonical variables 
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planar 6-complex, 176 
planar fourcomplex. 111 
planar n-complex, 233 
polar 5-complex, 152 
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polynomial, factorization 
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polar n-complex, 199 
tricomplex, 38 
twocomplex, 13 

power series 

circular fourcomplex, 67 
hyperbolic fourcomplex, 85 
planar 6-complex, 175 
planar fourcomplex, 105 
planar n-complex, 227 
polar 5-complex, 150 
polar 6-complex, 164 
polar fourcomplex, 129 
polar n-complex, 202 
tricomplex, 42 
twocomplex, 15 

product 

circular fourcomplex, 55, 56 
hyperbolic fourcomplex, 76 
planar 6-complex, 169 
planar fourcomplex, 90 
planar n-complex, 213 
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polar 5-complex, 140 
polar 6-complex, 156 
polar fourcomplex, 113 
polar n-complex, 182 
tricomplex, 22, 23 
twocomplex, 8 

relations between partial derivatives 

circular fourcomplex, 69 

hyperbolic fourcomplex, 87 

planar 6-complex, 176 

planar fourcomplex, 106 

planar n-complex, 229 

polar 5-complex, 151 

polar 6-complex, 165 

polar fourcomplex, 130 

polar n-complex, 204 

tricomplex, 46 
relations between second-order derivatives 

circular fourcomplex, 69 

hyperbolic fourcomplex, 87 

planar 6-complex, 176 

planar fourcomplex, 107 

planar n-complex, 229 

polar 5-complex, 151 

polar 6-complex, 165 

polar fourcomplex, 131 

polar n-complex, 204 

tricomplex, 46 

twocomplex, 18 
representation by irreducible matrices, 52 

circular fourcomplex, 76 

hyperbolic fourcomplex, 90 

planar 6-complex, 177 

planar fourcomplex, 113 

planar n-complex, 234 

polar 5-complex, 153 

polar 6-complex, 167 

polar fourcomplex, 136 

polar n-complex, 210 

twocomplex, 20 
roots 

circular fourcomplex, 73 
planar fourcomplex, 110 



rules for derivation and integration, 18 
series 

circular fourcomplex, 66 
hyperbolic fourcomplex, 84 
planar fourcomplex, 104 
planar n-complex, 227 
polar fourcomplex, 128 
polar n-complex, 202 
tricomplex, 40 
twocomplex, 15 
sum 

circular fourcomplex, 55 
hyperbolic fourcomplex, 76 
planar 6-complex, 167 
planar fourcomplex, 90 
planar n-complex, 213 
polar 5-complex, 140 
polar 6-complex, 156 
polar fourcomplex, 113 
polar n-complex, 182 
tricomplex, 22 
twocomplex, 8 

transformation of variables 

circular fourcomplex, 58, 67 

hyperbolic fourcomplex, 79 

planar 6-complex, 170 

planar fourcomplex, 93, 102, 106 

planar n-complex, 216 

polar 5-complex, 142 

polar 6-complex, 158 

polar fourcomplex, 115, 116, 125, 126 

polar n-complex, 189 

tricomplex, 26, 28, 44 

twocomplex, 10 
trigonometric form 

circular fourcomplex, 64 

expression, 12 

hyperbolic fourcomplex, 82 

planar 6-complex, 174 

planar fourcomplex, 102 

planar n-complex, 223 

polar 5-complex, 149 

polar 6-complex, 163 
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polar fourcomplex, 125 

polar n-complex, 197 

tricomplex, 37 
trigonometric functions, expressions 

circular fourcomplex, 65 

hyperbolic fourcomplex, 84 

planar 6-complex, 175 

planar fourcomplex, 103 

planar n-complex, 225, 226 

polar 5-complex, 149 

polar 6-complex, 164 

polar fourcomplex, 128 

polar n-complex, 199, 201 

tricomplex, 38 

two complex, 14 
trigonometric functions, hypercomplex 

addition theorems, 14 

definitions, 13 
trisector line, 25 



